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Preface

Empirical likelihood is a nonparametric method of inference based on a data-
driven likelihood ratio function. Like the bootstrap and jackknife, empirical likeli-
hood inference does not require us to specify a family of distributions for the data.
Like parametric likelihood methods, empirical likelihood makes an automatic de-
termination of the shape of confidence regions; it straightforwardly incorporates
side information expressed through constraints or prior distributions; it extends to
biased sampling and censored data, and it has very favorable asymptotic power
properties. Empirical likelihood can be thought of as a bootstrap that does not
resample, and as a likelihood without parametric assumptions.

This book describes and illustrates empirical likelihood inference, a subject that
is ready for a book although it is still undergoing active development. Most of the
published literature has emphasized mathematical study of asymptotics and simu-
lations of coverage properties. This book emphasizes analyzing data in ways that
illustrate the power and flexibility of empirical likelihood inference. The presen-
tation is aimed primarily at students and at practitioners looking for new ways to
handle their data. It is also aimed at researchers looking for new challenges.

The first four chapters form the core of the book. Chapters 5 through 8 extend
the ideas to problems such as smoothing, biased sampling, censored and trun-
cated data, confidence bands, time series, and finite populations. Chapter 9 relates
empirical likelihood to other methods, and presents some hybrids. Chapter 10 de-
scribes some challenges and results near the research frontier. Chapters 11 through
13 contain proofs, computational details, and more advanced theory, respectively.
An appendix collects some background material. A course in empirical likelihood
could be designed around Chapters 1 through 4, supplemented with those other
topics of most interest to the instructor and students.

Much more could have been written about some aspects of empirical likeli-
hood. Applications and theory relevant to survival analysis and to econometrics
come to mind, as do recent developments in kernel smoothing and finite popula-
tion sampling.

The mathematical level of the text is geared towards students and practitioners,
and where possible, the presentation stays close to the data. In particular, measure
theoretic subtleties are ignored. Some very short and simple proofs are embedded
in the text. Longer or more technical theoretical discussions are confined to their
own chapters. Finally, the most difficult results are only outlined, and the reader

©2001 CRC PressLLC



is referred to the literature for the details. A parallel triage has been applied to
computational issues.

The worked examples in the text all use real data, instead of simulated, syn-
thetic, or hypothetical data. | believe that all of the statistical problems illustrated
are important ones, although in some examples the method illustrated is not one
for which the data were gathered. The reader is asked to indulge some statistical
license here, and to imagine his or her own data in the place of the illustrating

data.
There is an empirical likelihood home page. At the time of writing the URL for
that page is:

http://www.stanford.edu | ~owen/empirical

The web site is for software, images, and other information related to empirical
likelihood.

As an undergraduate, | studied statistics and computer science at the University
of Waterloo. The statistics professors there instilled in me a habit of turning first
to the likelihood function, whenever an inference problem appeared. | arrived at
Stanford University for graduate study at a time when there was a lot of excite-
ment about nonparametric methods. Empirical likelihood is a way of remaining
in both traditions.

The idea for empirical likelihood arose when Rupert Miller assigned a prob-
lem in survival analysis from Kalbfleisch & Prentice (1980). The problem was
to work out the nonparametric likelihood ratio inferences for the survival func-
tion as described in Thomas & Grunkemeier (1975). Around that time, there was
a debate among some statistics students as to whether nonparametric confidence
intervals for a univariate mean should point in the direction that the data seemed
to be skewed, or in the opposite direction. There were intuitive arguments and
existing methods to support either choice. | looked into empirical likelihood to
see if it might point the way, and was surprised to find a nonparametric analog of
Wilks’s theorem, with the same distribution as in parametric settings. | now call
these ELTs (empirical likelihood theorems) after a referee remarked that they are
not Wilks’s theorem.

Empirical likelihood has been developed by many researchers, as is evident
from the bibliographic notes in this text. It is hard to identify only a few contribu-
tions from the many, and leave some others out. But it would be harder still not to
list the following: Peter Hall, Tom DiCiccio, and Joe Romano obtained some very
difficult and significant results on higher order asymptotics. These include Bartlett
correctability, signed root corrections, pseudo-likelihood theory, bootstrap cali-
bration, and connections to least favorable families. Jing Qin is responsible for
many very creative problem formulations mixing empirical and parametric like-
lihood, combining multiple biased samples, and with Jerry Lawless, establish-
ing results on using empirical likelihood with side information. Per Mykland has
shown how to handle dependent data in a martingale setting. Empirical likelihood
for censored and truncated data has been investigated by Gang Li, Susan Murphy,
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http://www-stat.stanford.edu/~owen/empirical/

and Aad van der Vaart. Yuichi Kitamura developed connections between empir-
ical likelihood and modern econometrics, and has studied the large deviations
properties of empirical likelihood.

I would like to thank Kirsty Stroud, Naomi Lynch, Hawk Denno, and Evelyn
Meany of Chapman & Hall/CRC Press for watching over this book through the
production process. Itis a pleasure to acknowledge the National Science Founda-
tion for supporting, in part, the writing of this book. | also thank the referees and
editors who handled the early empirical likelihood papers. They were construc-
tive and generous with their comments. | thank Dan Bloch, Richard Gill, Ker-Ai
Lee, Gang Li, Hal Stern, and Thomas Yee, who sent me some data; Judi Davis
for entering some data; Ingram Olkin for some tips on indexing; Tomas Rokicki,
Eric Sampson, Rob Tibshirani, and C. L. Tondo for some pointers on LaTeX and
related topics; Philip Gill, Michael Saunders, and Walter Murray for discussions
over the years on nonlinear optimization; George Judge for conversations about
econometrics; and Balasubramanian Narasimhan, who kept the computers hum-
ming and always seemed to know what software tool | should learn next. | owe a
debt to Jiahua Chen, David Cox, Nancy Glenn, Fred Hickernell, David Hinkley,
Kristopher Jennings, Li-Zhi Liao, Terry Therneau, and Thomas Yee for help in
proofreading. Of course, | am responsible for any flaws that remain. Finally, and
most of all, | thank my wife, Patrizia, and my sons, Gregory and Elliot, for their
patience, understanding, and encouragement while this book was being written.

Art Owen
Stanford, CA, U.S.A.
May 2001
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CHAPTER 1

Introduction

Empirical likelihood is a nonparametric method of statistical inference. It allows
the data analyst to use likelihood methods, without having to assume that the data
come from a known family of distributions.

Likelihood methods are very effective. They can be used to find efficient esti-
mators, and to construct tests with good power properties. Those tests can in turn
be used to construct short confidence intervals or small confidence regions.

Likelihood is also very flexible, as will be seen in examples in this text. When
the data are incompletely observed, or distorted, or sampled with a bias, likelihood
methods can be used to offset or even correct for these problems. Likelihood can
be used to pool information from different data sources. Knowledge arising from
outside of the data can be incorporated, too. This knowledge may take the form
of constraints that restrict the domain of the likelihood function, or it may be in
the form of a prior distribution to be multiplied by the likelihood function.

In parametric likelihood methods, we suppose that the joint distribution of all
available data has a known form, apart from one or more unknown guantities.
In a very simple example, there might only be one observed data valinem
a Poisson distribution. TheRr(X = z) = exp(—0)67 /z! for integersz > 0,
whered > 0 is unknown. The unknow#, called the parameter, is commonly a
vector of values, and of course there is usually more than a single number in the
data set.

A problem with parametric likelihood inferences is that we might not know
which parametric family to use. Indeed there is no reason to suppose that a newly
encountered set of data belongs to any of the well studied parametric families.
Such misspecification can cause likelihood-based estimates to be inefficient. What
may be worse is that the corresponding confidence intervals and tests can fail
completely.

Many statisticians have turned to nonparametric inferences to avoid having to
specify a parametric family for the data. In addition to empirical likelihood, these
methods include the jackknife, the infinitesimal jackknife, and especially, several
versions of the bootstrap. These nonparametric methods give confidence intervals
and tests with validity not depending on strong distributional assumptions.

Ead methal has its advantagesas outlined in Chapte 1.2 For now, we note
that the advantages of empirical likelihood arise because it combines the relia-
bility of the nonparametric methods with the flexibility and effectiveness of the
likelihood approach.
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This first chapter begins by looking at some data, and then describes the advan-
tages offered by empirical likelihood. Subsequent chapters develop the method,
and explore numerous aspects of empirical likelihood. Some subchapters focus
on theory, others on computation, and others on data analysis by empirical likeli-
hood.

The name “empirical likelihood” was adopted because the empirical distribu-
tion of the data plays a central role. It was not called nonparametric likelihood, so
as not to assume that it would be the only way to extend nonparametric maximum
likelihoods to likelihood ratio functions. Alternative nonparametric likelihood ra-
tio functions have indeed been developed. Some of these are discussed at various
points throughout the text. In hindsight, the other methods also give a central role
to the empirical distribution function, but they are not true likelihoods. Thus the
empirical likelihood presented here is distinguished more by being a likelihood
than by being empirical.

1.1 Earthworm segments, skewness and kurtosis

The common garden earthworm has a segmented body. The segments are known
as somites. As a worm grows, both the number and length of its somites increase.
Figure 1.1 shows a histogran of the numbe of somites on ead of 487 worms

40 60 80

20

80 100 120 140 160
Number of Somites

Figure 1.1 Shown are the number of somites on each of 487 earthworms, as reported by
Pearl & Fuller (1905).
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gathered near Ann Arbor, Michigan, in the autumn of 1902. It is visually apparent
from Figure 1.1 tha worms with many fewer sesgmens than the average are more
common than worms with many more segments. We say that the distribution has
a heavier tail to the left than it has to the right. Such a mismatch between the tails
of a distribution is known as skewness.

Having observed a feature in some data, a valuable next step is to measure it
numerically. The alternative is to use terms like “mildly skewed”, “very skewed”,
or “extremely skewed”, which may mean different things to different people. The
usual way to quantify the skewness of a random variable through the coeffi-
cient of skewness

3
= B BOON) L)
(X — E(X))?)3/
As a reference, normally distributed data has 0, as has any symmetric distri-
bution for whichE(| X |?) exists.

We can estimate for the somite distribution by replacing each expectation in
(1.1) by the corresponding average over 88 observed values. The result is
4 = —2.18. The estimatéy is the skewness of the empirical distribution, which
places probabilityl /487 on each of thel87 observed values.

The skewness is often accompanied by the kurtosis

4
oo BX-BEX)Y) o (1.2)
E((X - E(X))?)?

The3 in (1.2) is there to make = 0 for normally distributed data. A positive
value of the kurtosis describes a distribution with heavier (or fatter) tails than
normal distributions have. A negative value describes lighter tails than normal.
Later in the text, we will see that skewness and kurtosis play prominent roles in
theoretical analysis of confidence intervals

The sample version of the kurtosis for the worm daté is- 5.86. Because
4 < 0andi > 0, these values describe a distribution with tails heavier than the
normal distribution on average, and a left tail heavier than the right one.

The actual skewness and kurtosis of the somite distribution are unlikely to
matd their sampé values Figure 1.2 shows joint empiricad likelihoad confidence
regions fory andx from these data. The computation and theoretical justification
of such confidence regions are deferred to later chapters, and are in fact the main
topics of this text. In brief, the empirical likelihood is a multinomial with support
on all487 observed values, and the confidence regions are determined by contours
of that likelihood function.

The confidene regions in Figure 1.2 make it particularly clea tha the true
skewness and kurtosis could not plausiblyObéhough this was perhaps obvious
from Figure 1.1 They also show tha there is considerat# uncertainy in these
values, especially the kurtosis. Further, they show that the plausible valges of
extend farther below than they do above it. The plausible valuesxoéxtend
farther above: than below it.
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12
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Kurtosis

T T T T

-3.0 -2.5 -2.0 -1.5
Skewness

Figure 1.2 Shown are empirical likelihood confidence regions for the skewness and kurto-
sis of the somite data. The contours correspond to confidence levels of 50%, 90%, 95%,
99%, 99.9%, and 99.99%.

Notice als tha Figure 1.2 displays a dependecy betwea the skewnes and
kurtosis. The trug~, x) could reasonably be different distances fréim ) in
different directions. The true point can differ more from the sample point on an
approximately northwest to southeast axis than it can along an approximately
northeast to southwest axis. In hindsight, this is very reasonable. The relative
frequency of worms with small somite counts could be lower (or higher) than in
the sample, making botk and « closer to (or, respectively, farther from) zero
than the sample values.

1.2 Empirical likelihood, parametric likelihood, and the bootstrap

The dat analyss in Chapte 1.1 would be had to matd with the parametric
likelihood methods described in the Appendix. The most popular parametric like-
lihood methods begin by assuming a normal distribufioiu, o2) for the data. A
normal distribution hag = « = 0 and so cannot be used to draw inferences on
the skewness and kurtosis, as was done for the worm data.

When data are not normally distributed, methods based on the normal distri-
bution do give asymptotically reliable inferences for the mgabecause of the
central limit theorem, if the data distribution has a finite variance. The true vari-
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ance of the sample meands$ /n, the estimated value ef? approaches the true
one, and then confidence intervals with width based on the estimated variance are
asymptotically reliable.

The behavior of normal theory methods for the variamte= E((X—FE(X))?)
for X € R is more subtle. Unlike skewness and kurtosis, the normal distribution
has a parameter? for the variance. The variance is usually estimated by an un-
biased quantity? = S/(n — 1) or by the maximum likelihood estimate (MLE)

62 = S/nwhereS =31  (X;—X)?andX = (1/n) Y., X;. Both6? ands?
converge tar? asn — oc. It can be shown thatar(s?) = 0*(2/(n—1) + x/n).

The normal distribution forces = 0. If the sampling distribution has # 0,

then the normal theory model does not use an asymptotically correct estimate of
nVar(s?), or of nVar(6?), and the resulting confidence intervals for do not
approach their nominal coverage levelsaacreases.

If the normd distribution is inadequatgperha sone othe distribution is bet-
ter. It would be hard enough to come up with a parametric family that fit the data
and allowed both skewness and kurtosis to vary freely. It would be harder still to
find a parametric family in which inferences for the skewness and kurtosis would
be reliable, even if the data did not come from a member of that parametric family.

The use of nonparametric methods is in line with John Tukey’s quote “It is
better to be approximately right, than exactly wrong”. But when we contemplate
replacing a parametric method by a nonparametric one, we need to consider that
sometimes the improved generality comes at a cost of reduced power. Simula-
tions and theory presented in this text suggest that empirical likelihood tests have
especially good power properties.

Bootstrg analyss of the datain Chapte 1.1 could be more reliable than para-
metric likelihood analysis. The bootstrap is described in the Appendix. We could
resample the worm data, computing the skewness and kurtosis each time, and
plot the results. We would obtain a point cloud of approximately the shape of
the regions in Figure 1.2 But there would still be a difficult task in picking out
a confidence region from that cloud. Givéb00 points in the plane, we might
try to identify the centraP50 of them. We could select a rectangle or an ellipse
containing950 of the points. Each of these choices requires us to impose a shape
for the region, and still requires us to choose a center, aspect ratio, and possibly an
orientation for the region. This problem has also been approached by constructing
polygons with vertices at resampled points, and through density estimation of the
points (see Chapte 1.3) but so far the method are nat satigactor.

The main advantages of empirical likelihood, relative to the bootstrap, stem
from its use of a likelihood function. Not only does empirical likelihood pro-
vide data-determined shapes for confidence regions, it can also easily incorporate
known constraints on parameters, and adjust for biased sampling schemes. Unlike
the bootstrap, empirical likelihood can be Bartlett corrected, improving the accu-
racy of inferences. Likelihoods also make it easier to combine data from multiple
sources, with possibly different sampling schemes.

The main disadvantage of empirical likelihood relative to the bootstrap is also
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due to its use of a likelihood function. It can be computationally challenging to
optimize a likelihood, be it empirical or parametric, over some nuisance param-
eters, with other parameters held fixed at test values. In parametric settings this
issue is often avoided by making a quadratic approximation to the log likelihood
function around the MLE. That option is also available for empirical likelihood.

With parametric likelihoods it is usually not difficult to compute the likelihood
itself, even when it is hard to maximize over some nuisance parameters. Most of
the statistics considered in this text are defined through estimating equations. In
this setting the empirical likelihood is also easy to compute, reducing to a convex
optimization for which the unique global optimum can be easily found by iterated
least squares.

The bootstrap and empirical likelihood can be combined effectively. One way
is to use empirical likelihood to determine a nested family of confidence regions,
and the bootstrap to pick out which one to use for a given level of confidence. An-
other combination is to resample from a distribution that maximizes the empirical
likelihood subject to some constraints. Parametric and empirical likelihoods can
also be combined to good effect on some problems.

1.3 Bibliographic notes

Owen (1988) proposed empirical likelihood for the univariate mean and some
other statistics, extending earlier work of Thomas & Grunkemeier (1975) who
employ a nonparametric likelihood ratio idea to construct confidence intervals
for the survival function. That work in turn builds on nonparametric maximum

likelihood estimation which has a long history in survival analysis (see Chapter 6).

Empirical likelihood has much in common with some other statistical methods,
as described in more detail throughout this text. In particular, the Bayesian boot-
strap of Rubin (1981) (see Chapter 9.5), the nonparametric tilting bootstrap of
Efron (1981) (Chapter 9.6), a survey sampling estimator of Hartley & Rao (1968)
(Chapter 8.10), and the method of sieves of Grenander (1981) (Chapter 9.10) are
all closely related to empirical likelihood.

The earthworm data were taken from Pearl & Fuller (1905). In addition to
counting somites, they also measured the lengths of the worms, and found that
there was very little correlation between the length of a worm and the number of
its somites.

Hall (1987) proposes bootstrap confidence regions formed through a kernel
density estimate applied to the resampled points. He finds that some oversmooth-
ing is required to get convex contours. Owen (199bnstructs some polygonal
regions based on ideas from Stahel (1981) and Donoho (1982). For every boot-
strap point, find the largest rank it ever attains in a linear projection of all bootstrap
points. Then sort th& bootstrap points by this rank, and find thie- «) B points
having the smallest rank. The smallest polygon containing those points (their con-
vex hull) is the100(1 — «)% confidence region. It appears that a very laBjis
required to get smooth region boundaries.
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CHAPTER 2

Empirical likelihood

This chapter develops empirical likelihood inference through a nonparametric
likelihood ratio function. The result is an approach using a parametric family that
is a multinomial distribution on alh observed data values. The focus is on set-
ting confidence intervals for the mean of a scalar random variable. Later chapters
extend the approab to othea tasks.

2.1 Nonparametric maximum likelihood

We begin by defining the empirical cumulative distribution function, and showing
that it is a nonparametric maximum likelihood estimate (NPMLE).

For a random variabl& € R, the cumulative distribution function (CDF) is
the functionF'(z) = Pr(X < z), for —oco < = < oo. We useF'(z—) to denote
Pr(X < ) and soPr(X = z) = F(z) — F(z—). The notationl 4, represents
the valuel if the assertiond(x) is true, and) otherwise.

Definition 2.1 Let Xy, ..., X,, € R. The empirical cumulative distribution func-
tion (ECDF) of X4,... , X, is

1 n
Fn(x) = ﬁ;b&éw
for —co < 7 < 0.

Definition 2.2 GivenXy,... , X, € R, assumed independent withcommon CDF
Fy, the nonpaametri likelihood of the CDF F' is

L(F) =[] (F (X)) = F (X;-)).

i=1

Definition 2.2 reflect a vely litera interpretatio of the notion of likelihood.
The valueL(F) is the probability of getting exactly the observed sample values
Xi,...,X, from the CDFF. One consequence is tha{F') = 0 if F is a con-
tinuous distribution. To have a positive honparametric likelihood, a distribution
must place positive probability on every one of the observed data values.

Theorem 2.1 proves tha the nonparametd likelihood 5 maximized ly the
ECDF. Thus the ECDF is the NPMLE &f.
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Figure 2.1 These histograms display the velocities of 3932 stars, from Hoffleit & Warren
(1991), as described in the text.

Theorem 2.1 Let X4,...,X,, € R be independent random variables with a
common CDFFj. Let F;, be their ECDF and letF’ be any CDF. IfF' # F,,,
thenL(F) < L(F),).

Proof. Letz; < z3 < -+ < z,, be the distinct values ifi Xy, ... , X, }, and let
n; > 1 be the number of Xthat are equal te;. Letp; = F(z;) — F(z;—) and
putp; =n;/n.If p; =0foranyj =1,... ,m,thenL(F) =0 < L(F},), sowe
suppose that aj; > 0, and that for at least ong p; # p;. Nowlog(z) <z —1
for all x > 0 with equality only whenz = 1. Therefore

os (775 ) = i" os ()

=1

o3

=1

<0

Y

and soL(F) < L(F,). O

Figure 2.1 shows histograns of the radid and rotationd velocities of sorre stars
from the bright star catalogue. Stars rotate around the center of our galaxy, with
a velocity that depends in part, upon their distance from the center. The radial
velocity of a star is the speed with which it appears to be moving away from us,
with negative values for stars getting closer. The rotational velocity of a star is its
velocity, perpendicular to the line connecting it to the sun.
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Figure 2.2 Each plot compares an empirical (solid) and parametric (dashed) CDF for the
velocities of 50 stars. Radial velocities are compared to a normal distribution on the left.
Rotational velocities are compared to a scaled square root szgidistribution on the
right.

The step functiors in Figure 2.2 shows the NPMLE F),(z), for velocities of
the first50 stars in the data set. This sample size reduction was made so that
the bumpy nature of the NPMLE would be visually apparent. The left plot of
Figure 2.2 shows asmooh curve based a the parametic model X; ~ N (u, 02),
for radial velocitiesX;. Under this model

F(x):F(x;u,a):/I ! exp<_(z_'u)2>dz,

—oo V27O 202

and the curves shown afe(z; i, 6) for parametric MLE’si andé.

It may be surprising to find that radial velocities are nearly normally distributed.
This would happen if the velocities of the stars relative to the sun had a spherical
Gaussian distribution. In that case the rotational velocities would be the square
roots of scalec}((QQ) distributions The right plot in Figure 2.2 shows tha sud a
model fits the data poorly. The parametric CDF in that plot is that of the square
root of axfz) distribution scaled to have mean equal to the sample mean squared
rotational velocity.

In parametric models, whefy is the MLE of , and we are interested in
through some functiod(n), the MLE of # is § = 6(#). In the nonparametric
setting, we suppose that we are interesteff ithrought = T'(F’), whereT is a
real-valued function of distributions. The true unknown parametgy is T'(Fy).
Proceeding by analogy, we take the NPMLEfoo bed = T(F,). Thus if we
are interested in the medly = [ xdFy(z) of X whenX has the distribution
Fy, then by analogy, the NPMLE & is the mean of,. This mean is of course
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X = (1/n) X1, X;. For a subsetl C R, the NPMLE ofPr(X € A) is the
sample fraction ofX; in A.

For the radial velocities, the parametric MLE leads to an estimae8f) for
Pr(X < 0), while the nonparametric one gives an estimat®.660, in close
agreement. Both parametric and nonparametric MLE'’s estifi&fé) as—2.42.

It is visually apparent that the parametric and nonparametric MLE’s of tail prob-
abilities for the rotational velocities differ sharply.

Either the parametric or nonparametric MLE can be best, depending on our
goals and some assumptions on the data. If we are interested primarily in the
probability thatX < x, then the parametric MLE is likely to be best when the true
distribution is close to the parametric distribution. If the underlying distribution
does not follow the parametric one, then the NPMLE will ordinarily be better, at
least for large enough.

For this data set, the parametric model gives a reasonable fit for the radial veloc-
ities, but not for the rotational ones. Empirical CDFs are not very good at showing
differences in the tails of a distribution. A QQ plot of 8932 radial velocities
shows a nearly normal distribution, but with heavier than normal tails.

2.2 Nonparametric likelihood ratios

In parametric inference we may base hypothesis tests and confidence regions on
the likelihood ratio. IfL(n) is much smaller thaf (7}), then we reject the hypothe-

sis thaty, = »n, and exclude) from our confidence region foy,. Wilks’s theorem
provides that-2log(L(no)/L(7)) tends to a chisquared distributionas— oo,

under mild regularity conditions, allowing us to decide just how srhéll) must

be in order fom to get rejected. The degrees of freedom in the chisquared distri-
bution are usually equal to the dimension of the sej e&lues. When we want a
confidence region fof we take the image of a confidence regionsfof hat is

{0(n) | L(n) = cL (M)},

where the threshold is chosen using Wilks's theorem, with degrees of freedom
equal to the dimension of the setfalues.

We may also use ratios of the nonparametric likelihood as a basis for hypothesis
tests and confidence intervals. For a distributtardefine

_ L&)
( )_L(Fn)’

throuch the nonparametdlikelihoad L( F') of Definition 2.2 We proceed g anal-

ogy with parametric likelihood. Suppose that we are interested in a parameter
6 = T(F) for some functionl” of distributions. ThisF' is a member of a seF

of distributions. In some cases we may takeo be the set of all distributions on

R. More often, we use a smaller set of distributions. Define the profile likelihood
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ratio function:
R(@)=sup{R(F)|T(F)=0,F € F}. (2.1)

Empirical likelihood hypothesis tests rejeét : T'(Fy) = 0y, whenR(6y) <
ro for some threshold valug. Empirical likelihood confidence regions are of the
form

{0 R(0) =70} (2.2)

In many settings, the thresholg may be chosen using an empirical likelihood
theorem (ELT), a nonparametric analogue of Wilks's theorem.

2.3 Ties in the data

If X; = X, fori # j, we say thatX; and X; are tied. Let us first consider
data having no ties. If the distributiofi places probabilityp; > 0 on the value
X; € R, then}_"  p; <1,andL(F) = [];_, p; and so

R(F) =

L(F) 1

A Z1;[111;01. (2.3)
For data possibly containing some ties, suppose that the distinct ygduises

n; > 1 times in the sample, and has probabifityunderF'. Let k& be the number

of distinct values in the data. Then instead of (2.3) we find

k n; k n;j
R(F)=T] (&) =11 <%> : (2.4)
j=1 \Pi j=1 \ T

The theory of empirical likelihood is much simpler through equation (2.3) than
equation (2.4). The computation can also be simpler with equation (2.3), though
when the number of ties is enormous, so that n, equation (2.4) might lead to
faster algorithms. Fortunately, we have the choice. If we use (2.3) instead of the
true likelihood ratio (2.4) we get the same profile likelihood ratio funci).

This holds for any familyF of distributions and for whatever functidh(F') is
used to definég.

To see this, we may apportion the probabilitigsfor a distribution /" into
observation specific weights; > 0for: = 1,... ,n. Choose the weights so that
p; is the sum ofw; over alli with X; = z;. Then a distribution putting weight;
on observatiorX; reproduced”, and hence any'(F).

We define the likelihood of" in terms of these weights d9"_; w;. When
there are ties, this likelihood value is not unique. The véleaters a confidence
region if and only if for some havingT' (F') = 6, the largest value of[;-_, w;
exceeds a threshold. So we only need to consider the maxim{ify ofw; over
weights generating the;. This maximum arises when; = p;; /), with (i)
determined byX; = z;(;.
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The maximum of [}, w; for a givenF is

k n; k
Dj _ —nj
H (n—j) = L(F) x Hnj :
j=1 j=1
When we use nonparametric likelihoods through ratios sudi(&3/L(F,,) the

factor]‘[f:1 n;”f cancels. Thus we may proceed computationally and theoreti-
cally as If there were no ties, writing

R(F) = ﬁnwi, (2.5)
i=1

wherew; >0, >, w; < 1, andF puts probability>"; . _ . w; onX;. Equa-
tions (2.5 and(2.3) are of courseequvalent.
Equation (2.5) describes a function on thelimensional set of weights

Sn_lz{(wl,...,wn)|wi20,Zwi:1}. (26)
i=1

The setS,,_; is called the probability simplex, or simply the simplex. Because
wy + -+ - +w, = 1, the weight set is actually — 1 dimensional and so the sub-
scriptisn — 1 notn. Forn = 3 the allowable point$w;, w2, w3) are interior to
the equilater&triangle with cornes at (1,0, 0), (0,1,0) ard (0,0, 1). Figure 2.3
shows contours oR(F') within this triangle. Empirical likelihood confidence re-
gions are usually constructed as the image under a statistical furfctiin of

the interior of am — 1 dimensional contour aRR(F").

There is nothing special about one-dimensional data in the arguments above.
Ties can be ignored foK; € R?, for anyd > 1. In settings more complicated
thann IID observations, where we wish to prove that ties can be ignored, we
return to this approach of putting probabilitigson the distinct observed values
and weightso; on the data points.

It is intuitively reasonable that we should ignore ties. Suppose that we generate
tie-breaker random variablds, ~ U(0,1) independently of each other and of
the X;. Now form the observation§X;, U;) € R4*+!. Because thé/; have a
continuous distribution, there will be no ties amongheand hence none among
the (X, U;). Now consider a functioff” on the distribution of( X;, U;) pairs,
whereT completely ignores th& values. Because empirical likelihood ignores
ties, we get the same confidence regionsifamn the(X;, U;) pairs as we do on
the X; data alone. Any other answer would be unreasonable. We know th} the
contain no information and so their presence should not change our answer.

2.4 Multinomial on the sample

A natural starting point for nonparametric inference is the mean of a scalar ran-
dom variable, which we take up here. Developing empirical likelihood confi-
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Figure 2.3Shown are contours of the empirical likelihood ratio functi&(F") for the
case ofn = 3 observations. The likelihood ratio values plotted are 0.1 to 0.9 by steps of
0.1. The bounding triangle haB(F') = 0, and the maximum value &f(F’) is 1.0 at the
center of the triangle.

dence intervals by analogy with parametric likelihood methods gives a degen-
erate confidence interval for the mean. To see this, consider the distridution
(1—¢)F,, +¢d, whered, is a distribution taking the valuewith probability one,
andz is not one of the observel; values. The likelihood ratio for thig' is

H?:l(lis)/n: _En
I im 79

and the mean i§l — €)X + ex. For any threshold, < 1, taking a small enough
e makesR(F') > ry. Then sending: to +00 causes the empirical likelihood ratio
confidence interval for the mean to have infinite length.

We can eliminate this problem by changing theEetf candidate distributions.
If X is known to be a bounded random variable, witbo < A < X < B <
then by takingF to be the set of all distributions for whicK satisfies these

R(F) =
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bounds, a nondegenerate confidence interval results. The practical difficulty is
that even if we know thakX is bounded, we might not know a good bound to use
in practice. For example, we might be convinced that the height of a human being
is a bounded random variable, yet it might not be easy to specify an upper bound
to use in practice.

If we are sampling a bounded random variable, then the sample minimum
A, = min;<;<, X; and maximumB,, = max;<,<, X; Will approach the tight-
est possible boundd and B, asn increases. We may obtain finite length confi-
dence intervals by taking” = F,, to be the set of distributions of random vari-
ablesX for which A, < X < B,,.

Now suppose thaf” € F, and [zdF(z) = p. Letw; be the weight that
F places on observatioX;. When constructing the profile empirical likelihood
function for the mean, we may suppose tha}_, w; = 1. If instead, we have
>, w; < 1, thenF puts probabilityl — >~ , w; > 0 on the interval 4,,, B,,)
exclusive of sample points there. This probability can be “reassigned” to data
points in such a way that the new distributibhhas the same mean &sbut has
L(F) > L(F). This reassignment can, for example, be done by increasing the
weightsw; for the largest and smallest sample values. The result is that we get
the same profile empirical likelihood ratio function for the mean by takiihgo
be the distributions Witfz,’f:1 w; = 1 as we do takingF,, to be all distributions
over the intervalA,,, B,,].

Using the distributions witty """, w; = 1, we may write the profile empirical
likelihood ratio function for the mean as

R (1) —max{ﬁnwi | iwiXi:u,wi ZO,zn:wi: 1}

=1 i=1 i=1

and the resulting empirical likelihood confidence region for the mean as

IR () =m0} = {ZwiXi | Hnwi > Tro, Wi = O,sz‘ = 1}~
i—1 i=1 i=1

This region is an interval, as shown in Chapter 2.5.

Empirical likelihood inferences for the mean may be recognized as parametric
likelihood inferences for the mean, using a data-determined parametric family.
The parametric family involved is the multinomial distribution on the observed
values ofX;.

For continuoust’, this parametric family will have: parametersv, ... , w,.

Since they sum td, we can reduce this ta — 1 parameters. Most asymptotic
results for parametric likelihood are framed in a setting where there are a finite
number of parameters and a sample sizending to infinity. When the number

of parameters grows with, the parametric MLE might not even approach the
true parameter value. By having the number of parameters grow as quickly as
the sample size, empirical likelihood appears to be very different from parametric
likelihoods.
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When F is discrete, the empirical likelihood ratio function is that of a multi-
nomial, but on the observed values only. If there are a finite number of possible
values ofX, then as» increases, eventually all the distinct values have been seen
at least once, and empirical likelihood reduces to a parametric likelihodd. If
is a discrete distribution for which infinitely many values have positive proba-
bility, then the empirical likelihood will be based on a random data-determined
multinomial with an ever-increasing number of parameters.

Simply requiring a modestly large likelihood ratio forces all but a vanishingly
smal amourt of the probability to be placed @ the sample Lemma 2.1 quantifies
this effect.

n

Lemma 2.1 Suppose that distributioff places probabilityy = 1—3""" | w; on
the selR — {z1,... ,2,}, and thatR(F) > ro > 0. Thenpy < (1/n)log(1/ro).

Proof. The largest possible value f@&(F'), under the problem constraints, arises
with all weights equal td1 — pg)/n. Thusrg < R(F) < (1 — po)™, from which

PoSl—ré/n

=1—-exp(n 'logry)
<1—(1+n"'logro)

1 <1>
=—log|— ).
n To
U

Anticipating that a 95% confidence interval corresponds-2dog(ry) close
to x{;)” = 3.84, we consideriog(1/r)/n = 1.92/n. To contribute a point
to the 95% confidence interval, a distribution has to put more thanl.92/n
probability on the sample. Our restriction to distributions that reweight the data
might push abou®2/n more probability onto the sample than would otherwise
have been there. Thus the empirical profile likelihood ratio function itself does
most of the work in reducing the class of functions to those supported on the
sample.

We have seen that the restriction to distributions that reweight the sample only
changesD(1/n) of the probability. This probability is small because confidence
regions typically have diameter of order'/2. But changes t@(1/n) of the
probability of ' can have arbitrarily large effects on nonrobust statistics like the
mean, so some clipping of the rangefois necessary. Clipping to the sample is
perhaps the simplest choice.

In most settings, empirical likelihood is a multinomial likelihood on the sample.
There are some exceptions, such as those where boundedness arises naturally in
the structure of the problem and need not be imposed. For example, when we are
interested in the mean of a bounded functioXo$uch adl x>( or sin(X), then
F can be the set of all distributions @ Similarly, inferences for the median of
X do not require us to restrict the family of distributions.
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2.5 EL for a univariate mean

Nondegenerate intervals still need to be calibrated, so that we can approximate
a desired level of confidence such &%. The following univariate empirical
likelihood theorem (ELT) is the basis for such calibration.

Theorem 2.2 (Univariate ELT) Let X;,..., X,, be independent random vari-
ables with common distributiof. Let 4o = E(X;), and suppose thal <
Var(X;) < co. Then—21log(R(uo)) converges in distribution IQ(QI) asn — oo.

Proof. See Exercises 2.4 and2.5 for asketch, Chapter 11.2 for a proof.[]

Two features of Theoren 2.2 are noteworthy. First, the chisquared limit is the
same as we typically find for parametric likelihood models with one parameter.
Second, there is no assumption tigtare bounded random variables. They need
only have a bounded variance, which constrains how fast the sample maximum
and minimum ca grow asn increases

Theoren 2.2 provides an asymptotic justification for tests that reject the value
1o at thea level, when—21log R (1) > X?S‘“. The unrejected values pf, form
a100(1 — a)% confidence region, with the same asymptotic justification. Details
of the proof and some simulations both suggest thajsgfq@a’a threshold should

perhaps be replaced tﬂ{l’;il. The F ,, distribution is the square off@,, )

distribution while thex?l) distribution is the square of &(0, 1) distribution. As

n — oo, we havet(, 1) — N(0,1) in distribution, and s&, ., —x{;) ™ — 0.

Thus, as increases, the difference between the two calibrations disappears. The
F calibration usually gives better results in simulations.

Itis easy to see that the empirical likelihood confidence region for a mean is al-
ways an interval. If:; andyus are in the confidence region, then there are weights
Wij >0,t=1,...,n,5=1,2, with Z?:l wlel = [; andz;;l Wi; = 1, and
-2 log(nw;;) < X?S_a- Now for0 < 7 < 1, letu, = p17 + po(1 — 7).

The nonnegative weights; = w;;7+w;2(1—7) sum tol, satisfyZ?:1 w; X; =
1, and

_2210g(nwi) = —QZlog(anil +(1- T)?’L’wig)
i=1 i=1
< -2 {T log(nws) + (1 — ) Z 108?(”“%‘2)]

1 i=1

<xg) "
It follows that the empirical likelihood confidence region for the mean contains
the line segment connecting any two of its points, and so it is an interval.

Figure 2.4 shows 29 determinatios of the mea densiy of the earth relaive
to water. These were made by Cavendish in 1798 and appear in Stigler (1977).
The mean of Cavendish’s valuesigd20, somewhat below the presently accepted
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Figure 2.4 Shown are 29 of Cavendish’s measurements of the mean density of Earth, rela-
tive to water. Source: Stigler (1977).

value of 5.517. Figure 2.5 shows the empiricd likelihood rato function for the

mean of these data, with the modern value for the density of the earth marked. The
modern value lies just inside the 95% empirical likelihood confidence interval,
which extends fron$.256 to 5.521.

2.6 Coverage accuracy

A 100(1—a)% empirical likelihood confidence interval is formed by taking those
2,1—«

values: for which —2log R(1) < x{j, ™ that isR(u) > exp(—x(j, ™ */2)-
The probability thaju is in this interval approaches the nominal value « as
n — oo. That is, the coverage error
Pr(—2log R(po) < X?i;_a) -(1-a)—0

asn — oo. The mathematical analysis of coverage error is presented in some
works described in the bibliographic notes at the end of this chapter. This section
outlines the findings of those works.

Ideally, a confidence interval should have exactly the covetage: for anyn
and any sampling distributiofy. As discussed in Chapter 2.11, no exact nonpara-
metric confidence intervals exist for the sample mean. As a result nonparametric

confidence intervals are asymptotic confidence intervals, as indeed are most para-
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Figure 2.5The solid curve shows the empirical likelihood ratio function for the mean
of Cavendish’'s measurements of the density of the earth, relative to water. The modern
value of 5.517 is shown as a solid reference point. Two short dotted reference bars delimit
the 95% interval and a solid bar shows the sample mean. The points where empirical
likelihood was computed are shown as small solid circles connected by interpolation as
described in Chapter 2.9.

metric confidence intervals. The convention used here is that any confidence state-
ment is an asymptotic one, unless explicitly stated otherwise.

Under mild moment conditions, the coverage error for empirical likelihood
confidence intervals decreases to zero at thelpateasn — oo. This is the same
rate that typically holds for confidence intervals based on parametric likelihoods,
the jackknife, and the simpler bootstrap methods. Even the standard confidence
intervals, meaning{ &+ Z'=*/2s wheres? = (n — 1)7' 31" (X; — X)? and
Pr(N(0,1) < Z'=®) = 1 — «, have this rate of coverage error. The coverage
error in a nonparametric confidence interval for a univariate mean typically takes
the form

%@(Zl_“/z) exp [A+ By* + Ck] + O(%)

wherey is the standard normal density function. The quantitiesdx are the
skewness and kurtosis &f, introduced in Chapter 1.1. The constaAts3, C dif-

fer for the various confidence interval methods. By 20, this formula usually
predicts the coverage error 0Da% confidence interval for the mean, to within
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percentage point of its actual coverage error. The exceptions arise for very heavy
tailed distributions, where the theory tends to greatly underestimate the coverage
level.

For parametric likelihood intervals, the coverage error is typical(y/n) if
the model is true, though it need not converg@ &sn increases, if the model is
not true. A Bartlett correction can be used to reduce parametric coverage errors
to O(n~2). A Bartlett correction also applies for empirical likelihood. Jackknife,
bootstrap, and standard intervals are not Bartlett correctable.

2.7 One-sided coverage levels

For some applications a one-sided confidence interval, corresponding to a one-
tailed test, is desired. We may know that> p/ and so be interested in testing

u = p' versusy > p’. Or, when the consequences of smalkre benign while
those of large: are serious we might want a one-sided confidence interval of the
form (—o0, U) for p.

If (L,U) is a two-sidedl00(1 — «)% empirical likelihood confidence interval
for p, then we might consider using-oo, U) and(L, oo) as one-sided00(1 —
a/2)% confidence intervals for the mean. The coverage error in these one-sided
intervals decreases to zero, but only at the relatively slowrraté? asn — co.
Chapter 13 presents methods to modify empirical likelihood, to ackigve )
coverage errors for one-sided confidence intervals. The modifications result in
shifts of sizeA; and Ay at the left and right endpoints of the interval, respec-
tively, whereA; and A g are data determined and equal or very nearly equal to
each other.

Confidence intervals based on thresholding a parametric likelihood also typ-
ically have O(n~!) two-sided coverage errors ai{n~'/2) one-sided errors.
They also can be modified to ha@n ') coverage errors for one-sided infer-
ence.

Every point inside a likelihood interval, parametric or empirical, is deemed to
be more likely than every point outside it. When such intervals are modified to
equalize coverage errors in the two tails, the result is that some points inside the
new interval have lower likelihood than some other points outside of it.

Thus there is a trade-off between separating more likely from less likely param-
eter values, and equalizing tail errors. We can achieve one goal with high accuracy
asn — oo, but then the other is attained at a slower rate. The examples in this
book use confidence regions based on thresholding the empirical likelihood with-
out employing any of the tail area equalization methods described in Chapter 13.

In multi-parameter problems, the goal of equalizing coverage errors between
the tails becomes more challenging. Then the shape of the confidence region is
more complicated than just a left and right distance ffamoncoverage events
can happen in a continuum of directions, not just two. There is a sense in which
empirical likelihood confidence regions have the right shape in higher dimen-
sional problems. There again a shift is required. We must shift the whole set of
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contours by some vectak. See the discussion of pseudo-likelihood in Chap-
ter 13.3.

2.8 Power and efficiency

It is very important to have approximately the right coverage in a confidence in-
terval, or hypothesis test, for otherwise the resulting inferences are not reliable.
But there is also a need for efficiency. If a test does not have good power, or a con-
fidence interval is too long, then the data have not been fully utilized. Accuracy
and efficiency trade off in confidence interval problems, just as bias and variance
often trade off in parameter estimation problems. An interval with nearly the right
coverage but highly variable length is not useful. In the extreme case, consider
an interval that is equal to all @& with probability 0.95 and has lengtly with
probability 0.05. It has exactly the right coverage but the corresponding test has
only 5% power against any alternative.

One way to assess the power of empirical likelihood is through the curvature
of R at the NPMLEX. For large sample sizelsig(R (1)) = —nog (u — X)?/2
for 1 nearX, whereo? = Var(X;). The greater the (absolute) curvature in this
guadratic, the shorter the confidence intervals for a given level of coverage, and
hence the greater the power. It can be shown that

—2log R (po + Taon_l/Q) — X%l)(7'2), (2.7)

in distribution, wherer? is a noncentrality parameter. This means that empirical
likelihood inferences will have roughly the same power as parametric inferences,
in a family with Fisher information equal to/o2.

Asymptotic comparisons described in Chapter 3.17 show that, to first order,
empirical likelihood has the same power as the bootstragainst alternatives
that areO(n~'/?) distance from the null hypothesis. Surprisingly, empirical like-
lihood usually matches the power of parametric likelihood ratio tests to second
order, as described in Chapter 3.17.

We might have expected good power properties for empirical likelihood, be-
cause likelihood ratio tests are known to be the most powerful tests in multinomial
settings, with considerable generality regarding the hypothesis being tested, the
alternative of interest, and the competing method under consideration. As Hoeff-
ding (1965) writes:

If a given test of sizey,, is “sufficiently different” from a likelihood ratio test then
there is a likelihood ratio test of sizé ., that is considerably more powerful than the
given test at “most” points in the set of alternatives wheis large enough, provided
thata,, — 0 at a suitable rate.

The empirical likelihood setting is not as simple as a multinomial because the
support set is random and may increase in cardinality witBut a version of the

universal power optimality of likelihood ratio tests has been established for empir-
ical likelihood. These power results are of the large deviations kind, though they
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do not necessarily require large sample sizes to be evident. They are described in
Chapter 13.5.

Some simulation evidence exists to support these asymptotic results. Simu-
lations can compare power of methods directly, or indirectly by measuring the
length of confidence intervals. It has been observed empirically and theoreti-
cally that nonparametric confidence intervals tend to undercover, approaching
their nominal coverage levels from below as— oc. Simulations that ignore
this phenomenon can assess coverage but are inconclusive regarding power and
its trade-off with coverage. Comparisons of coverage alone favor methods with
longer intervals (less power) while comparisons of interval length alone favor
methods with more severe undercoverage.

Some simulations cited in Chapter 13.6 compare power after first doing a simu-
lation to calibrate coverage levels. These found that empirical likelihood has bet-
ter power than the other methods considered at most of the alternative hypotheses
simulated. Another simulation, described in Chapter 2.11, compared methods by
forcing them to use the same confidence interval length in each Monte Carlo sam-
ple. Empirical likelihood obtained competitive coverage whether it or the other
method chose the interval length.

2.9 Computing EL for a univariate mean

Empirical likelihood inferences for the univariate mean require the following
computational chores: To test whether= 1o, we need to comput®(up). To

set confidence limits fop,, we need to find the two values pf that solve the
equatiorR(u) = ro, given a threshold valug. To plot the curveR (1), we need

to computeR (1) at numerous points over the range of interest and then interpo-
late them. The computations are described at a high level, but with some practical
details to ease the job of implementing them.

We begin by describing how to compui1:). Let the ordered sample values
be X(1) < ... < X(,). First we eliminate the trivial cases. Af < X or p >
X () then there are no weights; > 0 summing tol for which ), w; X; = . In
such cases we takeg R(u) = —oo, andR(u) = 0 by convention. Similarly if
o= X(l) < X(n) oru= X(n) > X(l) we takeR(u) =0, but if X(l) = X(n) =
i, we takeR (1) = 1.

Now consider the nontrivial case, withi;;) < u < X(,). We seek to max-
imize [], nw;, or equivalently}""_, log(nw;) overw; > 0 subject to the con-
straints thaty " , w; = 1 and) ;" , w;X; = p. We write the latter constraint
as) ., w;(X; — u) = 0. The objective functioy ", log(nw;) is a strictly
concave function on a convex set of weight vectors. Accordingly a unique global
maximum exists. We also know that the maximum does not havevany 0, so
it is an interior point of the domain.
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We may proceed by the method of Lagrange multipliers. Write

G= zn:log(nwi) — n)\zn:wi (Xi—p) +7(zn:wi - 1)’
i=1 i=1 i=1

where\ and~ are Lagrange multipliers. Setting to zero the partial derivative of
G with respect tav; gives

oG 1
= ——n/\(Xi—/l)-i-’Y:O.

So

n
oG
O = ’L— = 5
; w o, n+y
from whichvy = —n. We may therefore write
1

The value ofA may be found by numerical search. We know that A(u)
solves

w; =

n

1 Xi—p
— ————=0. 2.8
n;1—|—/\(X,'—,u) 0 (2:8)

The left side of (2.8) equal® — 1 at\ = 0. It is strictly decreasing in\, as may
be found by differentiation. Monotonicity of (2.8) makes a bisection approach
workable, but bisection is slow. Safeguarded search methods, like Brent's method
or some versions of Newton’s method, are preferable. They combine the reliability
of bisection, with a superlinear rate of convergence to the solution.

To begin the search fox(x) we need an interval known to contakgy). We
know that everyw; > 0, and so every; < 1. A bracketing interval may be found
by alternately setting to the weight on the minimum and maximum observations.
Thus we may start the search knowing that

1—nt 1—nt
=X < AMp) < = Xa, (2.9)

The algorithm then successively refines the interval Xagiven by (2.9) until
the endpoints agree to a user-specified tolerance. For example, the user might be
satisfied if the two values d6g(R (1)) from the endpoints of the interval fou( 1)
agree to withinl0—6.

To set a confidence interval far, we need to locate upper and lower limjits
andy_ forwhichR(u+) = ro € (0,1). We know that

Xy Sp- <X <py < Xy, (2.10)

and these bounds can be used in two separate safeguarded searches. We could
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search for the: solvingR(u) = ro using a search to fin®(u) at each candi-
datey.

Such a nested search fois slower than necessary, though not necessarily slow
in an absolute sense. A faster approach is to reformulate the problem as optimiz-
ing >, w; X, subject to the constrainfs._, w; = 1 and> ", log(nw;) =
log(rp). In this formulation we take the Lagrangian to be

G= ZwiXi — n(z log(nw;) — 1og(r0)> - 7(2 w; — 1).
i=1 i=1 i=1
Some calculus, like that above, shows that=7/(X; — ) and so

(Xi—)""
Y (X =)t

To find 41— we solve) ,_; log(nw;(7)) = log(ro), searching fory between—oo
and X (). To find ., we search fory betweenX|,,) andoo.

The endpoints in the search fgrare more delicate than in the search for
One endpoint is infinite and the other gives an infinite valugdom practice we
have to search first for endpoints near the ones given above before beginning the
safeguarded search.

To displayR (1) we need to compute it at several values. Lgt = X +id
for somed > 0 and integeri > 0. A good strategy to compute the right side of
the empirical likelihood ratio curve is to compui ;) for i increasing from
0, whereR (1)) = 1, until log(R(i(;)) is too small to be of interest, but in
any case stopping befoyg;) > X,). For example a limit ofog(R) = —25.0
corresponds to a nominadfl) value of —2 x 25 = 50. Such ax? value in turn
corresponds to g-value of aboutl.5 x 1072, and we seldom need to consider
p-values smaller than this. When searching X9r(;)), a good starting value is
A(pi-1y), and we may begin witt\(zo) = 0. To compute the left side of the
empirical likelihood ratio curve, we repeat the process above figcreasing
from O until R(p ;) is very small.

If § is too small then too many steps are required to compute the curves If
too large, then not enough points appear in the curve. The valueasf be found
by trial and error. It is usually satisfactory to have ab2uiof the profile points
between the 95% confidence interval endpoints. Those endpoints are roughly
4sn~'/? apart wheres is the sample standard deviation. &e= 0.2 x sn~/2
is usually reasonable. Whenis small or the sample is very skewed it may be
necessary to use a smaller value of

Most plotting systems will connect the poir{is;), R(1(;))) by straight lines.
This can give an unsatisfactory appearance to the curve, often with a prominent
triangular peak at the MLE. The functidog(R (1)) is approximately quadratic
aroundi = X. A better looking curve is obtained by fitting an interpolating spline
through(s(;), log(R(w))). If the spline curve has valugs;, y;) on a fine grid of
x; values, then a plot linearly interpolating the;, exp(y;)) points usually gives

w; = wi(7y) =
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a reasonable version & () versusu. On rare occasions with badly spaced

or unusual behavior ifR(u;) the spline can show a Gibbs effect in which the
exponentiated spline produces likelihood ratios ov8r The remedy is to insert
more likelihood evaluations, or to resort to linear interpolation.

2.10 Empirical discovery of parametric families

Suppose thaky is in fact inside a known parametric family. It is natural to wonder
whether the empirical likelihood function can discover this fact and match the
parametric inferences. It cannot. There is no unique parametric family thigugh
to discover.

Suppose, for example, that; are normally distributed with meam, = 1 and
variances? = 1. ThenF; belongs to the following families among others:

N(p, 1), pER,
N(p,p?),  pe(0,00),
N(p,e™#), peR,
N(1,0?), o € (0,10).

No sample fromV (1, 1), however large, can identify one of these models as the
true parametric family. They are all equally true, and they have different conse-
guences for how hard it is to leagnfrom data. These parametric families are
illustrated n Figure 2.6.

A choice of a parametric family requires knowledge from outside of the sam-
ple. Such prior information may specify a set of distributions known to include
Iy, perhaps based on experience with previous data thought to be similar to the
present data. Different investigators could reasonably have different prior infor-
mation, select different parametric families, and so obtain different answers.

If side information is available, then it can often be used in empirical likelihood.

If, for example, we know thaVar(X) = E(X)? or thatx = 0, then these facts
can be imposed directly as side constraints. It is not necessary to find a parametric
family with those constraints built in. See Chapter 3.10.

With empirical likelihood, we ordinarily assume no knowledge outside of the
data. Therefore we expect empirical likelihood confidence intervals to be asymp-
totically at least as long as those for any reasonable parametric family contain-
ing Fy. We would like empirical likelihood inferences to behave like parametric
inferences in a least favorable family: one in which inference is not artificially
easy. Chapters 9.6 and 9.11 discuss connections between empirical likelihood and
Stein’s concept of least favorable families of distributions.

While empirical likelihood is expected to provide confidence intervals no nar-
rower than a parametric family containing the true distributignit is possible
to find that empirical likelihood confidence intervals are sometimes narrower than
parametric ones. This can easily happen if the parametric family is incorrect. For
example, ifk < 0, then the normal theory confidence intervals for the variance
will be longer than the empirical ones, for large enough
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Figure 2.6 The curves depict four single parameter families through the distribution
N(1, 1), shown as a point. For each family, the variance is plotted versus the mean. The
families are given in the text. Only the portions for whickkQ: < 3 and 0< 0% < 5are
shown.

2.11 Bibliographic notes
Nonparametric maximum likelihood

The fact that the ECDF is an NPMLE was first noticed by Kiefer & Wolfowitz
(1956). The NPMLE idea was used by Kaplan & Meier (1958) to derive the
product-limit estimator for the CDF from censored data. Johansen (1978) shows
that product-limit estimators are NPMLE'’s for transition probabilities of contin-
uous time Markov chains. Grenander (1956) constructs an NPMLE for a distri-
bution known to have a monotone decreasing density [Oveo). Hartley & Rao
(1968) show how to construct the NPMLE from a simple random sample of a
finite population.

The star velocities are from the bright star catalogue of Hoffleit & Warren
(1991). These data are also available on the Internet. Only those stars for which
both velocities are recorded were used. These tend to be the stars nearest the sun.
Binney & Merrifield (1998) provide information on stars and their movements.
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Likelihood ratios

Theoren 2.2 on empiricé likelihoad was proved by Owen (1988), who shows

how ties may be ignored, and also presents an ELT fad(ket) differentiable sta-
tistical functions. An ELT for the mean of bounded scalar random random vari-
able appears in Owen (1985). The discussion of computing is based on Owen
(198&), as is the noncentra}? result at(2.7). Brent's method and other safe-
guarded searches are described in Press, Flannery, Teukolsky & Vetterling (1993).

Neyman & Scott (1948) provide a famous example of the adverse consequences
to likelihood methods when the number of parameters goes to infinity with the
sample size. They havg,; ~ N(uj,0?) forj =1,2andi = 1,...,n. Then as
n — oo the MLE6? — o2 /2 and so is not consistent.

The earliest known use of an empirical likelihood ratio function is Thomas &
Grunkemeier (1975). They consider the problem of forming a confidence inter-
val for the survival function based on censored data. The Kaplan-Meier estimate
gives the NPMLE, and nonparametric likelihood arguments can be used to form
a confidence interval.

Cavendish’s data appear in Stigler (1977). That article compares methods of
estimating a parameter from data in cases where we now know the true value.
Stigler's motivation was to assess whether robust estimators would have helped.
One patrticularly delicate issue is that each scientist’s instruments had built-in bi-
ases.

Coverage levels

Bahadur & Savage (1956, Corollary 2) show that no nontrivial confidence interval
can be computed for the mean if the famifyof possible distributions is suffi-
ciently rich. Their results rule out the existence of exact or even of conservative
nonparametric confidence intervals for the mean. Theglbe any set of distri-
butions forX € R, satisfying three conditions:

1. [|z]dF(z) < oo forall F € F,
2. for eachm € R there is anF’ € F with [ zdF () = m, and
3.if F,Ge F,then\F+ (1 - N)Ge Ffor0<A<1.

Now suppose that a confidence interval method has probability atlleast of
covering the mean of’, with this holding for allF" € F. Then for everyF’ € F
and everym € R, that method has probability at ledst « of coveringm when
sampling fromF". This failure cannot be escaped by taking random endpoints for
the interval, or by taking a random (but always finite) humber of observations.
The problem is that’ can place a very small probabilifyon a very large value
Xo. The probabilityp can be small enough thaf, is unlikely to be seen in a
sample of sizex. But X, can be large enough thak, is not small compared to
E(X).

Nonparametric confidence intervals typically approach their asymptotic cov-
erage levels from below. For finite, the true coverage level is usually, though
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not always, below the nominal level. This has been observed for empirical like-
lihood by Owen (1988), Owen (199@), and others, for generalized method of
moments by Imbens, Spady & Johnson (1998) and others cited therein, and for
the bootstrap by Schenker (1985) and others. Kauermann & Carroll (2000) give
explicit undercoverage formulas for some confidence intervals based on sandwich
estimators of variance. Undercoverage can also arise for asymptotically justified
confidence intervals in parametric problems.

As Efron (1988) shows, practically significant errors in coverage levels can
correspond to very minor-looking errors in the endpoints of confidence intervals;
the noncoverage events are typically near misses. Asymptotic confidence regions
give a realistic separation between more and less plausible parameter values, but
if we see a special valu# just barely outside an asymptotic confidence region,
we cannot be sure of thevalue for rejecting*. It is a good practice to plot the
confidence interval or region, and then annotate the plot with any values that are
special in the context of the data. Still, undercoverage is to be avoided where pos-
sible, and it can be greatly alleviated by using bootstrap calibration as described
in Chapter 3.3.

Hall (1986) establishes formulas for the coverage error of nonparametric confi-
dence interval methods for the mean. Owen (E)@0ovides extensive simulation
of various sample sizes and distributions, and finds that by20, Hall’'s formu-
las are within roughlyi % of the true coverage errors, except for very heavy tailed
distributions.

The bibliographic notes for Bartlett correction, signed root corrections and bias
shifting of empirical likelihood appear on page 257 at the end of Chapter 13.

Very general power optimality was shown for likelihood ratio tests by Hoeff-
ding (1965). A version for empirical likelihood, discussed in Chapter 13.5. is
due to Kitamura (2001), who also presents some simulations. The simulations in
Owen (199@) showed that the bootstrapproduced the best confidence intervals
for the univariate mean. The hardest problem turned out to be covering the mean
of the lognormal distribution. In each simulated data set, every competing method
constructed a confidence interval. The lengths of these intervals were recorded.
Then each method constructed a set of intervals, using the interval lengths chosen
by every other method. Empirical likelihood intervals often achieved better cover-
age when using an interval of a given length than did the method whose nominal
95% interval was of that length.

2.12 Exercises

Exercise 2.1 Another approach to breaking ties is to pertifpe R? into X§ =
X; + ¢Z;, whereZ; ~ N(0,1;) are independent of each other and tkig
Let 7" be a function of the distribution ok;. Let R(6,¢) = max{[], nw; |
T(> o wibx,) =0,w; > 0,57, w; = 1}. Doeslim._o R (0, €) always equal
the unperturbed empirical likelihood ratid(6, 0)?
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Exercise 2.2 The empirical likelihood ratio i§ ], nw; = n" x [, w;. The
disadvantage of the second expression is that it is a product of one very large
factor and one very small factor. A computer might end up trying to multiply an
overflowing number by an underflowing one. For one specific computer, find out
how largen has to be forn™ to overflow its floating point representation. Find out
how largen must be for(1/n)™ to underflow. In practice accuracy can be lost at
values ofn smaller than those causing underflow or overflow, and it is better to
work with the log likelihood ratio.

Exercise 2.3 Exact confidence intervals are possible for the meanthe family
N(u, 1), and fory in the family N (u, 02), assuming: > 1 in the first case and

n > 2 in the second. Explain why this does not contradict the result of Bahadur
& Savage (1956) quoted in Chapter 2.11.

Exercise 2.4 This exercise and the next provide a nonrigorous sketch of the proof
of Theoren 2.2. Expard equation (2.8) in aTaylor series about\ = 0. Using the
leading terms show that= (X —p)/S(u) whereS (p) = (1/n) >0 (X; —p)?.

Exercise 2.5 Substitue A = (X — p)/S (1) from Exercise 2.4 into an expressio

for —2log R(uo) and show, after a Taylor approximation, that the result is nearly
equal ton(X — p0)*/S(uo). A x7,, limit is then reasonable wheyn(X — 1)

is asymptotically normal with a variance estimated3ty.).
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CHAPTER 3

EL for random vectors

3.1 NPMLE for IID vectors

In this chapter we consider independent random vectors R? for somed > 1,
assuming that they have a common distributign It is no longer convenient
to describeF, by a cumulative distribution function, there beidgdimensions
along which to cumulate. Instead we describe distributions by the probabilities
that they attach to sets. Thiig A) meansPr(X € A) for X ~ F andA C R%.
We leté,, denote the distribution under whicki = = with probability 1. Thus
51(14) = lmeA-

We still find that the distribution placing probability/n on each observation
is an NPMLE, under mild changes of notation.

Definition 3.1 LetX7,..., X,, € R% The empirical distribution function (EDF)
of X1,..., X, is

Definition 3.2 GivenXy, ..., X, € R?% assumed independent with common DF
Fy, the nonparametric likelihood of the DF is

n

L(F) =[[Fx:))-

=1

Here F'({X;}) is the probability of getting the value X; in a sampé from F.
Like the univariat Definition 2.2 thisisavely literal interpretatio of likelihood.

Theorem 3.1 Let X1,...,X, € R? be independent random variables with a
common DFFj. Let F;, be their EDF and letF' be any DF. IfF' # F),, then
L(F) < L(Fy,).

Proof. The prod is essential the sane as tha of Theorem 2.1excep that the

distind valuesz; cannot be ordered. That proof made no use of this ordering and
so the same argument applies here, tobl
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3.2 EL for a multivariate mean

The ideas of Chapter 2 extend naturally to the multivariate mean. As before, the
profile empirical likelihood ratio function is

R(ﬂ):max{ﬁnwi|iwixizu7wi20,iw@‘=1}, (3.1)
=1 i=1

i=1

except that it is now defined d&¢. The confidence region may still be written

n n n
Crn = {Z w; X | HnwL > w; > O,Zwi = 1} (3.2)
=1 =1 =1
only now it isasubséof R?. The univariae ELT (Theoren 2.2) generalizsto:

Theorem 3.2 (Vector ELT) Let Xy,..., X, be independent random vectors in
R? with common distributiorF, having mean:, and finite variance covariance
matrix V; of rankg > 0. ThenC,. ,, is a convex set and-2log R (1) converges
in distribution to ax(Qq) random variable as — co.

The prod of Theoren 3.2 is given in Chapter 11. Usuallyy has full rank
q = d, but if the X; are confined to g-dimensional subspace then we need only
adjust the degrees of freedom to account for it. In practice, we can use the rank of
the sample variance matrix, assuming thas> d.

Theoren 3.2 suggests that we take = exp(—xiﬁ""/m in order to get a
100(1 — «)% confidence region for the mean. Details of the proof suggest that
we might do better by replacing th@%q) distribution by(n — 1)g/(n — ¢) times
an Fy ,_4 distribution. Asn — oo these are equivalent. The superiority I6f
based calibration has also been observed for parametric likelihoods. In the case
g = 1, it is like the difference between using the normal distribution and the
t(n—1) distribution.

Dippers (Cinclus cinclug are birds that prey on smal aquatc creaturesFig-
ure 3.1 shows the numbes of various types of prey (Cadds fly larvag Stonefly
larvae, Mayfly larvae, and other invertebrates) four2atifferent sites along the
river Wye and its tributaries in Wales. The average counts for these prey categories
are92.6, 222.8, 387.0, and127.6, respectively.

We cannot easily display a four-dimensional confidence region for this mean,
but Figure 3.1 does show confidene regions for two pairs of the variables The
normal theory likelihood regions are simply ellipses, while the empirical likeli-
hood regions appear to take on some of the shape of the data points. The normal
theory regions shown were computed using the Euclidean likelihood of Chap-
ter 3.15.

For small confidence levels, the empirical likelihood regions are nearly ellipses
centered on the sample me&n At the highest confidence levels, the empirical
likelihood regions approach the convex hull of the data.
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Figure 3.1 Shown are four sets of confidence regions for a bivariate mean, at nominal
levels 50, 90, 95, and 99 percent, based 0)@(223 calibration. The top two panels show
empirical likelihood contours, the bottom two panels show contours from a normal distri-
bution likelihood. The left two panels are for the mean counts of Stonefly and Caddis fly
larvae. The right two panels are for the mean counts of Mayfly larvae and other inverte-
brates. The original data points are shown in each plot. Data source: lles (1993).

3.3 Fisher, Bartlett, and bootstrap calibration

[e3%

Theoren 3.2 suggest that the critical value for —2log R(y) shoutl be x{;) ™%,
when the data have a variance of full rank, at least for large enoughiernative
calibrations can be based on Fisherdistribution, on a Bartlett correction, or
on a bootstrap sample.
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Closer inspection of the proof of that theorem gives a lead term of
—2log R (10) = n(X — o)’ V(X — o)

where

This is similar to Hotelling'sT'?, defined as
T% = n(X — po)'S™ (X — pro),
where
1 _ _
S = D (X - X)(X; - XY,

n—1
i=1

is the usual unbiased estimatel¢f = Var(X). The relationship is, after some
algebra

i} o ) -1\, 1
(X —po) V(X —po) =T 1+ - =T“+0, )

For normally distributed;, we could usex(X — 110)' Vg (X — o) ~ X3y, if
we knewV;. Not knowingV, we might use the distribution of Hotelling&?, that
is(n—d)T?/((n—1)d) ~ F4,—q. This is also the asymptotic distribution &f
when a central limit theorem applies 3. Based on this asymptotic equivalence
to 72, it would seem appropriate to calibrate empirical likelihood with a critical
value of

%Ff};g o (3:3)
Asn — oo, the two calibrations become equivalent. Théased calibration is
larger than the one based on tireand in simulations usually has better coverage.
An F calibration can be seen as an adjustment for sampling uncertaifity in
Another calibration method for empirical likelihood is to employ a Bartlett
correction, as described in Chapter 13.1. A Bartlett correction repj@fg]?_s“ by
either

—1
(1 _ 3) X, o, (1 + %) X e (3.4)
for a judiciously chosen constamt The coverage error in empirical likelihood us-
ing thex? or F calibrations is typically of ordet /n. Bartlett correction reduces
the coverage error 10 (1/n?). The appropriate value fardepends on higher mo-
ments ofX;, which are generally unknown. If we plug sample versions of those
moments into the formula faz obtaininga, then the asymptotic rat@(1/n?)

also applies to the coverage error using this sample Bartlett correction.
A particularly effective means of calibration is to use the bootstrap.bFer
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Figure 3.2 Each figure shows a QQ plot of bootstrap resampled values2dbg R(X)
plotted againsty? quantiles. From left to right, the plots are for the bivariate mean of
Caddis fly and Stonefly larvae counts, the bivariate mean of Mayfly and other invertebrate
counts, and the quadrivariate mean of all four counts. }Aalegrees of freedom are 4

in the rightmost plot and 2 in the others. A“bne is included in each plot. Points are
marked on it correspondig to nomind 90, 95, and 99 percert coverage levels Figure 3.13
shows corresponding results for two other nonparametric likelihoods.

1,...,B,andi = 1,...,n, let X;* be independent random vectors sampled
from the EDF F,, of the X;. This resampling can be implemented by draw-
ing nB random integerd/(i, b) independently from the uniform distribution on
{1,...,n}, and setting\;* = X ;(; ;). Now letC** = —2log(R**(X)) where

R*(X —maX{Han|Zw7 X*b X) =0,w; >0, qu—l}

=1

and define the order statistics?) < ¢ < ... < B, For example, to
get a95% bootstrap calibration we might takB = 1000 and then us€6| —
2log R(0) < C'950)} as the bootstrap-calibrat&d% confidence region.

Figure 3.2 has QQ plotsthat compae the bootstra order statistics C(*) with x>
guantiles, for the dipper data. The bootstrap empirical likelihood values strongly
indicate that ay? calibration is not very reasonable for this small data set. The
largest values of-2log R including some infinite ones do not fit on the plot.
Chapter 3.16 shows corresponding QQ plots for some other nonparametric likeli-
hoods.

Itis clear that for data such as these a Bartlett correction will not make much of
an improvement. The Bartlett correction multiplies fffethreshold by a constant,
corresponding to a reference line through the origin with slope:/n instead of
1. The bootstrap-resampled empirical log likelihoods for the dipper survey data
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have a QQ plot that is nearly linear close to the origin, but it bends sharply upward
between there and thg quantiles of interest.

The theoretical interest in Bartlett correction is that it shows that a higher order
and subtle property of parametric log likelihood ratio functions carries over to
the empirical log likelihood. In practice bootstrap calibration is likely to be much
more reliable than a Bartlett-correctgd calibration for moderate, though the
two methods can be combined as described further below.

Figure 3.3 shows bootstrap-calibratk empirica likelihood and normd like-
lihood regions for the dipper data. Bootstrap calibration makes all the regions
larger. The bootstrap-calibrated normal theory regions are always ellipsoidal, and
they include some negative values for the mean number of other invertebrates.

There weres (of 1000) bootstrap samples for which the Caddis Fly—Stonefly
sample mean was outside the convex hull of the resampled Caddis Fly—Stonefly
data. There werd such cases for the Mayfly—other sample mean, Zhdases
in which the original four-dimensional mean was outside the convex hull of the
resampled data. The true value-e2 log R for such cases is-co. The computed
value was about-1000 in these cases.

For continuously distributed;, there is always a hyperplane separati¥ig
from at least half of the data. The probability &flying outside the convex hull
HP of X;°,..., Xt is always at leas2~", and may be higher for skewed data.

If the fraction of bootstrap samples withi outside of ’ is larger thana/2,
say, then this is a diagnostic that the restriction of empirical likelihood confidence
regions to the convex hull may be critical.

Bootstrap and Bartlett alternatives 43 or F calibration apply to other prob-
lems than tre multivariae mean. Sore resamplé values of —21log R (¥, &) for
the skewnes and kurtoss of the worm somites from Chapte 1 are shown in Fig-
ure 3.4 The X?Q) distribution fits the data very well. The sample sizel83, so
we might have expected a good fit, but on the other hand, a lot of data might have
been thought necessary to gauge uncertainty in a sample kurtosis.

It is also possible to use the bootstrap to estimate the parameter in the Bartlett
correction. A regression through the origin ©f*) on X?é(bfl/z)/B for the re-
samplel somie empiricd likelihoods is shown asadashé linein Figure 3.4. The
regression has a slope bfl07, corresponding to a Bartlett constandf 33.1 or
35.6 depending on which formula i{8.4)is used.

The practical value of the Bartlett correction is that, whens large enough
that the Bartlett correction is accurate, bootstrap Bartlett correction might reason-
ably require fewer resampled likelihood ratios than ordinary bootstrap calibration.
The reason is that bootstrap Bartlett correction requires estimation of a mean or
ratio of means, instead of an extreme quantile. In the resampled worm data, there
were no infinite resampled log likelihoods, but in general such infinities can arise.
A safer approach to estimatingis to equate a trimmed mean of th& (leaving
out the largest values) to the corresponding trimmed mean c(flthea/n)xﬁd)
distribution.
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Figure 3.3 Shown are bivariate 95% confidence regions for the mean, calibratgd hyd

by the bootstrap, for the 22 data points in the dipper survey. The top row shows empirical
likelihood, the bottom row shows ellipsoidal regions calibrated by normal theory and by
the bootstrap. In all four plots, bootstrap calibration gives the larger region.

3.4 Smooth functions of means

Empirical likelihood methods for the mean require some modifications to work
for other parameters like the variance. The varianc¥ @& the mean of X — )2,

in which p, the mean ofX, is usually unknown. If we knew then we could form
sample value$X; — ;)% and construct an empirical likelihood ratio function for
their common mean. Here we consider extending empirical likelihood inferences
to statistics that can be written as smooth functions of a finite-dimensional vector
of means.
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Figure 3.4 Shown is a QQ plot of 500 bootstrap resampled values 2fog R (¥, #) for

the earthworm somite counts from Chapter 1, vergisquantiles. The solid reference line

is the 45 line. The reference points on that line correspond to nominal confidence levels
of 90, 95, and 99 percent. The dashed reference line is for an estimated Bartlett correction
as described in the text.

For the distributionF” with weightsw; the variance is written

n n n 2
o’ (F) = Zwi (Xi — p(F)* = ZUMXZQ - (Z wiXi> ; (3.5)
=1 1=1 =1

wherep(F) = >, w; X;. Note that under this definition the NPMLE of the
variance i1/n) Y1, (X; — X)?, or (n — 1) /n times the usual unbiased sample
variance. Unless is small the distinction is not practically significant. The profile
likelihood ratio function for the variance is

n n n
R (0?) :max{Hnwi | Zwl (X; — p(F))? =02 w; > O,Zwi = 1}.
i=1 i=1

i=1

Equation (3.5) above shows that can be written as a smooth function of
the mean of the vectofX, X?). That is,oc? = E(X?) — E(X)? andé? =
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E(X?) — E(X)2. Similarly, the correlation betweek andY’,
_ E(XY) - E(X)E(Y)
Var (X) Var (Y)

is a smooth function of the mean @k, Y, X2, Y2, XY), and a regression coef-
ficient is a smooth function of means of cross products among the predictors and
between the predictors and the response.

To formulate the problem in general, suppose that ¢ R? are indepen-
dent random variables with common distributiép having mearnu,. Let h be
a smooth function fronR¢ to RY for 1 < ¢ < d. The parameter i8, = h(uo)
and the NPMLE i9) = h(X). The profile empirical likelihood ratio function is

R(Q) :max{ﬁnwi | h(i’lel) =0,w; > 07iwi = 1}
i=1 =1

i=1

Theorem 3.3 Suppose thak; € R? are independent with common distribution
Fy, having meary, and variance matrixi of full rank d. Let h be a smooth
function fromR? to R? for 1 < p < d, and suppose that thé x p matrix G of
partial derivatives ofh(u) with respect to components pfhas rankg > 0 at
= lo-. Definefy = h(MO):

=1 i=1 i=1
o) = {hw [ pect},
and
C) = {00+ G'(n— po) | p € CH}.
Then asn — oo,
Pr(0 € C%) — Pr(x¢,) < —2log(r)),
and

sup [[h(p) — 0o — G(pu — po)|| = 0p(n~/?).
o)

Proof. The linearizatiordy + G'(u — po) has meard, and variance>'V,G of
rark ¢ > 0, so thefirst claim follows by Theoren 3.2 The secom claim foll ows
from the definition of the derivative. [

Theorenm 3.3 shows that confidene regions 07(,3,2 formed by linearizingh ()
aroundh(ug) have an asymptotic(?q) calibration, where; is the rank of the

Oh(uo)/0u. The confidence regions that one actually uses are of the cﬁi?ﬁn
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Figure 3.5 The left plot shows the value of the S&P 500 index for 256 trading days. These
values were converted into 255 logarithmic returns. The right plot shows a QQ plot of
the returrs to the S&P 500 index. Souce http://finance.yahoo.com

which differs fromCﬁfQ by o,,(n*l/Q). This difference is an asymptotically neg-
ligible fraction of the diamete®(n~1/2) of the confidence regions.

Theoren 3.3 doesnot directly say tha Pr(6, € Or(?ﬁ) — Pr(qu < —2log(r)).

That this limit does hold follows from the smooth function of means results de-
scribed in Chapte 13.1 Thos resuls require stronge conditiors than Theo-

rem 3.3, ard they als establi Bartlet correctabiliy. The wegked conditions
under whichPr(6y € Cﬁ?ﬁ) — Pr(X%q) < —2log(r)) holds have not yet been
determined.

Figure 3.5 shows the S&P 500 stodk index for 256 trading days covering the
period from August 17, 1999 to August 17, 2000. Lettiigdenote the value of
the index on day, then X, = log(Y;/Y;_1) is the daily (logarithmic) return for
theindex. Figure 3.5 also shows a QQ plot of the 255 returrs for the yea starting
August 18, 1999 and ending August 17, 2000. We will analyze these data as if the
X, were independent. Chapter 3.17 describes the distribution of financial returns.
Chapter 8 describes time series methods of empirical likelihood that could handle
the sort of dependencies found in financial data.

Considerable interest attaches to the variance of financial returns. One reason is
that an option to buy or sell the underlying quantity at a later date is more valuable
if that quantity is highly variable. To convert a daily variance into an annual one,
we multiply by 255. The square root of the annualized variance is known as the
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Method Lower  Upper

Empirical Likelihood 18.95% 24.22%
Normal Theory 19.50% 23.22%

Table 3.195% confidence intervals for the volatility of the S&P 500 index.

volatility. For this data set the sample value of the volatility is

n

1/2
6= (E > (X - X)2> = 0.2116,

n
=1

described ag1.16% volatility.

Logarithmic returns usually have nearly a normal distribution, except for tails
that are heavier than those of the normal distribution. Extreme market movements,
both up and down, tend to be more extreme than the normal distribution would
predict. The sample kurtosis for these data& is= 1.79. Normal theory confi-
dence intervals can either be based on the normal likelihood, or on the result that
G2 /0® ~ X(y54)/254 under a normal distribution. Either form of normal theory
confidence interval for the volatility of returns would ordinarily be too narrow.

Table 3.1 shows 95% confidene intervals for the volatility of the S&P 500
index. The intervals obtained using empirical likelihood are in this case almost
42% wider than the normal theory ones. Because returns have heavy tails, we have
reason to expect that the normal theory interval is too narrow, whereas asymptotic
theory justifies the empirical likelihood interval.

Figure 3.6 shows parametii and empiricd profile likelihoad ratio functions
for the volatility of the S&P 500 index data. The parametric curve is based on a
normal distribution for the data. It has asymptotic justification if the normal dis-
tribution holds, or more generally, ¥ = 0. The empirical likelihood inferences
have an asymptotic justification under the much weaker conditionsthatoo.

For financial data it is common that the true kurtosis- 0, in which case nor-

mal theory confidence intervals are too short. Returns for commodities or some
individual stocks can have a kurtosis much larger than that of the S&P 500 index,

yet even here taking account of the kurtosis makes a noticeable difference to the
confidence interval.

3.5 Estimating equations

Estimating equations provide an extremely flexible way to describe parameters
and the corresponding statistics. For a random variable R?, a parameter
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Figure 3.6 The solid outer curve shows the empirical likelihood ratio function for the
annualized volatility of the S&P 500 stock index. The inner curve shows the normal theory
likelihood ratio function. Empirical likelihood inferences are asymptotically validder

oo whereas normal theory ones require= 0.

6 € RP, and a vector-valued function(X, ) € R® suppose that
E(m(X,0)) =0. (3.6)

The usual setting has= s and then under conditions en( X, §) and possibly
on F', there is a unique solutiof In this just determined case, the true valige
may be estimated by solving

LS w0 =0 (37)
i=1

for 6. To write a vector mean by equation (3.6), we také€X,#) = X — 6, and
then equation (3.7) give = X. ForPr(X € A) takem(X,0) = 1xca — 6.
For a continuously distributed scal&f and# € R, the functionm(X,6) =
1x<¢— o defines as then quantile ofX. Chapter 3.6 describes tail probabilities
and quantiles in more detail.

Equation (3.7) is known as the estimating equation, afd, ¢) is called the
estimating function. Most maximum likelihood estimators are defined through
estimating equations as outlined in Chapter 3.8, as are certain robust statistics
known asM -estimators described in Chapter 3.12.
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In econometrics, considerable interest attaches to the overdetermined case with
s > p. In problems withs > p the fact that(3.6) holds is a special feature
of F' and constituts importan side information Even when (3.6) holds for the
true Fy, it will nat ordinarily hold for the NPMLE F', in which ca® (3.7) has no
solution. The generalized method of moments looks for a Vathat comes close
to solving (3.7). An empiricd likelihoad approab to this problem is describé in
Chapter 3.10.

Theunderdetermincas s < p can al® be useful Then(3.6) and (3.7) might
each have ar — p dimensional solution set éfvalues. Some functions éfmay
be precisely determined from the data, while others will not. An example from
multivariate calibration is discussed in Chapter 4.9.

Empirical likelihood and estimating equations are well suited to each other. The
empirical likelihood ratio function foé is defined by

R (9) = max{ﬁnwi | iwim(Xi,O) =0,w; > O,iwi = 1} .
i=1 i=1 i=1

Theorem 3.4 Let X1,... , X,, € R? be independent random vectors with com-
mon distributionF,. For € © C R?, and X € R?, letm(X,0) € R*. Let

6y € © be such thaVar(m(Xj,, 6y)) is finite and has rank > 0. If 8, satisfies
E(m(X, 6p)) = 0, then—2log R(6p) — x{,, in distribution asn — cc.

Prodof. Thisfollowsimmediatey from the Vecta ELT, Theoren 3.2 [

The interestiry thing abou Theoren 3.4 is wha is nat there It includes no
conditions to maké a good estimate @), nor even conditions to ensure a unique
value forfy, nor even tha any solution 6, exists Theoren 3.4 appliesin the just
determined, overdetermined, and underdetermined cases. When we can prove that
our estimating equations uniquely defifig and provide a consistent estimator
6 of it, then confidence regions and tests follow almost automatically through
Theoren 3.4.

In the underdetermined cases we say th& not estimable. Ouf may not
be estimable because of a poor choicerdfr, §) or an unfortunate distribution
F. Assumirg tha the rark ¢ in Theoren 3.4 is common b all solutions, each
solutiond has an asymptotic probability— « of being in the confidence region.
That region might not shrink down to a single pointras— co. Nor should we
expect it to.

In the overdetermined case there may b&mwith E(m(X,0)) = 0. In that
ca® there is the possibility that a confidene region constructd using Theo-
rem 3.4 will be empy. See Exercie 3.13

The range of problems expressible as estimating equations widens greatly upon
the introduction of nuisance parameters. To define the correlatignX andY,
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we formulate five estimating equations:

0=E(X — ) (3-8)
0=E(Y - p,) (3.9)
0=E(X - pz)* = 02) (3.10)
0=E(Y - )’ —0}) (3.11)
0=E((X — ) (Y — pty) — poa0y) | (3.12)

for the paramete6 = (uy, by, 02,0y, p). When we are interested only in in-
ferences orp and not on the wholé@ vector, then the two means and standard
deviations ir¥ are nuisance parameters.

To handle nuisance parameters, write the estimating function(@s, 6,v),
where nowd € RP? is the vector of parameters of interest and R? is a vector
of nuisance parameters, ande R*. The parameterd, v) satisfy the equations
E(m(X,6,v)) = 0. Ordinarily s = p 4 ¢ and the equations jointly defirfeand
v. Now we define

R(O,v) = maX{Hnwi | Zwim(Xi,H,V) =0,w; > O,Zwi = 1}
i=1 i=1 i=1
and

R(0) = mﬁme(@, V).
That is, we maximize over the nuisance parameters. If for a candidatre is
any value ofv that gives a large likelihoo® (6, v), thend is in the confidence
region. The functioriR () is called the profile empirical likelihood ratio func-
tion. Profile likelihoods are also widely used in parametric models with nuisance
parameters. Under mild conditions (Chapter 3.2 Jog R(6) — X%p)-

The estimating equation approach includes smooth functions of means and
some methods not expressible as smooth functions of means. For example, Hu-
ber’'s M-estimator for the location of a scalar random variakllés defined in
Chapter 3.12. It cannot be expressed as a smooth function of a finite number of
means. It is convenient if the estimating equations can be arranged so that one of
the parameters is the smooth functiof:) we are interested in, as is done for the
correlation above. If that should prove intractableffes h(E(X)), then we may
resort to writing equations

E(X—-—pu=0
E(0 — h(u)) =0.

Because the second estimating equation does not inoi¢ would be better
handled as simply a constraint on the enlarged parameter {ectr.
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3.6 EL for quantiles

Any valuem for whichPr(X < m) > 1/2andPr(X > m) > 1/2is a median
of the distribution ofX . UnlessPr(X = m) > 0, a mediann satisfiesZ(Z) = 0,
whereZ = 1x<,, — 1/2. We will use this definition because it is convenient. A
simple fix for the problem oPr(X = m) > 0 is described in Chapter 3.7. More
generally, for0 < o < 1, we will take thea quantile ofF' to be any valu&)« for
which

E(]-XSQ“ — Ot) =0. (313)

If F has a positive density in an open interval contairgifgthen@ is unique.

For quantiles, it is not necessary to restrict attention to distributions supported
on the sample. The distribution maximizifg_, F({X;}) subject to the con-
straint [ (1,<g« — a)dF(x) = 0 puts all its probability on the sample X ;) <
Q% < X(n). ForQ« < X(;) the maximizer is not unique, but the maximum is
achieved by a distribution that puts some probability on a vlye< Q<. For
Q% > X(»), one maximizer puts some probability on a vakig,; > Q*. The
likelihood does not depend on the exact valueXgtindX,,, ;. For convenience,
defineXy = —cc and X, ;1 = .

For—oco < ¢ < ocoand0 < p < 1, let Z;(p, q¢) = 1x,<4 — p- Then define

n n+1 n+1

i=1 =0 =0
Notice that the points(y, and X,,; count in the weighted mean &f; but do not
contribute to the likelihood. For a given the valueQ® is rejected ifR (a, Q<) is
too small. The confidence region fQ¢ consists of all valueg for whichR («, q)
is sufficiently large.

An easy calculation shows thaty = w,41 = 0 for X(;) < Q% < X,

It follows that from somer on, R («, @*) reduces to the usual empirical profile
likelihood ratio for the mean of;(«, Q%), and so has ag%l) calibration by the
univariak ELT, Theoren 2.2 The likelihoad ratio function is

R(p,q) = (]—9>nﬁ <1Lp>n(lﬁ) (3.14)
Pa) =\ T , :

wherep = p(q) = #{X; < q}/n.
Forq < X(1), the maximizingF' has weightw, = p below X(;), at X, say,
weightw, = (1 —p)/nfori=1,... ,n,andw,; = 0. In this case

R(p.q)=(1-p)".

Similarly for ¢ > X(,,) the maximizingF" has weightoy = 0, w;, 41 = 1—p, and
w; = p/nfori=1,... n. The empirical log likelihood ratio is

R(p,q) =p".
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Cow Milk  Days Cow Milk Days

Belle 4628 248 Jessie 2793 283
Bessie 3914 312 Ladybird 1932 256

Beauty 2851 278 Marigold 2992 254

Bertha 2765 267 Peggy 4444 268
Blossom 2067 235 Pansy 3944 333
Blackie 1817 211 Queen Ann 5448 299
Buttercup 4248 327 Queeny 4512 298
Dolly 3037 262 Rosemary 5435 317

Dandy 2627 235 Rosy 4792 415

Irene 3527 255 Sally 2635 264

lona 3257 260 Wildy 3346 271

Table 3.2 Shown are the pounds of milk produced and the number of days milked, in 1936,
for 22 dairy cows. It is not known whether Rosy’s number of days milked is in error, or if it
includes some days from 1935.

In all of these cases,
~log R(p,q) = n[plog(p/p) + (1~ p)log(1 = )/(1 = p))]  (3.15)

wherep = #{X; < q}/n and0log0 is taken to be zero.

Table 3.2 shows the milk production dad for the yea 1936 for 22 cows from a
family farm. We will use these milk production values, to illustrate the shape of
the empirical likelihood function for quantiles and tail probabilities.

Figure 3.7 shows the empirica likelihoad ratio function for the median amont
of milk produced. As is clear from the definition & (p, ¢), the empirical like-
lihood function is piecewise constant, taking steps only at observed data values.
As a consequence, empirical likelihood confidence intervals for quantiles have
endpoints equal to sample values.

Suppose that the interval for quantijetakes the form{X,), X;)]. When X
has a continuous distributidh, the value oPr(X,) < g < X(3)) is the same for
all F and can be found by a combinatorial argument. Thti®r F or bootstrap
calibrations can be replaced by an exact calibratiofX},), X ;)] has nearly a
95% confidence level for a quantile, then the effect of changirg b by one
typically changes the coverage level®yn—'/2). It follows that the discreteness
in the data limits the coverage accuracy of confidence intervals based on sample
quantiles toO(n~'/2). In order to get more precise confidence intervals, it is
necessary to have a method of selecting end points between observed values. See
Chapter 3.17.

Our test of Qf as thea quantile of X is equivalent to a test aof as a tall
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Figure 3.7 The empirical likelihood function for the median is shown for the milk produc-
tion numbes of Table 3.2

probability Pr(X < Q). But a confidence interval fa® behaves differently
from a confidence interval fdry ((—oo, @*]). The root cause is that (X, p, q) =
1x<4 — p isasmooh function of p but not of ¢. Figure 3.8 shows the empiricd
likelihoad ratio function for Pr(X < 3301.5) for the cow data The value 3301.5
is the median of the cow datg and so the curve in Figure 3.8 has its ped& at 0.5.
The likelihood for a tail probability is very smooth. Central confidence intervals
found by thresholding the likelihood do not have to have their endpoints at sample
guantiles, and they get coverage errors of ordel.

Figure 3.9 shows a perspedtre plot of R(p, ¢) for the milk productian daia on
the plane withX ;) < ¢ < X(,,) and0 < p < 1. Slices through this function for
a fixed quantile are smooth, while those for a fixed probability are step functions.

3.7 Ties and quantiles
In Chapter 3.6 we simplified the definition of thequantile@Q“ from
PriX <@Q%) >a, and Pr(X >QY)>1-a« (3.16)

to the estimating equatigi3.13) If X has a continuous distribution, these defini-
tions are equivalent, but for some other distributions they differ. This divergence
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Figure 3.8 The empirical likelihood function foPr(X < 3301.5 is shown for the milk
productian numbes of Table 3.2 The value 33015 is the median milk production.

can cause a problem when there are lots of ties in the data, but that problem is
easily fixed as described here.

Suppose thatn is the median ofX, and thatPr(X = m) > 0. Now X has
an atom of probability omn, and it may then happen tha{(1x<,, — 1/2) # 0.
Indeed the empirical likelihood confidence region forsatisfying £ (1 x <., —
1/2) = 0 may be empty for large enough

Suppose that there are a lot of tied values for the sampmjaantile, and that
the empirical likelihood confidence region f@* from equation(3.13)is empty.
Then a simple remedy is to jitter the data slightly. We can add to &achvery
small amount, such asfd(—A, A) random variable wherd is 10~ times the
smallest nonzero gap in the ordered data values. The resulting likelihood ratio
curve will have a narrow spike at or near the sampbtguantile.

We may take the limitd | 0 of small jitters, as follows. Compute the empirical
likelihood function for a quantile of” for then valuesY(;) = 4,7 = 1,...,n and
then transform it to theX(;) scale. The likelihood forX ;) as thea quantile of
X is the maximum of that found fdr;, as thea quantile ofY’, over all j with
Xy =X@):

Thus, the pragmatic approach to testing whethés the p quantile is to use
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Figure 3.9 The vertical axis depicts the empirical likelihood that(X < ¢) = p, using
the cow data of Table 3.2, as probabilities p and ¢ vary. Slices through this surfae, for

fixedp or ¢, define the empirical likelihood function for quantiles and tail probabilities,
respectively.

equation(3.14)for any candidaté) that is not a sample value, and use

np n(1-p)

p 1-p
R(p, X(5y) = max | = A 3.17
® X)) I?X(p) (1—17) (347

at sample points. The maximum in (3.17) is taken over integer valueg fsbm
doio1 1x,<x, 0377 1x,<x,, inclusive.

By jittering we reduce the size of the atoms in the NPMLE to at nigat The
exact definition of a quantile, nameBr(X < Q%) > a andPr(X > Q<) >
1 — «a, cannot quite be attained through testsEifl x<g~) = «, even when
we split ties by jittering the data. For example, suppose that 2k + 1, and
we put equal weight /n on all data points. Then weighik + 1)/n > 1/2is
on [X(x41),00) and the same weight is of-o00, X(;11)]. The sample median
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X(k+1), should have an empirical likelihood ratio ©f0. From equatior(3.14)
the likelihood ratio for the median at this value is

5) @) ==

The only point on the likelihood ratio curve for the median that is incorrect is the
MLE and itis incorrect by a small amount that can usually be safely ignored.
We can do better than equati@@ 13)by employing the definition

Equation (3.18) leads to an empirical likelihood ratid df for the sample median
with odd sample sizes, but far # 1/2 it is not necessarily exact, though likely
to be better than equatidB.13)

That we have to worry about ties at all is perhaps surprising given that Chap-
ter 2.3 shows ties do not affect the empirical likelihood confidence region for
any statistical function. Indeed ties do not affect the confidence regio@for
as defined by equatiof3.16) nor do they affect the region fap“ as defined by
equation(3.13) But ties do affect whether the computationally convenient defini-
tion (3.13 agees with the intendel definition (3.16)

For the distribution F' that isuniformon [0, 1] U [2, 3], any value1l < m < 2is
a median. An empirical likelihood confidence region that contains any point from
(1,2) will contain the whole interva(l, 2).

3.8 Likelihood-based estimating equations

Perhaps the most widely used way of defining estimating equations is through
parametric likelihoods. Suppose that

0 9(X,0)
m(X,0) = 55108 f(X:0) = L5,

for a probability density functiorf (X ; 8), with parameteé, and gradieny (X, 6)
with respect t@. Then the estimating equati@B.7) is called the score equation
ard m is the scoe function Solving the scoe equatim (3.7) is the usua way
that the parametric MLE is found. Sometimes there is a unique solutionther
times there are several. Parametric likelihood inferences are then centered around
a consistent, though not necessarily unique, boaftthe score equation.

Theoren 3.4 appliesto the parameted unde very weg conditions In particu-
lar it is not necessary fak; to have a probability density of the forif( X'; ) for
any#. The quantity thaf estimates may retain some interpretability, despite small
departures (and sometimes despite large departures) from the parametric model
motivating it. As a case in point, consider the coefficients in multiple regression
which we study in Chapter 4. These are often derived under strong model assump-
tions, such as normally distributed errors with mean zero and constant variance,
but have useful least squares interpretations without those assumptions. We adopt
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the modelf (X 0) as a “working likelihood” and use it to derive an estimate. If the
parametric model holds, thérwill have good asymptotic properties. Whether the
parametric model holds or not, empirical likelihood confidence regions and tests
on @ will have an asymptotic chisquared calibration.

We would expect that a true parametric likelihood ratio function should produce
better confidence regions and tests around the parametric MLE than the empirical
likelihood does. Surprisingly, this is not necessarily so, at least in large samples.
Empirical likelihood tests have power very close to the parametric likelihood tests,
and in some cases have better power. See Chapter 3.17 for details and a reference.

Estimating equations may also be generated from marginal and conditional
likelihoods. Suppose that the data &7¢;,Y;) pairs, fori = 1,... ,n, and that
a parametric model gives the joint density or mass funcfien (z, y; 0, v). We
can factorfxy into fx x fy|x, wherefx is the marginal distribution ok and
fy|x is the conditional distribution of” given X. We may write the likelihood
as

n
= [ fxv(Xi,vi56,v)
i=1

H (Xi;0,v) ny‘XY|XZ,9u)
=1

= L,,L(G, V) (1(97 V)a

the product of a marginal and a conditional likelihood. The marginal likelihood is
the likelihood from the marginal distribution of th€; as if we had not observed
Y;. The conditional likelihood is the likelihood from the conditional distribution
of Y; given X; as if theX; were not random.

We may prefer to use marginal likelihood estimating equations

0
E <6‘9 log fx (X;;0, 1/)) =0
or conditional ones
0
B (g 108 frix (i | Xi:6.)) =0,

For example, iff only appears in one of the likelihood factats, and L., then
there is no information lost by using that factor as the likelihood, and there may be
a computational advantage. Conversely, if one factor does not involve the nuisance
parameter then there may be a computational advantage to using that factor. If
the factor not involving contains all or most of the information @hthen only
a small information loss arises from using the factor instead of the full likelihood.
Another consideration in some problems is that there may be much greater doubt
about the appropriateness of one of the two parametric mggledsid | x . Then
a likelihood based on the more credible model may be preferable.

A partial likelihood is one in which a series of everfis, .. ., E,, defines the
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data, and instead of usiid;_, Pr(E; | Ei,...,E;_1), one uses a convenient
subset of the factors. The original example comes from survival analysis, and is
described in Chapter 6.7.

Theoran 3.4 applies unde very weak conditiors to maximum likelihoad esti-
mates based on either full, marginal, conditional, or partial log likelihoods.

A difficult problem arises when the likelihood that motivates a statistic comes
from an unrealistic model and the lack of fit is such that the resulting estimator is
no longer relevant or interpretable. In such a case, we may have to return to square
one, describe what we hoped to learn about the distribution of the data, and devise
a statistic that captures this property.

3.9 Transformation invariance of EL

Parametric likelihoods are invariant under one to one transformations of the pa-
rameter. For example, suppose that 7(6), and the relationship is invertible,

0 = 771(¢). LetCy be a parametric likelihood ratio confidence regionofhen

the parametric confidence region fois Cy, = {7(0) | 6 € Cp}.

Empirical likelihood confidence regions are similarly invariant under parameter
changes: Iy | w;m(X;,0,v) = 0, then} " | wym(X;, 771 (¢),v) = 0. It
follows that the profile empirical log likelihood ratio fér = 6 is the same as
that for¢ = ¢ = 7(6p). Similarly, invertible transformations of the nuisance
parameter do not affect empirical likelihood confidence regions far ¢.

Transformations are often usefully applied to data, too. Yet= 7(X) be
a one-to-one invertible function. Thew " , w;m(X;,6) = 0, if and only if
S wim(r1(Y;), 0) = 0. So empirical likelihood inferences are also invariant
under invertible transformations of the data.

Some insight is gained by a more detailed look at reparameterization. Suppose
that

0 9(X,0)
m(X,0) = %logf(X 0) = F(X:0)

for a density or probability functiorf(X;#), with parameterd, and gradient
g(X,0) with respect td, as described in Chapter 3.8. The estimating equations
for ¢ are found by alternative estimating equations

9 g, 7Y (9)) 01 (9)
96 O8I KT @O) = S e

Now m(X, ¢) = m(X, 7~ 1(¢))J(¢), whereJ is ap by p Jacobian matrix. For
a one-to-one transformatiod,is of full rank. It follows that

Zw, X, ¢) = qu (X;,0),

sothaty ;" , w;m(X;,0) = 0ifand only if >_""_, w;m(X;,7(8)) = 0.
Now suppose that” = 7(X) is a one-to-one invertible transformation of the

m(X, ¢) =
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data. For estimating equations arising as MLE'sXif ~ f(X;6), thenY ~
F(r71(Y);0) x | det(d7~1(Y)/dY)|, wheredet(A) denotes the determinant of

the matrixA. Now
9 1o ar ' (Y)\[\ _ @ .

108 (£ 50 x faen (P70 ) = Do p(xi0),

because the determinant does not invélvand so the same estimating equations

arise whether one works witK; or Y;.

3.10 Side information

Suppose that we obsery&,Y) € R?, where we know the mean of and
we want an estimate and confidence region for the me&n dhis is a common
circumstance in finite population settings such as survey sampling, where the ratio
and regression estimators are used to get more accurate estimdi¢g pby
exploiting the known value of'(X). These techniques are also used in Monte
Carlo simulation wheréX is called a control variate.

We suppose thak € RP?, thatY € RY, that E(X) = u.o is known and that
we are interested in drawing inferencesBt”) = 0. Let

XN\ [ Vie Vi
w(v )= )

denote the variances and covarianceXaindY’, using the natural matrix parti-
tion.

Since we knowF (X)) = .0, it is natural to constrain the weights to satisfy
S wiXi = pao- DefineRxy (pia, p1y) by

n n n n
maX{Hnw,; | ZwiXi = um,Zini = by, W; > O,Zwi = 1} ,
i=1 i=1 i=1 i=1

set
Rx (e) = ma«X{Hnwi \ ZwiXi = g, W; > Oyzwi = 1} ;
i=1 =1 i=1
and define
Rxy (Ha, fty)
R \ p) = — LT Y 3.19
Y|X (ty | p1z) Rx (t2) ( )

Theorem 3.5 Let (X;,Y;) € RPT be independent random vectors from a dis-
tribution F; with mean(z.,0, it40) and variance matrix of full rank + ¢. Then
—2log Ry |x (fiyo | pz0) — qu) in distribution asn — oo.
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Proof. From the prod of Theorem 3.2, we may find that
—2log Rax (Hz0) = (X — 120) Vo (X = pta0),
with an error ofo, (1), and that to a similar accuracy

_ 1 —
. X — /L 0 ! V V X - ,U, 0
—210g Rxy (jla0s piyo) = | & 1 -y vy )
g Rxy (120, fyo) =N < Y — 10 > |2 U Y — pyo
Introduce the variablef = Y —V,,, V.. ' X, with mearyi.o = py0 — Vya Vi tao

and variance matri¥,, = V,,, — WJsz}any- It is easy to show that and X
are uncorrelatedTheoren 3.2 appliesto the vecta (X', Z')" aswell, so

— 2log Rxy (120, Hy0)
= —2log Rxz(#z0, iz0)
= (X = p120)' Vi (X = p10) + 1(Z = p120)' VL, (Z = pz0) + 0p(1),
and then

—210g Ry |x (ttyo | #a0) = 1(Z = p120)' V., (Z = pz0) + 0p(1) = X3
in distribution asn — co. [

The approximatios usel in the prod of Theoren 3.5 are valid for p, py,
andy. in O(n~'/?) neighborhoods ofi, y0, andp.o, respectively, and so the
curvature inRy-| x (uy | 11.) @s a function of,,, at the MELE isnV 1, where

ylz
Vilz = Viyy — VyeVig Vay-

The variancé/, |, is no larger thaiv,,, in thatu'V,,u < u'V,,u, foranyu € RY,

with equality holding for alk, if V,, = 0. The constrained confidence region for

Lty is asymptotically smaller than the unconstrained one, except when every com-
ponent ofY is uncorrelated with every component &f In that case the regions

are asymptotically equivalent. The empirical likelihood confidence regions for
E(Y) using the known value of’(X), are not in general centered ¥t but are
instead centered at

fly = arg HllaXRY\X (1y | o) =Y — Vwax_zl(X — Hz0)-
by

The asymptotic variance gf, is at least as small as that ®f and is strictly
smaller unles¥” is uncorrelated withX. The estimatgi, is called the maximum
empirical likelihood estimate (MELE) to distinguish it from the NPMLE

The notatiorRy-| x suggests that some conditioning is taking place. Constrain-
ing the reweighted mean of; to matchu,, is similar to conditioning on the
observed value oK — p,. The connection is that for largethe distribution of
V(X = pz0)'s (Y — pyo)') is approximately normal with meadnand variance
Var((X’,Y”)"). In this asymptotic normal distribution, the conditional variance
of /(Y — pyo) giveny/n(X — pg0) is preciselyV, .

Itis also possible to test whether the assumed mggis really equal taF (X)
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using empirical likelihood. If the hypothesis thB{X) = u.o is rejected, then
the assumption that' (X) = p,o should be questioned. Failure to reject the hy-
pothesis thaf(X) = u,o might simply mean that was not large enough, and
does not suffice to justify imposing the constrainf’_; w; X; = ji40. Instead we
should be fairly confident that, is the true value, or at least th&{( X) is close
enough tqu,o that only a small error is introduced through the constraint.
Knowledge ofpu.o is sometimes called side information, or auxiliary infor-

mation. Much more general forms of side information can be expressed through
estimating equations, as the following examples sho¢XIfY") pairs are known
to have a common but unknown meaJthis can be expressed through estimating
equations

E(X—-—p)=EY —u)=0.
These equations are equivalent to

EX-p=EX-Y)=0,

the second of which does not involve the parameter. If we know that the mean and
median ofX coincide, as for example with symmetric distributions (see Chap-
ter 10), then

E(X —p) = E(lx<, — 1/2) =0,
for some unknown.. If we know a quantile® and are interested in the mean,
then

E(X —p)=0,
E(1x<ge —a) = 0.

Quantities defined conditionally can be expressed through estimating equations
involving indicator variables. Thus for eventsand B

E((1a—p)lp)=0
definesp as the conditional probability o given B, and similarly
E((Y — p)lx>s32) =0

definesu as the conditional mean &f given thatX > 32. In Chapter 4, regres-
sion of Y on a scalatX through the origin is expressed through

E(Y - X3) =0,
E((Y — XB)X) = 0.

If we believe that the variance is functionally related to the méan(X) =
h(E(X)), for some functiori, as is commonly assumed in quasi-likelihood in-
ference, then

E(X—p)=0
E((X = p)* = h(n) =0.

©2001 CRC PressLLC



The common feature of these problems is that there are more estimating equa-
tions than there are parameters. Such overdetermined problems can pose a diffi-
culty for some parametric inferences. The sample mean is not likely to equal the
sample median, and a regression through the origin does not usually have a zero
mean residual. FAtX, Y") pairs known to have a common mean, we could choose
a weighted combination X + (1 — \)Y’, but the optimal value ok depends on
the variances oK andY and on their covariance.

In parametric settings, with 4+ ¢ estimating equations i unknown parame-
ters, we could choose to work withof the estimating equations and ignore the
otherp equations. More generally, we could ugénear combinations of the+¢
estimating equations

E(m(X,0)A(0)) = 0, (3.20)

whereA(#) is ap + g by p matrix that is of rankp for all values off.

Empirical likelihood uses an— 1 parameter family of distributions. We expect
to be able to impose + ¢ constraints, whep + ¢ < n — 1. Usuallyp + ¢ <
n — 1. It turns out that empirical likelihood effectively makes a data-determined
choice of A(9). For estimating equations wheweis sufficiently smooth i, the
asymptotic variance of the empirical likelihood estimator is at least as small as
that obtained by any set of linear combinationsAg#).

Theorem 3.6 Let X; € R? be 1ID random vectors, and suppose that € R? is
uniquely determined vi& (m (X, 6)) = 0, wherem(X, 0) takes values ifRP*4,
for ¢ > 0. Letf = arg maxg R(#), where

max{HanZwi (X;,0) =0,w; >0, szl}

=1

Assume that there is a neighborha®af 6, and a functionV/ (z) with E(M (X)) <
oo, for which:

1. E(0Om(X,6)/00) has rank p,
E(m(X,00)m(X,6y)") is positive definite,
om(z,0)/00 is continuous fop € O,
9?m(x,0)/0006¢' is continuous ird, for 6 in ©,
|m(z,0)]]* < M(z), for6 € ©,
[lom(z, 8)/00| < M(x), for6 € ©, and

7 1|0*m(x,0)/0000'|| < M(z), for 6 € ©.
Then

-1

Tim nVar(f) = lE (%’g)l(E (mm'))"' E (%—?)] ,
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and this asymptotic variance is at least as small as that of any estimator of the
form (3.20) Furthermore,
—21og(R(60)/R(0)) = X3y,
and
~2log R(0) — x3y)-
both converging in distribution ag — oc.

Proof. This theorem restates several results proved in Qin & Lawless (1993).

A corollary is that for smooth estimating equationspoparameters defined by
introducingg nuisance parameters, maximizing out the nuisance parameters gives
the anticipate(kfp) limit for the parameters of interest.

Theoren 3.6 makes smoothnesassumptioathat are strorg enoudn to rule out
the estimating equations used to define quantiles, causing difficulties for func-
tions, smooth or otherwise, of quantiles. Consider the interquartile range (IQR) of
X € R. The equations

0= E(].XSQD.?S - 025), and (321)
0 - E(1X§Q0-25+IQR - 075) (322)
define IQR and the lower quartil@®2>. A joint region for Q%2> and IQR can
be calibratel using Theoren 3.4 but neithe Theoren 3.4 nor Theoren 3.6 al-
lows us to use 3<?1) calibration for IQR after maximizing ovef®-2°. Chapter
4.9 presents a more involved example of this problem arising in calibration and
prediction of regression models. Chapter 10.6 presents some specialized results

from the literature describing cases where a parameter can be profiled out despite
entering the estimation equation in a nonsmooth way.

3.11 Sandwich estimator

In the just determined case, and subject to mild regularity conditions, the variance
of the solutiord to Y ", m(X;,6) = 0 satisfies

nVar() — I~'C(I')~*, (3.23)
where each row of 5
I= %/m(X, 0)dF o

has the partial derivatives from one componentnfand

C= / m(X, 00)m(X, 0 dF (X).

The sandwich estimator of the variancedd

Varsana(0) = %f—léf'—l ——(I'¢c'hH, (3.24)

1
n
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with I = (1/n) 327, dm(X;,0)/00 andC = (1/n) 1, m(Xi, 0)m(X;, )’

Whenm is obtained from a parametric likelihood, thed = —1I’ is the Fisher
information inX; for . When the data are from the motivating parametric model,
thenC and—TI both estimate the Fisher information andisd /n or C~! /n may
be used to estimatar(d). The sandwich estimator is widely used to generate
variance estimates that are reliable without assuming a parametric form for the
distribution of the data.

In the just determined case, the matrix of second derivatives of the empirical
likelihood function atd is equal to the inverse of the sandwich estimator of vari-
ance. This relationship can be established through the partial derivatives given in
Chapter 12.4.

3.12 Robust estimators

Empirical likelihood confidence intervals for a vector mean tend to extend further
in directions that the data are skewed than they do in the opposite directions. If
the data contain one or more outliers, then empirical likelihood confidence regions
may be greatly lengthened in the direction of the outlier.

We consider two main approaches to robustness. The first is to replace non-
robust statistics like the mean by more robust alternatives such as the median,
or Huber's M -estimate. The second, robustifying the likelihood, is discussed in
Chapter 3.13.

The mean of a univariate random variable may be derived as a parametric MLE
using the normal distribution, and some others such as the Poisson or the expo-
nential. The mean is notoriously non-robust. A single outlier can change it by an
arbitrarily large amount.

The median is considered in Chapter 3.6. Although the median is robust and
the mean is not, we often hesitate to replace means by medians. The median does
not estimate the same quantity as the mean, except in special circumstances, such
as sampling from a symmetric distribution. Even there we may lose some effi-
ciency in replacing the mean by the median. Robust statistics, such as Huber’s
M-estimate below, have been designed to capture most of the efficiency of the
mean, but with some robustness.

Huber's M -estimate is defined by solving the estimating equation

%fjw(‘xl’;“) ~0 (3.25)
i=1

for u, whereg is a robust estimate of scale, and

—c, z< —c
Y(z)=1q2 || <c (3.26)
c, zZ > c.
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A common choice fofr is MAD /0.674 where
MAD = mediarf| X; — mediar{X;)|)

is the median absolute deviation&f from their median. The factd).674 scales
the MAD so that it estimates the standard deviation if Hieare normally dis-
tributed.

The functiomy is a compromise between the mean and the median. These can
be defined through functions(z) proportional toz and sigriz), respectively.
Smaller deviations are handled as for the mean, while large ones are handled as
for the median. By choosing= 1.35 the resulting\/ estimate ha85% efficiency
relative to the mean should the data be normally distributed.5Phefficiency
loss is then a small insurance premium to pay in order to get a statistic robust to
outliers.

The simplest approach to empirical likelihood for Huber’s statistic is to com-
putes by the MAD and then for each candidate valueeweightZ; = ¢ ((X; —

w)/6) to have mean zero. But as the data are reweighted, the scale estimate
should also change. For this reason we prefer to estimate thesssataultane-
ously with i, through:

B 1 n X,‘—,LL
o_E;u)(T), and (3.27)

0= %i [w (@)}2—1. (3.28)

These equations give robust estimates for hagindo. Moreover, it can be shown
that solving these equations is equivalent to minimizing

lzp<Xi_“>a (3.29)
n P g
with respect tqu ando, where

p<z):{%<z2+1), el <

52z =2 +1), |zl >ec

Because (3.29) can be shown to be jointly strictly convex @ndo, there is a
unique global optimunii, 5).

Now we may define the empirical likelihooR(u, o) for estimating equa-
tions (3.27) and (3.28), and then $&ty) = max, R(u, o). Maximization over
o or u with the other fixed is more convenient with a differentiable functjon
Little changes in the estimate ¢fi, o) if the function is replaced by another
one that is twice continuously differentiable everywhere and only differs ffom
where ||z| — ¢| < e. The examples below use e = 0.01.

Figure 3.10 shows 20 of NewcombBs measuremesbf the passagtime of light.
Figure 3.11 shows empiricd likelihoad ratio curves for both the mear and Huber's
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Figure 3.10Shown are 20 of Newcomb’s measurements of the passage time of light. They
represent a shift and rescaling of the time for light to travel a given distance. The presently
accepted value of the speed of light corresponds to 33.02. Source: Stigler (1977).

location estimate, applied to Newcomb’s data. Huber's estimator is much less
sensitive to outliers and it has a narrower confidence region. The curve for the
mean is centered at the sample meafi1of5. Huber’s estimate for this data set
is i1 = 25.64, with & = 4.16.

In 1000 bootstrap simulations of this data, th®5 quantile of—2log R(X)
was19.26 (usingR for the mean). This is very far fro84, the0.95 quantile of
thexfl) distribution. For Huber’s location estimator, the corresponding resampled

0.95 quantile wast.19, closely matching the&l) value. The discrepancy is so
large for the mean because one or more outliers has made the passage time data
very strongly skewed. By contrast, Huber’s estimator is defined through the mean
of a much less skewed function of the data.

There were7 times when the sample mean was outside of the convex hull of
the resampled data, for whichoo is the resampled log likelihood. Becaukg
of the 20 data values are larger than we would have expected the number of
infinite resampled log likelihoods to have a Poisson distribution with meamx
(0.75%° 4 0.252%) = 3.17. (Getting7 occurrences oR(21.75) = 0 is unusual.
As a check, the nexa000 bootstraps have onBb occurrences, closely matching
the expected numbeégs.53.)
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Figure 3.11Shown are empirical likelihood curves for the mean and for the value of Hu-
ber's location M-estimate, for the passge time of light data in Figure 3.1Q The likeli-

hood function for the mean is broader and shifted to the left compared to that of Huber’s
estimate. The cause is an outlier in the data at -40.

A bootstrap-calibrated5% confidence interval for the mean is fron9.17 to
32.08. The corresponding interval for Hubeg-estimate is fron21.57 to 28.68.

A general robustification technique is to replace the estimating equation of a
non-robust statistic by a similar equation that defines a robust statistic. To control
against the effects of outliers, we typically choose a bounded estimating function
m(z,0), perhaps by clipping a likelihood-derived estimating function.

3.13 Robust likelihood

Chapter 3.12 considered constructing empirical likelihood confidence regions for
robust statistics defined through estimating equations.

Another approach to robustness (see Chapter 3.17) is to modify the likelihood
function. Suppose that the data are thought to be from a discrete distribution with
probability functionPr(X = x;0) = f(z;60), contaminated by outliers. That
is with probabilityl — e wheree > 0 is small, eachX; is drawn fromf(x;0),
and with probabilitye it is drawn from an unknown distributio@’;. We suppose
further that the observations are independent, in particular that the contamination
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process is independent. Then the likelihood is
L0, Ga) = [T((1 = 9F (Xi36) + eGi(X)).
=1

We can maximize over all distributionsG; by takingG;(X;) = 1, leaving

L(6) = H((1 —Of(Xi0) + e) (3.30)

i=1

= (=" [T(f(xXi56) +n),
=1
wheren = ¢/(1 — ).
Although this argument begins by robustifying the likelihood, it ends with es-
timating equations

& f(X5;0)
f(X50) +1°
wheren bounds the denominator away fram

Robustifying the likelihood this way is more difficult for models with continu-
ous distributions fotX;. Then the likelihood is a product of terms

(1 — E)f(XZ, G)dX, + EGZ(XZ) 0.8 f(Xi; 0) + 77627‘;)(2)

The dX; is there because we do not obser¥ge to infinite precision, but only
to within a small set of volume.X;. If we suppose that each observation has
the samelX;, and maximize over discretg;, then once again we arrive at an
estimating equation of the form (3.31), withreplaced byr = n/dX. Taking
everyG;(X;) = 1 anddX corresponding to the data precision could easily lead
to unreasonably large In practice we might prefer an ad hoc choice of a smaller
7 for a particular data set.

m(X;,0) = (3.31)

3.14 Computation and convex duality

A convex dual problem arises in the computation of the profile empirical likeli-
hood function for a vector mean, and leads to the development of an iterated least
squares algorithm. This dual problem is also useful for a theoretical understanding
of empirical likelihood.

The setH=H(X1,... ,X,,) = {> i, wX; | w; > 0,Y 1, w; = 1} is the
convex hull ofX;. It generalizes the interv@X ), X(,,)] from the one-dimension-
al case. Ifu ¢ H, then we takeR (1) = 0. If p is on the boundary of{ then we
also takeR(u) = 0, unless theX; all lie in a g-dimensional hyperplane with
1 < g < d. In that caseR(u) is defined by selecting components of theX;
having full rank and taking the-dimensional empirical likelihood of the corre-
sponding components of
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The nontrivial cases of interest are those in whicis an interior point ofH.
As in the one-dimensional case, we introduce the Lagrangian

G:ilog(nwi)—n)\’(i:wi (Xi—u)> +’y<§:wi—1>, (3.32)
i=1 i=1 i=1

where) € R? is a vector of Lagrange multipliers. As in the univariate case we
can find thaty = —n. Then

1 1
W= ——————,
nl+N(X; —p)

whereX = \(u) satisfies! equations given by

n

1 Xi—p
= — —_—. 3.33

Substituting the expression far; into log R(F) yields
log R(F) =Y log (1 + X (X; — ) =L (\).
i=1

We now seek theninimumof IL over \. Setting the gradient df with respect to
A to zero is equivalent to solving thieequations (3.33) above. This is an example
of convex duality, because a maximization owevariablesw, subject tod + 1
equality constraints has become a minimization eleariables). It would have
been al + 1 dimensional minimization, except that we were able to eliminate the
multiplier ~.

The domain ofl. must exclude any for which somew; < 0. Therefore the
inequality constraints

1+ XN (X;—p)>0, i=1,...,n (3.34)

must be imposed. The set affor which (3.34) holds is an intersection ofhalf
spaces. It contains the origlh= 0, and so it is a nonempty and convex subset
of R

The Hessian of. with respect to\ is

z": (X — ) (Xi — )
=1 [1 + N (Xz - N)]2
This is a positive semidefinite function afand is in fact positive definite unless
the X; lie in a linear subspace of dimensign< d. Assuming that theX; are
not contained in a subspace of dimension smaller thahe search fon is the
minimization of a strictly convex function over a convex domain.

We may redefindl in such a way that it is convex over all & without
changing its value near the solution. Then we need not explicitly impose the
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constraints in(3.34) Define a pseudo-logarithm function

[ log(2), if z2>1/n
log, () = { log (1/n) — 1.5+ 2nz — (n2)2 /2, if z<1/n.

The functionlog, matcheslog for arguments greater tharyn, is a quadratic
for z < 1/n, and has two continuous derivatives. Arguments smaller than
correspond tav; larger thanl, and so they are not part of a valid solution.

Now instead of minimizind.()\) subject ton inequality constraints, we mini-
mize the function

L. () = = 3 log, (14 X (X = )

over\ € R without any constraints. The value bf matched. at any)\ satisfy-
ing the inequality constraints, including the solutibf) if it exists.
After changingdL to L,, setting the gradient to zero amounts to solving

0= %;log’*(l + N (X; —M))(Xi — ),

for A, where

/ | 1/z, if z>1/n
log, () _{ 2n —n?z, if z<1/n,

thus avoiding the problem of a vanishing denominatqBi33)

The dual problem is one of minimizing a convex function oRét There is a
unique global minimizer, in the nontrivial cases where ¥jeare not contained
in ad — 1 dimensional hyperplane, andis interior to the convex hulH of the
X;. This global minimum can be found at a superlinear rate by modified versions
of Newton’s method, and by the Davidon-Fletcher-Powell algorithm. This fact
justifies the claim in Chapter 2 that computing the empirical likelihood is not par-
ticularly difficult, though real difficulties may arise in maximizing over nuisance
parameters. The same two facts are generally true of parametric likelihoods.

If 1 € H but theX; lie in a lower dimensional hyperplane, then there is not a
unique solution\. If X is a solution, then so is + 7 for any T orthogonal to all of
the X; — u. There is however a unique set of weightscommon to all solutions.

If 1 is not an interior point of, then iterative algorithms based on Newton'’s
method produce a sequence of vectdraith length||A|| diverging to infinity.

As ||A|| increases, the size of the gradient decreases, until it goes below the value
used to detect convergence.

In practice it is convenient to minimiZe, (\) over A without checking whether
1 € H. One can inspect the resulting solution to determine whattisrin the
convex hull of the data. Ifi ¢ H, then the weightsy; = n=1(1 + N (X; — u))
will not sum to one.

The value ofLL, corresponding to a point, that is not in the convex hull of
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the data, is typically so small thatwill not be in any reasonable confidence set.
There is little practical advantage in drawing a distinction between the true value
L = —oo and large negative values bf such as-300 or —1000.

The trick of parameterizing away the constraints does have a cost. It can slow
down the algorithm, turning superlinear convergence into linear convergence. But
this only happens fog that are not interior points of the convex hull of the data.

The Newton step in computing(x) can be expressed as a least squares com-
putation. We begin by writing the gradient and Hessian as

(%\]L* =— ;log; (1 + N (X; - M))(Xi — )

82 n
o = T2 log/*/(l + N (X - M)) (Xi — ) (Xi — ),
i=1

wherelog” (z) is —2~2if 2 > 1/n and is—n? otherwise. These derivatives can
be expressed as

B ) 0? )
gale =Ty, and Sl =), (3.35)

OAON
whereJ is then x d matrix with ;’th row
(Xi - /’[’)/7
andy is the column vector ofi components witli'th component

log,, (14 N (X; — ) .
[—log! (14 N (X; — )] /*

" / 1/2
Ji = {— logi (1 + \'(X; — u))]

Y; =

The Newton step is
A= A+ (J )Ly,

where the increment/’.J)~!.J’y may be found by least squares regressiop of
on.J. Notice that whenl + A\(X; — u) > 1/n theny; = 1.

3.15 Euclidean likelihood

The log likelihood statistic- }"_, log(nw;) can be viewed as a measure of the
distance of(wy, ... ,w,) from the cente (n=1,... ,n~!) of the simplex (2.6).
Contous of this function are shown in Figure 2.3 for the cag n = 3. The
reweighted meah ", w; X; has linear contours, and a test vajuis rejected if
the hyperplane withy """, w; X; = 1 does not come close to the center.

Results similar to empirical likelihood can be obtained by replacing the empir-
ical log likelihood by other distance functions. A Euclidean log likelihood ratio
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may be obtained by taking

n

1 2
EE:*§Z(HUM*1) .

=1

This function is maximized ovey_. , w; = 1 by takingw; = 1/n for all i.
Notice that/ is well defined even if some; < 0; we return to this point below.
Strictly speaking, this is not a genuine log likelihood because it is not the loga-
rithm of the probability of the data. Bdtz behaves like a log likelihood in some
ways.

The Euclidean likelihood can be used to derive new statistical tests, and it
also recovers some well known ones such as Hotelliiigi'Sor inferences on
the multivariate mean, Neymanig for multinomial inferences (Chapter 3.16),
White’s heteroscedasticity robust regression covariance estimator (Chapter 4.10),
the sandwich estimator of variance (Chapter 3.11), and the continuous updating
version of the generalized method of moments in econometrics.

The Euclidean log likelihood is a quadratic, so it has the same curvature every-
where. Therefore it equals its own quadratic approximation, and so Taylor approx-
imation methods, like those used in Wald tests and confidence intervals, leave it
unchanged. Because the Euclidean and empirical log likelihoods have the same
curvature at the NPMLE, Euclidean likelihood ratio tests are analogous to Wald
tests for the empirical likelihood.

To maximize/ subjecttoy ., w; = Landd_; , w;X; = u € RY, introduce
the Lagrangian

G= —%Z(nwi —1)? —n)\’i:wi (Xi—u)—&-'y(i:wi—l).
i=1 i=1

Here A € R? andy € R are Lagrange multipliers for the equality constraints
onw;, and the factorn is the same scale factor used in empirical likelihood. By
settingdG /dw; = 0, we obtain

0=—n(nw; —1) —n\N (X; —p) +7. (3.36)
Averaging (3.36) ovei we findy = n\' (X — u), and then

wi= - [1- N (X - X)),

©2001 CRC PressLLC



Now by some standard manipulations

n

Zwi(xi_ﬂ):X_N_lXZ(Xi_X) (Xi — )

i=1 n =1

=X —p—--XN> (X, - X) (X; - X)
i=1
_ 1 n —\/
:Xfufa;(xﬁx) (X; — X))\
=X —pu—5)\
where
1 — - =\
S = EZ(Xi—X) (X; - X) (3.37)

i=1
is (n — 1)/n times the usual sample covariance matrix. It follows that=
STHX — p).
Substituting this\ into w; and then intd g we find
n

—2p =Y (nw; —1)*

= > (- X))

:n()i(—u)lsfl (X—/L).
Thus—2/r = (1 — n~1)T? whereT? is Hotelling’s 72. The factor ofl — n~!
arises because the normalization®fn equation (3.37) id/n not1/(n — 1).
When X has a finite nonsingular variance matrik; has an asymptotig?,,
distribution.

The main difference between Euclidean and empirical likelihoods is that the
former allowsw; < 0 while the latter does not. By allowing negatiug it is pos-
sible for the Euclidean likelihood to produce confidence intervals for a variance
that include negative values;” | w;(X; — >-7_, w; X;)* < 0. By keeping all
w; > 0, empirical likelihood guarantees that the reweighted data form a genuine
distribution which therefore has a nonnegative variance. Similarly, empirical like-
lihood keeps probabilities if), 1] and correlations irj—1, 1], while Euclidean
likelihood need not.

While allowing negativew; can cause Euclidean likelihood to violate some
range restrictions, it does yield confidence regions for the mean that extend be-
yond the convex hull of the data. This can be an advantage whsnarge or
whenn is small. The empirical likelihood-t method in Chapter 10.4 yields a form
of empirical likelihood confidence region for the mean that can extend beyond the
convex hull of the data.
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Euclidean likelihood for the mean dfdimensional vectors requires solving a
set ofd linear equations. Empirical likelihood requiresialimensional uncon-
strained convex optimization i@ variables. The empirical likelihood computa-
tions reduce to iteratedr-dimensional least squares problems. Practically speak-
ing this means that Euclidean likelihood for a vector mean might cost as much
as one iteration of empirical likelihood for the mean. Empirical likelihood com-
monly takes four or five iterations for a vector mean.

Just as with parametric and empirical likelihoods, the challenge with a Eu-
clidean likelihood is in maximizing it subject to nonlinear equality constraints.
If the equality constraints are linear in; then Euclidean likelihood and empir-
ical likelihood become, respectively, linearly constrained quadratic and linearly
constrained convex optimization.

3.16 Other nonparametric likelihoods

Other distances can be constructed in the simplex to gielianit for inferences
on a vector mean, perhaps after suitable scaling. Widely studied examples include
the Kullback-Liebler distance

KL = i w; log (nwy;) (3.38)

=1
and the Hellinger distance

n

H:Z(wilﬂ—n_l/Q)Z.

=1

The empirical and Euclidean likelihoods have the advantage that the Lagrange
multiplier for >~ , w; = 1 can be eliminated. The Euclidean version has the
further advantage that the multiplier fdr"_, w;(X; — 1) = 0 can also be elim-

inated.
The Cressie-Read power divergence statistic for a multinomial @jtbbser-
vations wherel; observations were expected, foe 1,... | k, takes the form
2 o\
A)=—F— i\ =) —1
RO = 357y 20 [(E) }

where—oco < A < co. The degenerate casgss {—1,0} are handled by taking
limits.

The empirical likelihood setup hasdistinct data values observed once each.
Thusk = n, andO; = 1 and we writeE; = nw;. Then

CR () = ﬁ 2": [(nwi)_A - 1].

i=1

©2001 CRC PressLLC



Also, after taking the required limits,
CR(0) = —QZlog(nwi), and
i=1

CR(-1)=2 Z nw; log(nw;).

=1

Figure 3.12 shows contous of CR(A) for n = 3 and six values of A. The
same contour levels are shown for eachilrhese correspond to the contours in
Figure 2.3

The quantityCR(0) is minus twice the empirical log likelihood ratio, and
CR(-1) is equal te2nKL from equation(3.38) The value\ = —2 corresponds
to the Euclidean log likelihood, througBR(—2) = —2¢g, under the usual con-
dition that ", w; = 1. In this setting, Euclidean log likelihood is also known as
Neyman’sx2. The value\ = 2/3 is known to give an especially good fit fq?
calibration in multinomial families on a fixed number of values. The value 1
corresponds to Pearson$, and the Freeman-Tukey statistic has- —1/2.

All members of the Cressie-Read family give rise to empirical divergence ana-
logues of the empirical likelihood in which an asymptoticcalibration holds for
the mean. They all give convex confidence regions for the mean.

The Kullback-Liebler distance is often singled out because of its interpretation
as an entropy. We use the term empirical entropy for this method, also known
as exponential empirical likelihood. The empirical entropy is between empirical
likelihood and Euclidean likelihood in the Cressie-Read family. It is also between
them in that empirical likelihood uses positive weights, empirical entropy uses
nonnegative weights, and Euclidean likelihood uses real-valued weights.

By conventionw; log(nw;) = 0 for w; = 0, and so the empirical entropy is
bounded over the simplex of weights. The largest possible valdeR{f-1) is
2nlog(n), attained when some; = 1 and the others are &l By contrast, em-
pirical likelihood is unbounded asin w; — 0. Thus if the true mean is near the
convex hull of the data, empirical likelihood discrepar@yz(0) will be much
larger thanC' R(—1). Where empirical entropy allows,; = 0, the Euclidean like-
lihood allowsw; < 0, and soCR(—2) might be still smaller for a true mean
just barely within the convex hull of the data. These features do not appear to
give afaste y? approximation Figure 3.13 shows resamplé values of empiri-
cal entropy and Euclidean likelihood using the same set of resampled data sets
as Figure 3.2 uses for empiricd likelihood Although the resamplilg generated
some infiniteC' R(—1) values, the empirical log likelihood was not more extreme
than the other discrepancies, except in the very deep tail of the distribution. Sur-
prisingly, the distribution of> R(—2) appears to be farthest from the nominal
distributions.

Chapter 3.14 shows how empirical likelihood for a vector mean can be solved
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Figure 3.12Shown are contours for Cressie-Read divergences fer 3, as described in

the text. The values of are, reading left to right within rows from top to bottom5, —2,

—1, 0, 2/3, and 3/2. Euclidean likelihood is in the upper right corner. The middle row has
empirical entropy on the left and empirical likelihood on the right.

by iterated least squares regression. There is also a simple algorithm for comput-
ing empirical entropy, using Poisson regression methods. See Chapter 3.17.

One way to compare empirical likelihood and empirical entropy is to introduce
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Figure3.13 Thetop row of plotsrepeasthe QQ plots of Figure 3.2 replacirg the empirical
likelihood by the Euclidean likelihood. The bottom row uses the empirical entropy. In all 6
plots the empirical likelihood QQ plot is also shown as an additional reference line.

the weightsy; = 1/n, fori =1,...,n. Then

making empirical entropy appear to be a backward log likelihood—with the roles
of model and data reversed. Of course, this also makes the log likelihood a back-
ward entropy. A practical consequence is that the difficulties empirical likelihood
has withw; = 0 would be expected for empirical entropy with = 0. A value
of v; = 0 corresponds to a potential observation for which the observed count is
zero, as was used in defining quantiles in Chapter 3.6. Such “undata” could also
be used to good effect when upper and lower limits are knowmifoX, 6).

Compared to other nonparametric discrepancy measures, empirical likelihood
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extends more directly to problems with biased data, censoring, truncation, and
prior distributions. The extensions involve modifying the parametric likelihood
treatments of those issues.

Of the distances above, empirical likelihood is the only one that allows a Bartlett
correction. For another nonparametric likelihood to be Bartlett correctable it must
match empirical likelihood to sufficiently high order. A distance function

~2 " log(nw;)
i=1
with
~ 1 1 1
log(142) =2 — =22 4 =23 _ =4 .
og(l4+2z2) ==z 5% —|—3z 17 (3.39)

gives rise to a Bartlett correctable nonparametric likelihood. The key is to match
four derivatives of the log function at A bounded function that, IikETg, matches

log near1, may generate a nonparametric likelihood with the best features of
empirical likelihood and empirical entropy.

3.17 Bibliographic notes
Coverage and calibration

Theoren 3.2 was proved by Owen (1990b), who also shows that the coverage

error in empirical likelihood ig)(n=1/2), if E(||X||*) < occ. The coverage error
also attains the much better réd¢n '), under mild extra conditions, as shown by
DiCiccio, Hall & Romano (1991) for smooth functions of means, and by Zhang
(1996) for estimating equations (of a scalar parameter). These extra conditions
include Cramér's condition (Equatian (13.1) on page 249 and stronge moment
conditions.

Box (1949) considers approximations to the distribution of the parametric log
likelihood ratio using theF' distribution. Most of the bibliographic notes for
Bartlett correction of empirical likelihood appear in Chapter 13.6 (which begins
on page 257). Tsao (2001) proposes a calibration method in which the exact crit-
ical value of—2log R is obtained for the mean, assuming a normal distribution,
and then used for possibly non-normal data. In some univariate simulations, this
proposal improves the coverage level, although the resulting method still tends to
undercover. La Rocca (198bproposes a calibration method based on replacing
the x{,)~" quantile byxi;;_“*A where A(a) takes a simple functional form.
Bootstrap calibration ofA should then require fewer resamples than bootstrap
calibration of a percentile.

Bootstrap calibration of empirical likelihood was proposed by Owen (88
Hall & La Scala (1990), and Wood, Do & Broom (1996). Bootstrap calibration in
general settings has been studied by Beran (1987), Beran (1988), and Loh (1991).
The limiting distribution of an empirical likelihood test is typically the sagte
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distribution regardless of the true value of the quantity being tested. In such set-
tings bootstrap calibration typically reduces the order of magnitude of the level
error in the test. The result is that bootstrap calibration of empirical likelihood has
the same order of coverage error, typicallyl /n?) as obtained in bootstrapping

the bootstrap (Hall & Martin 1988).

Hall & LePage (1996, Remark 3.5) describe how the bootstrap can be used to
calibrate empirical likelihood confidence regions for the mean in some settings
with infinite variance. The data have to come from a distribution satisfying a tail
condition, and the bootstraps are basedror n resampled values.

Fisher, Hall, Jing & Wood (1996) consider constructing confidence regions for
the mean of directional data on the surface of the sphere. They find that the combi-
nation of empirical likelihood to choose the shape of the region and the bootstrap
to choose the size performs best.

Power

Chen (1994) compares the asymptotic power of empirical likelihood and a boot-
strap T2 method, for tests on the mean of a vector. For alternatives that are
O(n~1/?) from the true mean, both tests have the same noncentral chisquared
limit. BootstrapT? confidence regions are symmetric about the sample mean
while empirical likelihood regions are elongated in directions of skewness. Not
surprisingly, the next term in the power expansion shows that the boofEtrap
tests have better power against alternatives in directions of positive skewness and
empirical likelihood tests have better power in directions of negative skewness.

Lazar & Mykland (1998) compare the asymptotic power of empirical and para-
metric likelihoods. The data are assumed to be sampled from a member of the
parametric family, and the empirical likelihoods are assumed to use the same
estimating equation as the likelihood. The power of empirical likelihood tests
matches that of the parametric likelihood to second order. At third order the em-
pirical likelihood can have either greater or lesser power than the parametric like-
lihood.

Estimating equations

Godambe (1960) introduces the subject of estimating equations, and shows that
in parametric models, the score equation is the optimal estimating equation. Go-
dambe & Thompson (1974) consider nuisance parameters. Statistics defined via
estimating equations are also knowndsestimates. Huber (1981) describes their

use in constructig robug extensiors of maximun likelihoad estimates Theo-

rem 3.6 with resuls on smooh estimatirg equatios for empiricd likelihoad are

from Qin & Lawless (1994).

Marginal and conditional likelihoods are described by Cox & Hinkley (1974).
The partial likelihood was introduced by Cox (1975). Lindsay (1980) shows that
for a vectorX consistent estimators can be put together by multiplying together
likelihood factors, which may be conditional distributions of some components
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of X given others or marginal distributions of some components. The resulting
product need not have a probability interpretation.

Many problems in econometrics involve testing a model in which the number
of estimating equations is larger than the number of parameters in them. The over-
identifying restrictions test is based on the generalized method of moments. See
Hansen (1982). Kitamura (2001) points out that the Euclidean likelihood tests are
equivalent to the continuous-updating GMM approach to overidentifying restric-
tions, due to Hansen, Heaton & Yaron (1996).

Qin & Lawless (1994) provide the examples of side information in which two
co-obseved randan variables have comma mean Owen (1991 proves Theo-
rem 3.4 ard illustrates it with regressiam through the origin. The exampk of a
common mean and median is discussed at length in Qu (1995); see also Chap-
ter 10.8.

Quantiles

Exact confidence levels can be obtained for quantiles of continuous distributions.
Useful references include David (1981) and Hahn & Meeker (1991).

Chen & Hall (1993) introduce a kernel smoothing technique to construct con-
fidence regions for quantiles. Smoothing the CDF allows them to obtain confi-
dence interval endpoints between observations. Coverage error can be reduced
from O(n~'/2) to O(n~") by smoothing, and then 10(n~2) by Bartlett correc-
tion. Much less smoothing is required for quantiles than for density estimation.
When the kernel is the density function of a symmetric bounded random vari-
able, then a bandwidth df = o(n~'/2) provides ay? calibration, including
h = 0 for unsmoothed empirical likelihood. To get coverage efwgn 1) it
must also hold thath/log(n) — oo. Bartlett correctability requires additionally
thath = O(n=%/%). Whenh = O(n—%/*) andnh/log(n) — oo, the Bartlett
constant is approximately=!(1 — p)~*(1 — p + p?)~!/6 for the quantileQ”.

Using this approximation the coverage erroign—1h). This can be nearly as
good as the raté(n~2) attainable by exact Bartlett correction. Geoff Eagleson
raised the question of the interquartile range at a seminar.

Several authors have considered the estimation of an EDF subject to side in-
formation on moments or quantiles. Haberman (1984) introduced an approach
based on Kullback-Liebler distance. Sheehy (1987) considered several other in-
formation distances. Qin & Lawless (1994) consider estimation of the distribution
function subject to known means of smooth estimating equations. Sheehy (1987)
considers Kullback-Liebler and Hellinger distances as do DiCiccio & Romano
(1990).

Robustness

Huber (1981) describes robust methods in statistics, inclublingstimators and
alternatives. The joint location-scald -estimate presented is based on a pro-
posal for regression problems in Chapter 7.7 of Huber (1981). Owen (1988
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computes an empirical likelihood ratio function for Hube¥sestimate, applied

to 20 of Newcomb’s measurements of the passage time of light (data set 9 of
Stigler (1977)). Owen (1988 uses a scale value estimated from the data, and
fixed throughout the likelihood profiling. Tsao & Zhou (2001) study the robust-
ness properties of the endpoints of empirical likelihood confidence intervals. They
find that the endpoints of the interval for a univariate mean are not robust to out-
liers, but that the endpoints of an interval for a roblistestimate are robust to
outliers.

Hall & Presnell (1998) describe an approach to robustness, through the em-
pirical entropy. They maximize the empirical entropy subject to an equality con-
straint on a location statistic and another constraint on a concomitant scale statis-
tic. The constraint on the scale parameter forces the weight on outliers to be small.
Unlike empirical likelihood, empirical entropy remains finite when some obser-
vation weights are set to zero. This allows robust confidence regions to be con-
structed for nonrobust statistics like the mean.

Colin Mallows described robust likelihood by contamination in a conversation
with the author in the mid-1980s. Mallows computed some examples for data
with nearly a Poisson distribution, apart from one or more gross outliers. Small
values of were enough to effectively trim away the outliers, and leave an estimate
of the mean of the uncontaminated part of the distribution. The method did not
appear to be very sensitive ¢pthough of course could not be zero. Modifying
the likelihood this way introduces a small systematic error, because some of the
Poisson probabilities are not small compared.to

Empirical discrepancies

Cover & Thomas (1991) is a background reference on entropy methods. Read
& Cressie (1988) describe power divergence discrepancies. They find that the
value A = 2/3 has the most accurat¢’ calibration in parametric settings. The
power divergence discrepancies were also studiedédnyR1961). Mittelham-

mer, Judge & Miller (2000) describe empirical entropy and empirical likelihood

in econometric settings. The focus is on methods such as generalized method of
moments and instrumental variables.

Baggerly (1998) makes the connection between empirical likelihood and Cress-
ie-Read statistics, and proves that all members of the Cressie-Read family have
a x?2 calibration. Baggerly (1998) proves that empirical likelihood is the only
Bartlett correctable member of the family. Baggerly (1998) notes that fer0,
the confidence regions lie within the convex hull of the data. Baggerly (1998)
shows that for\ > —1 the divergence minimizing weights for a candidate value
of the mean are nonnegative whenever that candidate value is within the convex
hull of the data. Fon < —1, it is possible that some of the optimal weights are
negative even if the candidate for the mean is within the convex hull of the data.
For A = —2, confidence regions for the mean are ellipsoidal. Baggerly (1998)
shows that forA > —2, the regions tend to be lengthened in the direction of
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outlying observations, while fok < —2 they tend to be shorter in those direc-
tions. Baggerly (1998) notes a sufficiency property for the firstoments when
A = —k/(k — 1), with Euclidean likelihood corresponding to= —2. Letting

k — oo provides a sense in which empirical entropy-£ —1) is the limit of a
sequence of moment-based inference methods.

Corcoran, Davison & Spady (1995) show some an example where the distribu-
tion of —21og R (1) is not close toy?, and for which the QQ plot bends upwards
like those in Figures 3.2 and 3.13 making Bartlet correctio ineffective. Their
data were sampled fromg distribution and a parametric log likelihood ratio
statistic had a QQ plot very close to tH&° line. Bartlett-correctable nonpara-
metric likelihoods including (3.39 were publishal posthumougl by Corcoran
(1998).

Other bibliographic notes

The dipper survey data come from lles (1993). The milk production data belonged
to my father, George Owen. It is from the farm on which he grew up.

The sandwich variance formu(d.23)is due to Huber (1967). Sample versions
of the sandwich formula have been advocated by White (1980) for regression and
by Liang & Zeger (1986) for generalized estimating equations.

Some background on financial returns may be found in Hull (2000), Duffie
(1996), and Campbell, Lo & MacKinlay (1996), who describe ways of testing
whether returns are independent from one time period to the next. The combined
actions of investors, speculators, and arbitragers are likely to make for very small
correlations in returns. There is some empirical evidence that the variance of re-
turns changes over time and that nearby time periods have more similar volatilities
than do separated periods.

Standard references on numerical optimization include Gill, Murray & Wright
(1981) and Fletcher (1987). Fletcher describes a convex duality problem very
similar to empirical likelihood, except that the entropy distance is used. Davison
& Hinkley (1997, Chapter 10) describe an algorithm for empirical entropy based
on Poisson regression.

3.18 Exercises

Exercise 3.1Ind = 1 dimension, a distributio” can have roughly.92/n prob-
ability off of the sample, and still contribute to the asympt@ti®o confidence
region. Modify the argumen following Lemma 2.1 for highe dimensions For
dimensions? = 2,...,100 find how much probability can be placed off of the
sample while keeping-2log R(F) < x?;ﬁ‘%- Describe the pattern with respect
tod.

Exercise 3.2 For the Euclidean log likelihood, suppose tlatf the weightsw,
are( or less, forl < k < n. What is the largest possible value &f subject
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to these constraints? Fdr= 1,2, 5, 10, roughly what proportion of the obser-
vations can a distribution give nonpositive weight, while still contributing to the
95% confidence interval? Assume that sum tol.

Exercise 3.3 Suppose that the data consist of pdis, Y;) of real values, and
that interest centers on the ratio= o2 /o3 of the variance ot to that of X..
Write a set of estimating equations, for a parameter vetter (7,v')". Herer

is one component af andv is a vector of nuisance parameters. The number of
estimating equations should equal the dimensiof of

Exercise 3.4 Suppose thatX,, Y;) are real data pairs, with a continuous distri-
bution. We are interested in the hypotheRiswhich stipulates that, conditionally
on X < 100, the median oft” is equal to50. Construct an estimating function
whose expectation is zero if and onlyAf, holds.

Exercise 3.5 For the settirg in Exercise 3.4, suppos tha n = 100, tha exactly
70 of the X; are less than or equal t)0, and that of thes&0 observations
exactly30 haveY; < 50 while 40 haveY; > 50. What is the maximum empirical
likelihood ratio undert,? What weight do th80 observations withX; > 100
get under the maximizing distribution?

Exercise 3.6 Bootstrap calibration may also be done using 9h6th largest of
999 resampled log likelihood ratios. Suppose that ... , X5 € R are indepen-
dent random variables with distributidn. Let X ;) < X5y < --- < X(p) be
their order statistics. Show thBt(X < X(4)) = A/(B +1)wherel <A< B
andX ~ Fis independent oX;.

Exercise 3.7 Explain why restricting the dat&; € R¢ to have a variance matrix
of full rank d results in no loss of generality when formulating statistics as smooth
functions of means.

Exercise 3.8 Suppose thain is the unique median of, butPr(X = m) > 0.
Suppose that amongd, ... , X, there aren_ observationsX; < m, andnyg
observationsX; = m, andn . observationsY; > m.

1. Assume thai_ > 0 andny > 0. Let w; maximize[];, nw; subject to
w; > 0, Z?:l w; = 1, Z?:l wilx,>m 2> 1/2 andzz;l wilx,<m 2> 1/2.
Show that at moss different values ofw; arise, one forX; < m, one for
X; > m, and one fortX; = m.

2. Letw,, w_ andwg be the weights described above. et = nyw,, py =
nowp andp_ = n_w_. The maximum empirical log likelihood for the median
valuem is the maximum of

ny log(nwy.) 4+ ng log(nwg) + n— log(nw_)
= ny log(npy. /n) + nolog(npo/no) +n-log(np— /n)
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over nonnegative’s satisfyingp; + po + p— = 1, py + po > 1/2, and
po + p— > 1/2. Find these’s for n,. = 30, ng = 1, n_ = 30.

3. Find these's for n, = 30, ng = 1, n_ = 20.

4. Find these’s for n, = 30, ng = 100, n_ = 10.

5. Find these's for n, = 40, ny = 10, n_ = 10.

Exercise 3.9 Suppose that the median is defined through x<,,, — 1/2) = 0,

and that there are no ties amoAg, ... , X,,. Whenn = 2k is even, then any

value ofm € [X (), X(141)) is a sample median.

1. Show that no value ofi hasn™* """ | (1x,<m —1/2) = O whenn = 2k + 1
for integerk > 1.

2. For evem, it is possible to attain-2log ([, nw;) = 0 subject tow; > 0,
S wp = 1,andY."  wi(lx,<m — 1/2) = 0. Show that for oddh, it is
possible to attain-2log([]}_, nw;) = n~2 4+ O(n=3).

3. Suppose thak; are IID from a continuous distributiof’. Describe how to
constructZ; as a function ofX; andm, so thatE(Z;) = 0 whenm is any
median ofF’, and so that=' > | Z; = 0 whenm is any sample median of
theXl

Exercise 3.10Suppose thatX,Y) € R? are independent. The bivariate median
of X andY may be defined as any poift, m,) such that

min{Pr(X <mg),Pr(X > m,),Pr(Y <m,),Pr(Y > my)} >1/2

Suppose that the data are
X 98,7,6,543,2100000000,0,0
Y. 0000000000,1,23,4,5,6,7,8,9

1. Does the empirical distribution on this set of data have a bivariate median?

2. Show that ifm, > 0 andm, > 0 then any distribution formed by attaching
nonnegative weights summing to one to {1€,Y") pairs above, and having
(my, my) as its bivariate median, has empirical likelihdad

3. Describe the set of pointsn,,m,) arising as bivariate medians of distribu-
tions formed by applying positive weights summing to one to the data values
above.

Exercise 3.11Determine whether the score equations for the bivariate normal
parameterg., 1, 04, o, andp give rise to the estimating equatiof®8)through
(3.12)used to define the correlation in the text. Do they give the same estimates?

Exercise 3.12Suppose thatX € R has the distribution”. For 8 € R, let
m(X,0) = sin(X — ). Show that for any distributior¥, there is af, with
E(m(X,0y)) = 0. Obviouslyf, + 2k~ is also a solution for any integér Find a
distributionF' for which there is more than one solutiégin the interval0, 2r).
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Exercise 3.13Suppose thak ~ N(0,1). Letm(x,8) = (x —6)% —0.5 for real-
valuedd. Show that there is no valuy with E(m(X,6,)) = 0. Draw a sample
of 100 observationsX;. Let R,,(0) be the empirical likelihood ratio function for
6 based onX, ..., X,. Plotlog R, (#) versusd for n = 10k, k = 1,...,10.
What happens to the confidence setf@sn — oco?

Exercise 3.14Consider a setting in which we do not know whether there is any
solutionf, to E(m(X, 6)) = 0. If there is exactly one solution, then the empiri-
cal likelihood confidence region is nonempty with asymptotic probability at least
1 — a. Now suppose that there are two distinct solutiépg, andéyp. Is the
asymptotic probability of an empty confidence region still smaller than

Exercise 3.15Suppose that” € {0,1}, and thatX € R%. Letry = Pr(Y =
1) € (0,1), andm; = 1 — mp. WhenY = y, the distribution ofX is N (u,, X),
whereX is finite and of full rank. Show that

Pr(Y = 1] X =) =1 +exp(—a - f'z)] "

for a scalary and a vectop € R?. This derives logistic regression as a conditional
likelihood method.

Exercise 3.16 SupposeXy, ... , X, € R are IID from F; with meany,, and
finite variances? > 0. Suppose that = 2m is even. Then it also follows that
Y, = (Xgi—1,X5;), fori = 1,... ,m are IID with common meafno, 1o)’.

Suppose that is defined as the MELE for the estimating equations
iw Ko=)
=1 ' X% A .

These are equivalent to the equations

m | X27;71 . /L B

;wl ( Xoi —Xoi1 ) 0

Findlim,,, ., mVar(j1). The natural estimator in this setting is

S,
=1

It is hard to imagine that is better thanX . Perhaps it is asymptotically as good,
or perhaps because = n/2 it roughly doubles the variance. Settle the issue

by findinglim,, .~ Var(jt)/Var(X). Describe an applied setting in which doubt
about the joint distribution oX; would lead you to prefef. to X.

X =

S

Exercise 3.17 Suppose thatX, Y") pairs are jointly observed, with € R? and
Y € RY. The mean ofX is known to beu, and a confidence region for the mean
Hy0 IS t0 be constructed using the side information’dnThe theorem in the text
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assumes that the variance(dt’, Y”’)’ has full rankp + ¢. When the rank is less
thanP +1, aX%r) calibration might still hold for some. Suppose that, V, W, Z
are independent random variables and Wat((U, V, W, Z)') has ranki. Decide
whether an appropriate valueogxists in the following settings, and if one does,

say whatitis:
1. X=UV,U+V)andY = (W, Z).
2. X =(U,V) andY = (W, Z,W + Z)'.
3. X=UV,U+V)andY = (U, W, Z)
4. X =U,V,W)YandY = (U+V,V+W).

Exercise 3.18Find an expression fom(x, #) for Mallows’s robust estimating
equation(3.30) in the case wherg(z; 0) is the Poisson probability function with
meand € [0, c0) and observations € {0, 1, ... }. Decide among:

A. m(z,8) is bounded uniformly inc andé,

B. m(z, ) is bounded in: for eachd, but A fails,

C. m(z,0) is bounded ird for eachz, but A fails,

D. both B and C hold,

E. m(z,6) is unbounded in: for somed and unbounded ifi for somex.

Exercise 3.19Consider the estimating function
d
3—80(90 — 1)
NN AS———
ol@—p)+7
wherey(z) is the N (0, 1) density. Plotn(x, ) versuse — p for several values
of 7 > 0. Describe qualitatively how the curves look. Find a value &b that the

resulting curve is nearly linear for — p| < 1.35.

Exercise 3.20Determine whether ties can be ignored for other empirical diver-
gences in the Cressie-Read family.

Exercise 3.21For a power\ # —1, show that the weights); that minimize the
empirical divergence subject{o; , w; = 1and}" ;" , w;X; = p are

1 _
wi= - (14 a+ V(X - ) /1)
= (X ) O,
wherea andc are scalars anblandd are vectors of the same dimension¥s

Exercise 3.22Show that forA = —1, the weights are
w; = cexp (d'(X; — p)) -
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CHAPTER 4

Regression and modeling

Linear and multiple regression are among the most widely used statistical meth-
ods. This chapter considers empirical likelihood inferences for linear regression
and other models with covariates, such as generalized linear models. The standard
setting for linear regression has fixed predictors and a random response. Empir-
ical likelihood was developal in Chapte 3.4 for smooh functiors of mears and
for estimating equations, but assuming independent identically distributed data.
Some new techniques are required to extend empirical likelihood to settings with
fixed regressors.

Figure 4.1 shows a measue of breas cance mortality versis population size
for a set of counties in the southern U.S.A. A linear regression fits this data set
well, though it is clear from the data, and obvious scientifically, that the variance
of mortality increases with the population size. It is also reasonable to consider a
regression through the origin for this set of data.

In simple linear regression, we observe pdik5,Y;),: = 1,... ,nand itis
thought that for a generic paiX,Y),

EY [ X =z)=fo+ Pz,

where the approximate inequality allows for some practically insignificant lack of
fit. There are two widely used sampling models for linear regression. In one case
(X;,Y;) are independent random vectors from a joint distributigny on R?,

while in the otherX; = z; are fixed and’; are then sampled independently from
the conditional distributiong’y | x_,,. It is also a common practice to sample
random pairs, but to analyze the data as if Xjehad been fixed at their observed
values. These two sampling models extend to multiple regression in an obvious
way.

This chapter first considers independent samplind(o¥” pairs because the
results from Chapter 3 apply directly. Then sampling with fixédis handled
using a more general ELT. Then extensions are made to generalized linear models,
nonlinear least squares, and the analysis of variance.

4.1 Random predictors

Suppose thak € R? andY € R are the generic predictor vector and response.
Let (X;,Y;) be independent random observations from a common distribution.
To make the notation simpler, suppose thatincludes any necessary functions
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Figure 4.1 The left plot shows some cancer mortality counts (plus one) versus the popula-
tion sizes for some counties in the southern U.S.A. The right plot shows residuals for these
data from a linear regression of cancer on population. Source: Rice (1988).

of the available measurements. ThXis= (1, W)’ for simple linear regression on
W,andX = (1,U,W,U?, W2 UW) for a quadratic response surfacelirand
W. We will suppose thaf’ (X’ X) has full rankp. It may be necessary to remove
one or more redundant predictor variables to arriv&awith E(X’'X) of full
rank.

A linear model takes the foroY’ 3 for some vectop € RP. The values; g that
minimizesE((Y — X’'3)?) is

fis = E(X'X) " E(X'Y),

and the sample least squares estimate; gfis
BLs = lix(x, B lix(y.
i n =1 o n =1 A

the NPMLE of 8,5 in the sense of Chapter 2. We u8g; instead of3, to des-
ignate the population value @f, because in regression problefishas a firmly
established use as an intercept coefficient.

Becausedys is a smooth function of means, empirical likelihood inferences
for it follow by the theory in Chapter 3.4, under mild moment conditions: that
E(||X]|*) < o0, E(]| X||?Y?) < 0o, andE(X'X) is nonsingular. Invertibility of
E(X'X) is needed in order to mak@ s a smooth function of means. There is
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no need to assume that eith&ror Y has a normal distribution, or that (z) =
Var(Y | X = x) is constant with respect ta

There is also no need to assume that) = E(Y | X = z) is of the form
2’ 3. In this case the interpretation is that empirical likelihood confidence regions
for the best valu@ s are properly calibrated, despite the lack of fit that might be
inherent in that best value. A very large lack of fit could make the linear model
irrelevant, and perhaps require the addition of some componeAitsBot a smalll
lack of fit might be acceptable. In practice, some lack of fit is inevitable for many
applications, and empirical likelihood tests are not sensitive to it.

The mean square prediction er®f(Y — X’f315)?) is also a smooth function
of means and so empirical likelihood inferences apply to it. This squared error
can be writtenZ(02(X)) + E((u(X) — X'BLs)?), combining variance and lack
of fit terms.

The regression model can also be approached through estimating equations.
The definition ofgrg is equivalent to

E(X (Y - X'BLs)) =0, (4.1)

and the definition oﬁLs is equivalent to the normal equations

1< A

=D Xi(Yi - X[fis) = 0.

n =1
That is, the errory” — X'31,5 are uncorrelated wittk' and the residual¥; —
X;BLS are orthogonal to the samplé;s. This formulation allows us to weaker
the moment conditions for empirical likelihood regression inferences. The condi-
tions E(]| X ||*) < oo, andE(|| X ||?Y?) < oo can be replaced b (|| X ||?(Y —
X'Brs)?) < oo. It is still necessary to hav&(X’X) invertible so that3rg is
determined by (4.1).

Define the auxiliary variableg; = Z;(5) = X;(Y; — X/3). The empirical

likelihood ratio function fors is defined by

R(B) = max {Han | ZwiZi(ﬁ) =0,w; > &Zwi = 1} .
i=1 i=1 i=1
For any vectos this empirical likelihood ratio may be computed using the algo-
rithm for a vector mean, applied to th& values. When a single component®f
is of interest, then we maximiz@ over the other components to obtain the profile
empirical likelihood ratio function for the component of interest.

For the cancer data, we takg, = (1, P;)’ whereP,; is the population of the
i'th county, andY; = C; whereC; is the number of cancer deaths in thn
county. Then3 = (8o, 51)’. For these data, = 3.58, corresponding to a rate
of 3.58 cancer deaths pai000 population. Because deaths were counted over
20 years, the annualized rated$8/20 = 0.18 per thousand. Also the intercept
By = —0.53 is quite close to zero, as we would expect.

Figure 4.2 shows the profile empiricd log likelihoad ratio functiors for 5, and
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Figure 4.2 The left plot shows the empirical likelihood ratio function for the intercept in a
simple linear regression model relating cancer mortality to county population for the data
showninFigure4.1 Avalueof zaoisreasonal®for theintercept Theright plot shovsthe
empirical likelihood ratio function for the slope. The solid curve is for regression through
the origin, the dotted curve is for ordinary regression not through the origin.

(1. Horizontal reference lines mark asymptotic confidence thresholds. These data
are clearly non-normal, and have nonconstant variance, but empirical likelihood
inferences still have good coverage properties in this setting.

Itis natural with data such as these to consider a regression through the origin. It
is clear that a county with near zero population must have near zero cancer deaths.
Furthermore, linearity appears to hold over the observed range of data, including
some very small counties. To obtain a regression through the origin with 8lope
we insertgy, = 0 into the reweighted normal equations, obtaining

Z wz(CZ — PZ,Bl) = 0, and (42)
i=1
Zwipi(ci — P;p) =0. (4.3)
i=1

This almost appears to be solving two equations in one unkrijwone to make

the residuals have reweighted meaand the other to make them uncorrelated
with the population size. This is very different from what we would do with ordi-
nary regression through the origin. In ordinary regression through the origin, the
slope is estimated by"""_, X;Y;/>""_, X2, for scalarX;, corresponding to the
second equation above. Then the resulting residuals do not sum to zero.
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The profile empirical likelihood rati® (3, ) is found by maximizind [}~ , nw;
subject tow; > 0, .1~ , w; = 1, and the estimating equatio.2) and (4.3)
above, for a fixed value of,. The mAaximizing value is taken to bﬁ Under
mild conditions—21log(R(Brs.1)/R(B1)) — X%l) in distribution asn — oo,
whengs 1 is the true value ofi; and the regression is truly through the origin.

Figure 4.2 also shows the profile empiricd log likelihood ratio curve for the
slope using regression through the origin. Because there is a correlation between
the estimated intercept and slope, fixing the intercept at its known value makes
a difference. This constraint shifts the MLE of the cancee datvn slightly to
3.52. It substantialf narrows the likelihood ratio cure. As Figure 4.2 shows the
confidence interval foprs 1 using regression through the origin is less than half
as wide as that without the constraint. Halving the lendta @onfidene interval
usually requires a quadruplirg of the sampé size Thus one might interpre Fig-
ure 4.2 to mean that choosing regression through the origin more than quadruples
the effective sample size. We will revisit this issue, with another interpretation,
in Chapter 4.5.

4.2 Nonrandom predictors

The usual model for linear regression has deterministic valies x;. Some-

times these values have been fixed by an experimental design. Sometimes they
are fixed by conditioning. To fiX by conditioning, in a parametric model, pro-
ceed as follows. Factor the joint density or probability6fandY as a product

with one factor for theX distribution and another for the distribution Bfgiven

X. Commonly theX distribution does not involve the regression parameters, and
so all the information about them is in the conditional distributionyofjiven

X. Then it makes sense to use the conditional likelihood'of .. ,Y,, given

X =x1,...,X, =x,, as in Chapter 3.8.

With X fixed, either by design or conditioning, the data are analyzed condi-
tionally on the observed values &f. Now we suppose thdt(Y;) = p; and that
Var(Y;) = o?.

With fixed regressorsZ;(8) = z;(Y; — z;3) has mean:;(u; — «}3) and vari-
ancer;zio?. Alinear model assumption; = 2, 31,5 makes theZ; (3rs) indepen-
dent with mean zero and nonconstant variance. They would still have nonconstant
variance even if> were constant, because of the factor,. Chapter 4.3 presents
a triangular array ELT, for independent but not necessarily identically distributed
random vectors, that applies to regression with fidgdvheny; = x4 holds for
someg. As with random sampling ofX, Y') pairs, the main requirements are on
moments.

Lack of fit is more serious in the fixed regressor setting, because it makes it
problematic to define a true valygs upon which to draw inferences. A natural
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default value to consider fg¥. s is

n —1 n
(Zazzmﬁ) (Zmiui),
i=1 i=1

corresponding to random regressors sampled from the empirical distribution on
X . Empirical likelihood inferences in this setting tend to be conservative. Asymp-
totically they cover the true value more often than the nominal level indicates.

Theoren 3.5 shows tha imposirg the constrainty w,;U; = E(U) for sample
valuesU; has asymptotically the same effect as conditioning on the observed
value of (1/n) Y_i, U;. So this suggests that we might be able to capture the
effects of conditioning or:; by employing the constraints

n
1
E W; Ty = — iz
: n-
=1

and

n 1 n

} : / 2 : /
W;TiT; = — TiT;

: n-

i=1 i=1

while computirg R(3). Then our analyss will, in the seng of Theoren 3.5, be
conditional on the first and second moments: of

To match even more features of the observedalues, letQ(z) be ans-
dimensional function of, and consider imposing the constraint’_, w;Q(z;) =
(1/n) > ", Q(z;) = Q analogous to conditioning on the observed valu€)of
Theses constraints cannot widen the confidence regiorstorhey would narrow
it asymptotically if there were any correlation betwegqX ;) andZ,(3).

Wheng s is the true regression vector,

E(Zi(Bus)Q(Xi)) = E(E (Zi(Bus) | Xi) Q (Xi)) = 0.

There appears to be no advantage to conditioning on any finite set of moments of
X in the limit asn — oo. For a scalar function aofs, the ratio of constrained

to unconstrained confidence interval lengths approatliessn — oo. Perhaps
there are benefits to imposing constraints on the reweightdulit if so they tend

to disappear a8 — oo.

There are two common reasons for fixing regressors by conditioning. The first
is that the conditional variance of the least squares estinsiatois simpler than
the unconditional one, especially when the errors are assumed to have constant
variance.

The second, and more subtle, reason is based on the statistical idea of ancil-
larity. Suppose that observing th& does not give us any information about the
value of frs but does give us information about the variance,égg. For in-
stance, with constant error variandér(fGs) = (S0, z:2}) " 'o2. A statistic
like =", 2}, which tells us nothing about. s but something aboufar(fLs),
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is called ancillary. The point of conditioning on an ancillary statistic is to use the
known variance of our estimate rather than considering athand correspond-
ing otherVar(BLs)’s that we might have had instead. In particular, we should
expect confidence regions f6fs to be large whery"""_, z;2 is small and vice
versa. This indeed holds for empirical likelihood, and most if not all other widely
used confidence interval methods for regression.

4.3 Triangular array ELT

In applications such as linear regression with nonrandom predictors, and kernel
smoothing (Chapter 5), empirical likelihood is applied to the mean of random
variables that are not necessarily independent and identically distributed. Instead
atriangular array structueg;,, € RP fori = 1,... ,nis appropriate. The vectors

can be arranged into a triangular array,

le
Zia  Zoo
Z13  Zoz L33
Zln Z2n Z3n T Znn
For eachn, we will assume tha,,,... , Z,, are independent, but not neces-

sarily that they are identically distributed. For regression with fixed regressors,
Zin(B) = x;(Yi—x}3). Inregressior¥,,, = Z;,, fori < n < m, though this does
not hold in other settings. We assume th4t;,,) is the same foi = 1,... ,n.
In regression, this common value(dor all n, but in other settings the common
mean can depend on The variances of th&;,, have to be of roughly the same
order of magnitude for a central limit theorem to hold.

IntroduceV;,, = Var(Z;,,) andV,, = (1/n)> ", Vi, and for a real sym-
metric matrix A4, let maxeig(A) andmineig(A) denote the largest and smallest
eigenvalues of, respectively.

Theorem 4.1 (Triangular array ELT) LetZ;, € RP for1 < ¢ < n andn >
nmin D€ a triangular array of random vectors. Suppose that for eachhat

Zin, -, Zny are independent and have common meanLet ,, denote the
convex hulloZy,,, . .. , Z,,, and putoy,, = maxeig(V},), ando,,, = mineig(V,,).
Assume that as — oo
Pr(pun, € Hy) — 1 (4.4)

and

1 & 4 _

= > B (1Zin — mall o32) =0 (4.5)

=1
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and that for some > 0 and alln > nyin,

I > . (4.6)
O1n

Then—2log R(u,) — Xfp) in distribution asn — oo, where

R (pn) = max{ﬁnwi | i:wz (Zin, — pn) = 0,w; > O,En:wi = 1} .
i=1 i=1 i=1

Proof. This theorem is proved in Chapter 11.3(]

For regression problems with fixed predictegsand independent respons€s
the vectorsZ,,(6o) = z:(Y; — z5p) are independent. They all have meaif
Bo is the true common regression vector. That iF{” | X = ;) = 0y, for
1=1,...,n.

The asymptotic results do not depend on whigh,, is used. For regression
problemsn;, > p, for otherwises,, = 0. In applications there are usually
many more data points than regression coefficients, so the ngluehas only a
minor role.

The convex hull conditior{4.4), which was easily satisfied for the mean of
IID random vectors, must be investigated separately for each use of the triangular
array ELT. If all the errors; are positive then it is certain thatg H,,. Simi-
larly, for simple linear regression with; = (1,¢;)’, if the regression, + (:t
is increasing, with3; > 0, but the sample data are decreasing, with< Y;
whenevert; > ¢;, then0 ¢ H,,. We cannot reweight a decreasing sample to get
an increasing regression line.

Under normal circumstances, we expect however that) will be satisfied
rapidly unlesg is large om is small. Lete; = Y; — 25, be the error for observa-
tion 4, so thatZ;,, = x;e;. We require that some vector of weights > 0 exists
with > w; = 1and)"" , w;z;e; = 0. Here is a simple sufficient condition.

Lemma 4.1 Let’H," be the convex hull of the sét; | ¢; > 0,1 < i < n} and
let H,, be the convex hull of the sét; | e; < 0,1 <4 < n}. fH}I NH, #0,
then0 € H,,.

Proof. If z € M, N'H,,, then we may writer = """ wiz; = >0 w; 2y
with all w > 0, 31", wf =1, w = 0if ¢; <0, andw; = 0if ¢; > 0. Then
S wEZi, = xéx wheregy = S0 wie;. We havee_ < 0 < &4, and by

takingw; = (w;"|e_| +w;|ey])/(|ex] + |e-]), we find

zn:w»Z _le_Jxey + ey |re. 0
P 1 T |’é—'+| + ‘Fé/7| - 1

andso) € H,,. [
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For simple linear regression witti = 5y + 61t; + ¢; andx; = (1,¢;), the
convex hull condition simplifies further. Lt~ be the interval from the smallest
t; with e; > 0 to the largest; with e; > 0, and let/,; be similarly defined using
t; with e; < 0. If these intervals overlap théne H,,. We simply require a triple
t; < t; < t, where the sign o¢; differs from those og; andey. If on the other
hand there is some valdesuch that; > 0 whenevet; > ¢t ande; < 0 whenever
t; < t, then0O might not be inH,,.

The vectorsZ;,, have variancé’;,, = 2,202, whereo? = Var(Y;), SO

(AR

n
12 : ’_2
n i=1

Under mild conditions onr; and o2, both o1, = maxeig(V,,), and o, =
mineig(V;,) have finite nonzero I|m|ts;100 ando,., respectively, as — oc.
For regression, conditiof#t.5) becomes

ZH il E (e}) o1, — 0.

If o1, tends to a finite nonzero limit, then a sufficient condition {@5) is that
maxi <<, E(e}) andmax;<;<, ||z;]|* both have a finite upper bound holding
for all n. Still weaker conditions are sufficient. These quantities are allowed to
diverge slowly to infinity, and even the average |of;||* E(e}) can diverge to
infinity as long as it remains(n).

For condition(4.6), the constant can be taken to be slightly smaller than
0peo/ 0100 When these exist. To violate conditi¢4.6) would require either un-
bounded ratios of observation varianeésor unbounded ratios of extreme eigen-
values ofn ™' Y7 | z;x).

4.4 Analysis of variance

The one way analysis of variance (ANOVA) is widely used to compare the means
of different populations. Suppose that we observe independent random variables
Yij e Ryfori =1,... ,kandj = 1,... ,n;. The groups are considered to
have possibly different means, and usually an identical variance. Then the null
hypothesis of identical means is rejected when the ratio

k- — —
ﬁ Zi:1 nz(Yu - Y..)2
k n; —
NoF Lic1 > o1 (Yij — Yil)?
exceeds thé — « quantiIeF,i:f“N . Of the Fi,_q n_j, distribution. HereN =

iy, andYi, = (1/n) Y74, Vi, andY,, = (1/N) 325, 3002, . The

F distribution holds if theY;; are normally dlstributed, and it holds asymptoti-
cally for non-normal data. The assumption of a common variance is critical for
asymptotic validity, unless the; are equal or nearly so.
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For an empirical likelihood approach to ANOVA, we suppose fHate R?
are independent and have the distributigp, for d > 1. We do not need to dis-
tinguish ANOVA (d = 1) from multivariate ANOVA (MANOVA) withd > 1. A
natural approach to empirical likelihood for this setting is to define the likelihood
function

Lk(Fl,... ,Fk) = Hﬂvij,

i=1j=1

wherev;; = F;({Y;;}). The empirical likelihood ratio function is then

k ny
Rk(Fl,... ,Fk) = HHnﬂ)ij.

i=1j=1

An alternative formulation is to encode the dataMapairs(7,Y) wherel €
{1,...,k} andY € R% The observatiofy;; is represented by a pair with= i
andY = Y;;. Let F' be a distribution or{,Y") pairs. The data are not an IID
sample from any such distributiafy, in the usual setting whene; are nonran-
dom. Instead the variablebehaves more like a nonrandom categorical predictor.
Define the likelihood

k n;
= H H Wig,

i=1j=1

wherew;; = F'({(4,Y:;)}) > 0 ande 1 ZJ 1 Wij =
The weightsw;; can be factored intav; ;w;, wherewl. = Z - w;; and

wj|; = wi;/wi.. Thew;, factor describes the probability attached}Byo group
I = i, while the factorw;; describes the distribution df;; given that/ = i.
In ANOVA problems, we are usually interested khonly throughw;;. This is
necessarily true when the; have been fixed by the experimental design. The
empirical likelihood ratio function on data pairs may be written

k n;
F) = H H Nwi,wj“

i=1j=1

(1) ) (I )

If we maximize R(F) subject to constraints that only involug;, then the result
will have w;, = n;/N and so

R(F) = Ry (F1, ..., F)

whereF;({Yi;}) = w;};. Maximizing the likelihood ratio for such constraints au-
tomatically keeps the group weights, proportional to the actual sample sizes
Empirical likelihood confidence regions and tests for the one way ANOVA will
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be identical whether they are constructed throgh") or through the more natu-
ral R (Fi,. .., Fy), aslong as the statistic(#') depends only on the conditional
distributions ofY;; givenI = i and not on the marginal distribution of the group
variable!. The triangular array ELT is then available to justify the method based
on sampling7,Y) pairs.

Suppose that,o = [ ydF;(y) € R? and define

n;

k n; k
R(pr, - s i) ZmaX{HHNwij | wij >0, Y wi=1

i=1j=1 i=1 j=1

Zwij(yij—Mi)ZQ j=1,... Jg,}.

j=1
To apply the triangular array ELT, define the auxiliary variablgsy € RP,
whereD = kd. TakingY;; to be column vectors, we write
Ziin = (0,...,0,Y) — ut,0,...,0),

) T4y

whereY; — p; is preceded byi — 1)d zeros and followed byk — i)d zeros. We
could rewriteZ;; 5 asZ;y for 1 <! < N in order to make the notation more
closely match that of the triangular array ELT, but this is not necessary. The key
guantity in applying that theorem is the matkiy; given by

ny Var(Yq1) 0 e 0
Vo 1 0 ngVar(Yey) - 0
N z S

0 0 ce nkVar(Yk,l)

If eachVar(Y;1) is finite and nonsingular, then the condition on the eigenvalues
of Vy is satisfied so long as the sample sizes grow subject to

min; n;

lim > 0. 4.7)

N—oo max; n;

The convex hull condition foZ,; 5 becomes: convex hull conditions: for each
i =1,...,k, the convex hull oft;; needs to contaip;,. Thus under very mild
conditions ,

—2log R(p10; - - - » k0) = X{D)

in distribution asN — oo.
Returning to ANOVA, suppose thdt= 1. Then

—210g R(p110, - - - » k0) = X{n)

in distribution asV — oo. The most common hypothesis is thay = 1 all take
the same (unknown) value. This hypothesis correspondés-td constraints on

©2001 CRC PressLLC



the mean ofZ;; v instead ofk constraints and so
-2 max log R(pty ..., ) — X?k—l)

in distribution asN — oo whenuyg = --- = ugo. The observations do not need
to be normally distributed, or to have a common variance, and the sample sizes
need not be equal. Each group needs a finite nonzero variance.

Ford > 1, empirical likelihood produces MANOVA tests for equality of
requiring very weak assumptions and having an asympﬁgfgg%fl)) calibra-
tion. The formulation above can be further generalized to a setting where the data
have possibly different dimensiors in each population. An asymptotic, re-
sult holds for—2log R(u1, - .. , ur) under conditions including a bound on the
ratio of eigenvalues of the matriky. Now the matrixVy is D by D where
D= Zle d;. Whend; # da, it is not natural to comparg;, and g, though
comparisons of functions ¢fy, . . ., ux may be of interest.

More general multi-sample statistics are considered in Chapter 11.4. For exam-
ple,Pr(Y1; > Y;) is covered there, but not by the ANOVA formulation described
above.

4.5 Variance modeling

Least squares inferences can be inefficient when the respohses nonconstant
variances?, for fixed regressors, or wherf (z) = Var(Y | X = z) is noncon-

stant inz, for random regressors. Greater accuracy can be obtained by weighting
observation in inverse proportion to the variance Bf. In some cases the inef-
ficiency of unweighted least squares is mild and may be tolerated. In others, the
inefficiency may be large enough that we seek to put more weight on the less vari-
able observations. This can be done by introducing a model for the variafice of
Sometimes we may introduce such a model because the variance is interesting in
its own right.

Suppose that we obsery&’, Z,Y)) triples, whereX and Z are thought to be
related to the mean and variance Yof respectively. It may be that is X, a
subvector ofX, or a transformation oX . Perhaps X;, Z;,Y;) are IID vectors,
or alternativelyr; andz; are fixed. Because the varianceYotannot be negative
it is natural to model the logarithm of the variance ¥6fusing Z. The model
Y| (X,Z) ~ N(X'S3,exp(2Z'v)), leads to the estimating equations

0= % Zexp(—Qzl'-'y)xi(Yi —z3) (4.8)
i=1
0= % Z 2 (1 —exp(—22y)(Y; — xiﬁ)2) (4.9)

=1

For the breast cancer data, take= (1, P;)’, andz; = (1,log P;)’, whereP;
is the population of théth county, and tak&; = C;, the number of cancer deaths
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in that county. The model for the expected value_pfis now 5y + (5, P;, but we

will run the regression through the origin, by constrainifag= 0. The model for

the conditional standard deviation©f is a power modetxp(yo +71 log(P;)) =
exp(vo)P;"". A normal distribution clearly cannot hold for discrete data, but the
parametersi;, vo, and~; retain their interpretations as parameters of the mean
and variance of”' given P. Specifically, E(C|P) = g, P, andVar(Y|P) =
exp(2y0) P2,

The simplest parametric model one might believe to hold for cancer incidence
is Poisson with intensity proportional to the population size. This model would
give a regression through the origin. It would also give = 1/2 and~, =
log(B1)/2, because for a Poisson model the variance equals the mean. It is often
found that a Poisson model fails to fit epidemiological data. A Poisson model may
be derived by assuming that different people get cancer independently of each
other, and with the same small probability. Commonly there is overdispersion,
wherein the variance of observations with different means increases faster than
does the mean. This can happen with clustering (as for families within counties)
or because there is variation from county to county in factors such as industrial ex-
posure, age, or smoking. A commonly used model for data overdispersed relative
to the Poisson is the Gamma distribution. For Gamma distributigns; 1.

The MLE's for the cancer data a&; = 3.57, 99 = 0.602 and4; = 0.731.

The value fory; describes overdispersion relative to a Poisson model, but less
overdispersion than would hold in a Gamma model.

Theleft pané of Figure 4.3 showsthe profile empiricd li kelihoad ratio function
for 8;. For comparison purposes, the curve fgrfrom a regression through the
origin without variance modeling is also shown. The two curves have roughly the
same width. The approximate four-fold efficiency gain from regression through
the origin can also be obtained by variance modeling which puts more weight on
observations from small counties. Also, using both techniques is not much more
accurate than using just one of them.

Theright pane of Figure 4.3 plots the profile empiricd likelihoad function for
~1 using both regression through the origin and unconstrained regression. The
constraint narrows the empirical likelihood function peak slightly. In particular,
constraining the regression to go through the origin raises the lower confidence
limit for -, somewhat. By either curve, we can infer that both the overdisper-
sion relative to the Poisson model and the underdispersion relative to the Gamma
model are statistically significant. The val0g’5 is near the center of the confi-
dence interval fory;, and this corresponds to weighting the observations propor-
tionally to P!5 instead ofP or P? as in Poisson and Gamma models, respectively.

4.6 Nonlinear least squares

In some applications there is a specific functional foffa;, #) that is known
or suspected to giv&(Y|X = xz). Then a reasonable way to estimétés to
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Figure 4.3 The left plot shows the empirical likelihood function for the intercept in a linear
regression through the origin, relating cancer mortality to county population for the data
shown in Figure 4.1 The solid curveisfroma heteoscedast regressio mode| the dotted

curve is from a regression model using constant variance. The right plot shows the empir-
ical likelihood function for the exponent in a power law relating the standard deviation of
the cancer mortality level to the population size. Values 1/2 and 1, corresponding to Pois-
son and Gamma models, respectively, do not fit the data. The solid curve is for regression
through the origin, the dotted curve is for regression not contrained to pass through the
origin.

minimize

n

S0) = (Vi — f(x:,0))* (4.10)

=1
with respect t@. Minimizing equation (4.10) gives the maximum likelihood es-
timate of# under a model with independekt ~ N (f(x;,0),c?). We suppose
that f(«, 0) is not linear ind, for otherwise linear regression methods could be
used.

The least squares estimate is still valuable, eveY ire not normally dis-
tributed or do not have equal variance. For rand&mm the population quan-
tity estimated is that value af minimizing E((Y — f(X,#))?). In particular,
if E(Y|X = x) were really of the formf(z, 6y), thenfy minimizesE((Y —
F(X.0)?). )

Finding the nonlinear least squares estintatan be a challenge. Success can
depend on using good starting values, and it may be necessary to rescale the data
or parameter values to avoid loss of numerical accuracy. The same edliinate
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used for empirical likelihood and parametric inferences. The methods differ when
it comes to constructing confidence sets.

Normal theory confidence regions fémay be obtained either by linearizing
the model or by profiling the log likelihood function. Linearization inferences
begin with the approximation

J(z4,0) = f(xi,00) + (0 — 00) g(x4,60),

where

g(fL’Z‘,Q) aaef(xlve)

The vectord — 6y may be approximated by a linear regression withnaloy p
predictor matrixJ and a response vectdrgiven by

g(z1,00) Y1 — f(z1,00)

,00) Y, — ,0
= J(60) = g(xg: o) and Z = Z(0) = 2 :f(xz o)
g(xna 00)/ Yn - f(xna 00)

The valuefy is unknown. The Gauss-Newton iteration estlmaﬂ;esby iterated
least squares, replaciigoy 6 + (J'.J)~1.J'Z, whereJ = J(f) andZ = Z ().

Under standard assumptions, the asymptotic dlstr|but|on16?(9 — ) is
N(0,02%(J'J)~1). This matches our expectations under a linear regression model
on J, and justifies ellipsoidal confidence regions favf the form

{9 | (0 —6)JJ(0—0)<s pF;,ﬂp} (4.12)
wheres? = S(0)/(n — p).

Confidence regions fdl, formed by thresholding the normal theory likelihood
reduce to thresholding the functiéi{d). The asymptotic distribution dfS(6,) —
S(0))/ps®is F, ,,_, justifying confidence regions of the form

{9 | S(6) < S@)[1+ — Fplnap” (4.12)

It can be very difficult to get accurate inferences in nonlinear least squares
problems. The source of this difficulty is curvature of the vector

fn(e) = (f (.%'1,9) yeee 7f(xn79))/

expressed as a function @fThis mapping fronR? to R” has two kinds of curva-

ture: intrinsic curvature and parameter effects curvature. Intrinsic curvature arises
because the-dimensional surfacéf,(6) | # € RP} in n-dimensional space

is not flat but curved. Parameter effects curvature arises because of the label-
ing throughd of the points in this surface. In a linear mapping, chandirg

0 + A produces the same changefipfor any value of. In a nonlinear mapping
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fn(0+A)— f,(0) can depend strongly ahfor fixed A. Linearization inferences
implicitly approximatef,, (0 +A) — f,,(0) at everyd by f,,(0+A) — f,.(6), while
methods based directly on the sum of squares do not make this approximation.

If we reparameterize, replacigby 7(6) the intrinsic curvature of the surface
is unchanged, but the parameter effects curvature will usually have changed. It
is common for nonlinear models to employ the exponential function, or even to
have the exponential in an exponent. These models can have very high parameter
effects curvature.

It has been found empirically that confidence regionsffand functions of
found by thresholding (profiling) the sum of squares are usually well calibrated
but that confidence regions based on linearization can be very badly calibrated.
The usual explanation is that intrinsic curvatures are typically small compared to
parameter effects curvatures.

Another explanation for the success of methods based on the sum of squares
runs as follows. For normally distributéd with known and constant?, the set
{61 S() < a2xf;f)’a} has exactlyl — « coverage probability, regardless of
the form of f. Coverage error can enter whef is estimated. In a normal linear
model, the average squared residua$i§)/n = (n — p)s®/n ~ T Xy /T
This average squared residual tends to be smallerdthgout in a way that is well
understood and easily corrected. For a pathological nonlinear model, in which
the p-dimensional hyper-surfacgf,,(¢) | § € R’} C R™ nearly fills then-
dimensional spacé(f) can be far smaller tham?, and no practical correction
is available. But for reasonable models, the correctioﬁ(@o implicit in (4.12)
does not go far wrong.

Empirical likelihood inferences for nonlinear least squares are based on

e 3 . J— . 2
0 (wy,...,wy) —argm(}nsz(K fx,0))°.

i=1

If the sum of squares takes a unique minimum at a point where its gradient with
respect td@ vanishes, then the estimating equations

Zwi(yé — f(xi,0))g(x;,0) =0
i—1

serve to definé for given weightaw;. Because empirical likelihood is parameteri-
zation invariant, it is only affected by parameter effects curvature, in the same way
that a parametric likelihood is. Empirical likelihood inferences have an advantage
in not requiring constant error variance.

Figure 4.4 shows data measurig calcium upteke Y versus timeX. A reason-
able model for these data is

E(Y;|X; = @) =01 (1 — e %) (4.13)
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Figure 4.4 Shown are the calcium uptake data (Rawlings 1988) and a mBgE| X =
x) = 01(1 — exp(—02x)) fit to the data by nonlinear least squares.

The least squares estimates éfe: 4.309 andéQ = 0.208. The estimated curve
01(1 — exp(—0z) is shown as well.

Figure 4.5 shows the empiricd likelihoad ratio confidene regions for 6. These
contours do not look very elliptical. Some of them are not even convex.

4.7 Generalized linear models

In a generalized linear model (GLM) we begin with a parametric model for the
dataY ~ f(y;60), wheref may be either a probability density function, or a
probability mass function, with a single real-valued paramétdhis parameter
is then written a®) = 7(X’f) for predictorsX, a coefficient vectogs, and a
known functionr. The same response surface modélg that are used in linear
regression models may be used in GLM’s. The functiagerves, at the least, to
squash the real line into the natural domainfo&LM’s are usually described in
terms of the link function-—! for which X’3 = 7=1(9).

Apart from normal theory regression, the most widely used GLM is logistic
regression. Her&; € {0,1} are independent, witkr(Y; = 1 | X; = z;) =
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Figure 4.5 Shown are empirical likelihood contours for the parametrsand - in the
calcium uptake model. The confidence levels are 50%, 90%, 95%, and 99%.

T(x}3), for
_exp(z) N
T(2) = Trep@) (1 + exp( z)) .
The parametric likelihood fof is

n

[T ™ = r(@ie) =,

i=1

with log likelihood
> Yilog(iB) + (1= Y;)log(1 — 7(«}8)),
i=1

and estimating equations
n YL 1 }/l .
— 7' (x;B)x; =0,
2 (w;m 1= (7] >>

where7’(z) denotes

d exp(—2)

5,7 = 1t 7(2)(1 = 7(2)).

©2001 CRC PressLLC



After some algebra, the estimating equations simplify to

S (Y - 7(x}8)) = 0. (4.14)
=1

Empirical likelihood inferences for logistic regression are based on

=1
whereZ,;(3) = a:l( ; — 7(x) 5))
For a generalized Imear model witf) ~ f(y;;6;) andd = 7(z;3), the esti-
mating equations are

- yzv ) e,
; Flgr 6)) 7 (xB)x; = 0, (4.15)
where as usugj(y,0) = 9f(y;0)/06. In practice it can pay to simplify (4.15)
for the actual functiond, g, andr of the model. For example, (4.14) provides
insight into logistic regression that is not directly evident in (4.15).

A common source of difficulty with generalized linear models is overdisper-
sion. The generalized linear model usually implies that the conditional variance
of the response, given some predictors, is a known function of the conditional
mean, given those same predictors. Overdispersed data has a conditional variance
larger than what the model predicts for it. Overdispersion can invalidate statis-
tical inferences based on parametric likelihood ratios. An empirical likelihood
analysis treats the generalized linear model as a “working likelihood”, using the
same maximum likelihood estimate, but substituting a more generally applicable
likelihood ratio for the parametric one.

Giant cell (temporal) arteritis (GCA) is a form of vasculitis — inflammation of
blood or lymph vessels. A set of data on vasculitis cases was collected in order to
investigate statistical methods of separating GCA from other forms of vasculitis.
Therewere 585 caseswith the 8 binaly featuresrecorde in Table 4.1 Theresults
of alogistic regressim are shown in Table 4.2 and in Figure 4.6.

The coefficientss; are all strongly significant except the one for scalp tender-
ness. For a patient with symptoms € {0, 1}, interest centers on the function
0 = Bo+ Zle z;3; of the 3;. The primaly interes may bein (14 exp(—6))~!,
the probability under the logistic regression model that this patient has GCA.
Figure 4.7 shows the empiricd likelihoad ratio for this probability for nine hypo-
thetical patients, the'th one of which has the firdt — 1 symptoms and no others.
For a patient with the first three or fewer of the symptoms, the likelihood concen-
trates around low probabilities of GCA. If six or more symptoms are present, then
we may be similarly confident that the probability of GCA is very high. A GCA
probability nearl /2 would describe great uncertainty. For a patient with the first
four or five symptoms and no others, not only is the outcome uncertain, even the
amount of uncertainty is not well determined from the data.
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Variable Equals 1 if and only if

Headache New onset of localized headache
Temporal artery Tenderness or decreased pulsation
Polymyal rheumatism  Aching and morning stiffness
Artery biopsy Histological changes on biopsy,
showing destructive inflammatory process
ESR Erythrocyte sedimentation rate50 mm/hour
Claudication Fatigue and discomfort while eating
Age Disease onset after age 50
Scalp tenderness Tender areas or nodules over scalp, away from arteries

Table 4.1 Binary predictors of GCA. See the source (Bloch et al. 1990) for full definitions.

Another quantity of interest here is the predictive accuracy of the logistic re-
gression. Suppose that a threshold used so that i 5 > ¢ thenY is predicted
to bel, otherwiseY is predicted to b@. The value of: might be0, or it might be
adjusted to take account of the prior odds fHat 1, or the ratioL(1,0)/L(0, 1)
whereL(j, k) is the loss from predicting” = j whenY = k.

Variable Coefficient Log likelihood
Intercept —8.83 —272.33
Headache 154 —7.55
Temporal artery 2.45 —-11.21
Polymyal rheumatism 1.07 —3.59
Artery biopsy 3.56 —43.96
ESR 1.69 —6.26
Claudication 2.06 —4.26
Age 3.50 —19.72
Scalp tenderness -0.21 —0.59

Table 4.2 Estimated logistic regression coefficiejsfor GCA predictors, with empirical
log likelihood forHo : 3; = 0. Scalp tenderness is not a statistically significant predictor.
The others are all strongly significant.
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Figure 4.6 Shown are empirical likelihood functions for the 9 parameters in the logistic re-

gression of the GCA data. The plotting limits f§rcorrespond to lo@ (5;) approximately

equal to—25.0. The horizontal lines denote approximate 95% confidence levels, using a

X calibration of —2log R (3;).

Defined, andf, through estimating equations

0=E(Y x (1zs<c —61)),
0=E((1-Y)x (1zg>c — b))

and

Thend; is the probability of making a mistaken prediction, when= j. The
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Figure 4.7 Shown are empirical likelihood functions for nine hypothetical patients. Patient

k presents the first k 1 symptoms and only those, foek1, ..., 9. The top figure gives

the empirical likelihood ratio function foEj’“:_olﬁ,-. As the number of symptoms increases
from zero to nine each curve is to the right of the previous one, except that the curve for
all eight symptoms is just to the left of the one for the first seven symptoms. The lower
figure plots the same likelihoods versds+ exp(— ij:o 6))~%, giving a likelihood for

the estimated probability of GCA.

guantity 1 — 6, is the sensitivity of a logistic regression classifier for GCA. We
will work with ¢ = 0 for simplicity.

Sample versions af, andd; are subject to a bias, because the sample version
of 3 has been fit to the data. In an example like this with a large number of ob-
servations and relatively few parameters, such bias is likely to be small. Thus we
might consider estimating; and forming confidence intervals for it by empiri-
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cal likelihood. A difficulty arises because the Heaviside functdfu) = 1,>¢

is discontinuous, making both optimization and theory much harder. We replace
H by the smooth functiort?(u, e) = Pr(t4) < u/e) wherety is a Student’s

t random variable on four degrees of freedom and 0. Takinge = 0.05, the
estimating functions are:

0= E(Y x (G(c— Z3,0.05) — 91))
0= E((l ~Y) x (G(Z8 — ¢,0.05) — 90)).

The function G(-, 0.05), shown in Figure 4.8, is continuows ard differentiable
and is within0.01 of H for values ofu with exp(u)/(1 + exp(u)) outside the
interval[0.45, 0.55]. This substitution makes; more tractable at the cost of blur-
ring the error count for near misses.

Figure 4.9 plots the empiricd likelihoad for the smoothe conditiond error
probabilities, when using a threshold ©f= 0. The flatness at the top of these
curves is not very common in profile log likelihoods. On inspection of the data,
there are a number of observations with= 0 and Z3 just barely less than
0. Small movements in the logistic regression parameters can produce modestly
large positiveZ 3 values for these observations.

4.8 Poisson regression

Poisson regression is a generalized linear model in whjeh Poi(7(x}3)). Here
x; is a vector of predictors, usually including a component always equalftbe
most widely used model hagz) = exp(z).

The number of home run¥ hit by a baseball player in one year may have
approximately a Poisson distribution. It is reasonable to expect the number of
home runs to depend on the number of timethe player came to bat, as well as
the number of yearsthat the player has been playing. A natural model is that in
yeari, Y; ~ Poi(\;) where

Ai = exp(fo + Biti + B2 log(m;))
=m{* exp(Bo + Put:).
It is natural to set3, = 1 in order to study the number of home runs per at

bat. Such a constraint is called an offset in generalized linear modeling. Thus we
consider the model

Y; ~ Poi(m; exp(By + Biti)).

Baseball fans tend to study at bats per homewyiY;. Figure 4.10 shows
this quantity plotted against the year for two singular home run hitters of the
20th century: Babe Ruth and Hank Aaron. It is well beyond the scope of this text
to attempt to compare two players from different eras. However, the coefficient
(1 can be interpreted as a comparison for an individual player. A positive value
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Figure 4.8 The top plot show&! (u, 0.05) and H (u) for the logit,u = log(w/(1—m)). The
bottom plot showsé?(u, 0.05) and H (u) versus the probabiliityr = exp(u)/(1+exp(u)).

describes a player whose home run production is increasing over time. A negative
value has the opposite interpretation.

It appears from the plot that Ruth’s home run production was fluctuating around
a decreasing trend line. Aaron’s was mostly increasing, except for his final two (or
possibly three) seasons. A trend in home run production could be due to changes
in a player’s skill, or to many other factors, such as an opposite trend in the pitch-
ing talent, or changes in baseball manufacture, stadium size, and team strategy.

For Babe Ruth3; = —.01841, corresponding to a drop of aboli84% per
year in home run production per at bat. For Hank Aarén= 0.01420, corre-
sponding to an increase of abdut2% per year.

We can investigate these trends by constructing confidence intervais. far
least squares regression confidence interval would ignore the fact that for Poisson
data the variance is equal to the mean. A confidence interval based on the Poisson
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Figure 4.9 The left curve shows the empirical likelihood function for the smoothed prob-
ability of error for a patient with GCA. The right curve shows the empirical likelihood
function for the smoothed probability of error for a patient without GCA.

likelihood could be in error because of overdispersion. Finally a confidence inter-
val based on likelihood curvature at the MLE might be inaccurate because of the
strong curvature in the exponential activation function.

Figure 4.11 shows profile empiricd likelihoad ratio curvesfor 3;, for these two
players. The bootstrap threshold fe2 log R (/5;) is approximatelys.65 for Babe
Ruth ands.51 for Hank Aaron. These are indicated by horizontal calibration lines
atexp(—6.65/2) = 0.0360 andexp(—6.51/2) = 0.0385, respectively. A short
vertical line throughs; = 0 shows thab is in the confidence interval for Aaron,
and just barely inside the one for Ruth.

It is plausible that Ruth’'s home run rate only appears to decrease because of
sampling fluctuations. Aaron’s home run rate could more easily have been con-
stant. Running the analysis on all of Aaron’s seasons but the last two, one finds
that0 is clearly outside of the confidence interval. The interpretation of this is that
Aaron might have been steadily increasing in home run output for thefirst
his 23 seasons, but that the last two seasons do not fit the linear model.
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Figure 4.10Shown are the number of at bats per home run for Babe Ruth and Hank Aaron,
in each year of their careers. The left curve is for Babe Ruth, the right is for Hank Aaron.
The Aaron data can be fourd at http://Baseball-Reference.co mand the Ruth

data is from Stapleton (1995).

4.9 Calibration, prediction, and tolerance regions

In linear regression, a common problem is to construct a confidence interval for
Bo + B1xo, Wherez is a specified value of the predictor variable. A related prob-
lem, called calibration or inverse regression, is to find a confidence region for the
valuexq with 8y + 8129 = ¥, for a given response valug.

These problems are similar in that they may be handled by maximizing likeli-
hood, parametric or empirical, subject to the additional constraint

Bo + Bi1xo = Yo-

For regressiong is fixed and the likelihood ratio is found for eagh, after
maximizing overgs, and ;. For calibration,zo varies for a giveny,. There is

an important practical difference: when the slgpeis not well determined the
confidence set fok is not necessarily a finite interval. It can be the whole real
line or even the set theoretic complement of a finite interval.

Prediction intervals extend easily to nonlinear and generalized linear models.
Calibration intervals are more complicated. Specifyiggmposes only one con-
straint onzg, so if the predictor is in a-dimensional space, there will generally
be ap — 1 dimensional space afy values consistent with, at the MLE of the
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Figure 4.11Shown are empirical likelihood ratio curves for the time coefficignin the

home run intensities of Babe Ruth and Hank Aaron. The coeffigieneasures a player's
annual improvement in home run productivity, as described in the text. The curve for Ruth
is to the left of that for Aaron. Horizontal reference lines and a short vertical reference line
show that 0 is in the confidence interval fér for both players, as described in the text.

parameter. More generally, when the dimensioXaf larger than that oY, we
can ordinarily expect that calibration estimating equations are underdetermined,
while if Y has the larger dimension, we might anticipate the calibration problem
to be overdetermined.

A related problem is that of tolerance intervals or regions. Giygnwe seek
a set that with confidencé — « contains at least — ~ of the probability in
the distribution of corresponding, values. Consider a linear regression problem
with observationg X;, Y;) € R? independent and identically distributed for=

1,...,n. The estimating equations
0=EY — B — A X) (4.16)
0=EX(Y - fo - 1X)) (4.17)
0=E((Y - fo— 51 X)* —0°) (4.18)
0= E(1Y<ﬁ0+51X+'rcr - 095) (419)

define the regression intercept, slope, and error standard deviationstg Be,
ando, respectively. They also defiresuch that% of theY values lier or more
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standard deviations above the regression line. For a tolerance intgyval; xo+

7o is of interest, while3y, 51, 7, ando themselves are nuisance parameters.
Equation (4.19 above is nat differentiabé with respetto the parametersand

so Theoren 3.6 does nat apply. Theoren 3.4 does apply if we are satisfied with a

joint confidence regiot’* ~« for (3y, 51, o, 7). We could construct a regiaii* ~«

using ax%4) calibration. The seff3y + B1x¢ + 70 | (Bo, B1,0,7) € C1=2} then

has asymptotic coverage greater than or equal to the nominal level frogt,the

calibration. Intuitively we expect that the right coverage level should be obtained

using one degree of freedom. Presently known results do not let us conclude this

in general. See Chapter 10.6 for some related results.

4.10 Euclidean likelihood for regression and ANOVA

Applying the Euclidean log likelihood to the regression problem produces a test
statistic

n —1
(B - Bo) [(X'X)‘l (Z(n ~ Xq;m?Xng) Wc)‘l] (B - o)
=1
whereX = (X; Xo -+ X,,)'.
This is equivalent to using White’s heteroscedasticity robust estimate

n

o (Z(Yi - XQB)ZXZ-X2> (') (4.20)

i=1

of the covariance matrix o8. The true covariance of is
(2'x)" (Z a?XiX;) (2'x) ",
=1

and so (4.20) can be thought of as us{dg — X/3)2 as an estimate af2. For
each individualo?, this is a poor estimate, but the estimation errors tend to
cancel and the result gives properly calibrated inferencesttiat do not require
equal variance for the observations.

If there is a common value? = o2, the true covariance simplifies to the fa-
miliar form o?(x’x)~!, for which the usual estimate is of the fodd (X’ x) 1,

For the Euclidean log likelihood the two approaches to ANOVA in Chapter 4.4
do not in general provide the same answer. Takingktléstributions approach,
with distance functioy ", S5t (njvi; — 1)* the resulting test statistic is

.
3, T = Y..)?
=1 " 7

2
5i
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where

Nn;
(2 ]:1

and
i _
v - Dict ”iYi-/Szz.
Zf:l ni/s?
The test statistic for regression, and the test statistic for ANOVA (with minor
modifications) have both been used in applications before, as described in the
bibliographic notes in Chapter 4.11.

4.11 Bibliographic notes

Empirical likelihood for regression was considered by Owen (1991), who used the
normal estimating equations to study first order coverage properties, including the
case of nonrandom predictors. Song Chen investigated higher order terms, estab-
lishing Bartlett correctability and exhibiting the Bartlett factor, again for nonran-
dom predictors. Chen (1993) considers confidence regions for the regression co-
efficients and Chen (19®4looks at confidence intervals for linear combinations

of regression coefficients.

The formulation of empirical and Euclidean likelihoods for ANOVA is taken
from Owen (1991). Jing (19%% and Adimari (1995) independently considered
the problem of comparing the means of two populations. Both find a chisquared
limit for the difference in means, using a product of one sample empirical like-
lihoods. Adimari (1995) obtains a noncentral chisquared distribution under alter-
nativesO(n~'/2) from the true difference in means. Jing (189Shows Bartlett
correctability.

The conservatism of empirical likelihood for fixed predictors and a misspec-
ified regression model is explained in Owen (1991). Davidian & Carroll (1987)
consider variance modeling in regression problems.

La Rocca (1998) studies the coverage error of empirical likelihood for linear
regression models, including several error distributions, and both equal and un-
equal error variances. Bootstrap calibration of empirical likelihood proves to be
most reliable.

The most basic form of model selection for regressions is conducted by fitting
the model with and without one of the predictor variables and comparing the sum
of squares. In empirical likelihood, the analogous procedure is to fit the model
with and without constraining the corresponding parameter to be zero, and to
compare the constrained and unconstrained empirical log likelihood ratios. Con-
straining a parameter to zero is different from dropping the corresponding predic-
tor, because the constrained fit keeps the residuals uncorrelated with the missing
predictor. Based on the results in Qin & Lawless (1994) we would expect this ex-
tra information to be helpful. Kolaczyk (1995) investigated empirical likelihood
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model selection, introducing an empirical information criterion (EIC) analogous
to AIC (Akaike’s information criterion) given by Akaike (1973).

Generalized linear models were introduced by Nelder & Wedderburn (1972).
McCullagh & Nelder (1983) is the standard reference on GLM’s. Empirical like-
lihood for GLM'’s was investigated by Kolaczyk (1994), who considered GLM’s
with a fixed amount of overdispersion. He also considered estimating an overdis-
persion constant and modeling the overdispersion via a link and a linear model.
The usual inferences for GLM’s do not require that the motivating parametric
model hold. They can instead be defined through a quasi-likelihood. See Wed-
derburn (1974). This weakens the model to a requirement that the conditional
variance ofY” given X = x be functionally related to the conditional mean, that
is o2(z) = h(u(z)) for some known function:. There is no reason in general to
expect data that depart from the parametric model to satisfy the quasi-likelihood
condition, although the introduction of an overdispersion parameter or model
can mitigate the problem. Nelder & Pregibon (1987) introduce extended quasi-
likelihood to model overdispersion. See also Jorgensen (1987). Efron (1986) in-
troduces double exponential families.

The GCA data is from Bloch et al. (1990). They investigate numerous predic-
tion rules for GCA and find that logistic regression performs best. They do not use
a zero threshold. Their logistic regression coefficients are not the same as the ones
in Table 4.2, thoudh they are qualitatvely similar. There may have been slight dif-
ferences in the data, or they might not have used maximum likelihood estimates.
The codficientsin Table 4.2 agres with the ones computel by the gim function in
S-PLUS.

The idea to study baseball home runs comes from Stapleton (1995), who pro-
vides the Babe Ruth data. Data for other players is easily available over the Inter-
net at numeros sites The site Baseball-Reference.co mcontairs alot of
baseball data.

Background material on nonlinear least squares asymptotics and algorithms
can be found in Bates & Watts (1988) and Seber & Wild (1989). The calcium up-
take data is from Rawlings (1988). Davison & Hinkley (1997) present a bootstrap
analysis of it.

The estimat€4.20)is due to White (1980).

For the analysis of variance (with= 1), the Euclidean likelihood is essentially
equivalent to the statistic used by James (1951) to test differences among group
means when the variances are thought to be unequal. James (1951), uséd
instead of; in definings?. His critical value was not taken from& distribution
but instead took account of the differing valuesspf

4.12 Exercises

Exercise 4.1 Consider regression with a predictdr € R¢ and a responsg ¢
R. The data are I X,Y") pairs, including numerous ties among thés. The
data can then be labeled &5 € R%, i = 1,..., k, with which we observ&;; €
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R,j =1,...,n;. DEﬁneZij(ﬂ) = X{(Y;] — X;ﬂ) Letffb = (1/7’11) Z}L;1 }/ijv
Zi(B) = (1/mi) 3252, Zi;(8), and

PR =0y TR AL T
! 0 n,-:l.

Define pure error and lack of fit varianc(egE = ff y—p(x))?dFx,y (z,y) and
otp = [(u(z) — 2'B)?dFx (), wherep(z) = [dey‘X (y). Forn; > 1,
E(s?) = og. Consider the estimating equatlons

k
0= ZwmiZ(ﬁ)
i=1
0= sz [’anZQ — niJ%F — UIQDE]

O—sz n; s —UPE]

Show that the quantities belng averaged have expectaifanis the least squares
coefficient vector and? ando?; are the correct values. Do empirical likelihood
confidence regions for these parameters have the correct calibration-aso?
What conditions if any are required en? Now suppose that is fixed and that

n; — oo. Are empirical likelihood regions correctly calibrated? If not, suggest an
alternative formulation of the problem.

Exercise 4.2 For the cancer data, construct the empirical likelihood ratio function
for the slopes3,, using the estimating equatidiy((C; — 5, P;)P;) = 0. Compare

it to the likelihood ratio curve fors; from ordinary linear regression and from
regression through the origin witN (0, o) errors.

Exercise 4.3Find a joint distribution forX ¢ R? andY < R, and a vector
B € R4 such thate (|| X [|2(Y — X'3)?) < oo, but at least one af(|| X ||*) = oo
or E(|| X||?Y?) = oo holds.

Exercise 4.4 Consider a regression &f;, on predictorsX; = (1,U;,V;)', i =
1,...,n. Suppose that = 100 and that/gz, Us4, V17, V3s, andVge are missing,
while all other observations are available. In addition to the regression parameter
vector 3 introduce a parameter for each of the missing values. The estimating
equations are still

sz (Vi = X;8) =0,

except that there are now eight parametgts 02, 83, Usz, Usa, V17, Vas, Vi2)
for these three estimating equations. Which, if any, of these parameters has a
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unigue NPMLE? Assume that the matrix consisting of all completely observed
X vectors has full rank.

Exercise 4.5 Consider the ratio
x _ _
1 i (Vi — Y.)?

= k T, X/ .
ﬁ Zi:l Zj:1(Yij - Yi-)2
Suppose that = 2, n; = n, andny = n2. Consider the limit as, — co. Assume
that independent;; ~ F; have meanu;, variances?, and E(Y;}) < co. Show
that F" has ax,, limitif 1, = p2 andof = o3 > 0. What happens if the means
are equal but the variances are not?

Exercise 4.6 Verify that the heteroscedastic regression estimating equaddis
and(4.9)are the likelihood equations for the modél~ N (X', exp(2Z'7)).

Exercise 4.7 Consider these two ways of computing

__exp(z)
m(2) = 1+ exp(z)

= [L+exp(=2)] ",

the squashing function for logistic regression. The IEEE floating point systems
have numbers that represento. As one would expect,/oco = 0 and1/0 = cc.
There is even a reciprocal0 for —oo with —0 equaling0. These systems also
have values NaN that designate “not a number”. A floating point value of NaN
arises from operations like dividingby 0, subtractingso from oo, multiplying 0

by oo or dividing oo by co.

The first expression for above can produce NaN for finite the second one
should not produce NaN for any € [—oo, 0], Find two ways of expressing
7/(z) = dr(z)/dz for which one way produces NaNs and the other does not.
Assume thatxp(oo) = oo andexp(—oc) = 0. Find a way of computing” (z) =
d*7(z)/d=? for which NaNs are not produced for anye [—oo, o0].

Exercise 4.8 The specificity of a classifier for predicting thet= 1 is the prob-
ability thatY = 1 given that the classifier predicis = 1. There is commonly

a trade-off between sensitivity and specificity. For a logistic regression predicting
Y = 1whenXg > ¢, the tradeoff is governed by the choice ©fWrite the
estimating equation for the specificity of a logistic regression rule. Is it smooth in
the parameters?
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CHAPTER 5

Empirical likelihood and smoothing

This chapter adapts empirical likelihood to curve estimation problems such as

density estimation and nonparametric regression. Kernel methods are an attrac-
tive choice for this, because they lead easily to estimating equations. We also

investigate some regression splines.

5.1 Kernel estimates

Figure 5.1 shows diastolic blood pressurein millimeters of mercuy, plotted
against age in years, for some men in New Zealand. Theresatedata points.
The data come from two sources: the Auckland Heart & Health study (Jackson,
Yee, Priest, Shaw & Beaglehole 1995) and another study called the Fletcher-
Challenge study. The original data were integer valued; the plotted points have
U(-0.5,0.5) random variables added to them to show them better. Blood pres-
sures that are multiples @f are more common than others, due to rounding. The
rounding stops at around age. This point is significant and we return to it later.
Superimposed on the data is a smooth curve taken as a local average of blood
pressure. Lettind(; denote age anl; denote blood pressure, the curve is

_ Z:':l Kh(Xi - 33)Y1
i Kn(Xi —a)

the Nadaraya-Watson estimator, where

Ky (2) ! e ( & )

3 =—9exXp| —75 |-

! V2rh P\ " on2

The bandwidh h usel in Figure5.1is5 years Thislocd averag may be thought

of as an estimate gi(z) = E(Y | X = z). The denominator in (5.1) can be
awkward, and so it is convenient to wrji€x) in terms of the estimating equation

() (5.1)

1< X
0= EZKhO(i_x)(Y;_N(m))' (5.2)
i=1
More general kernel estimates may be formed through

= )
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Figure 5.1 Diastolic blood pressure is plotted versus age. There are 7532 points from men
in New Zealand.

where a kernel functio” of integer order > 1 satisfies

/ K(z)dz=1,
/ ZK(2)dz=0, 1<j<r,

/Oo 2K (2)dz # 0.

oo

A common choice is foK to be a symmetric probability density function, so that
r = 2. Higher order kernels take some negative values, typically in “side lobes”,
and this can improve accuracyifis smooth enough. The benefits of higher order
kernels can also be attained by replacing the local average estimator (5.1) by a
locd linea or locd polynomid model See Exercie 5.2

Now suppose thak; € R? andY; € R¢, and that independent identically
distributed pairg X;,Y;) are observed. An estimafézx) of u(z) = E(Y | X =
x) may still be defined by (5.2), except that the kernel must obviously have a
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p-dimensional argument, and the natural scaling is

1 z
Kn(2) = 5 K (h)

The order of K may be defined by analogy to the one-dimensional case. Due
to a curse of dimensionality, the estimateapidly loses its effectiveness as
increases.

Kernel methods are also widely used to estimate probability density functions.
SupposeX; € RP are independent with a common densftyThen the kernel
density estimate of is

1 n
:E;Kh(){ _

As for kernel regression, kernel density estimation is really only practical for
smallp.

5.2 Bias and variance

This section illustrates the trade-off between bias and variance for kernel esti-
mates, using a slightly simplified kernel regression estimator withg = 1.

Forp = 1, kernel methods put relatively large weight only on ée:h) near-
est observations tay. These neighbors are at distari¢g:) from . If we choose
a smallh, then the observations are more nearly identically distributed, reducing
bias, while for largeh there are more of them, reducing variance. This sort of
trade-off is not restricted to kernel methods, but is ubiquitous in curve estimation
problems. As: — oo we should havé, — 0 andnh — oo to account for bias
and variance, respectively.

Suppose for simplicity, that instead of usifg2), we define

(o) Z Kp(X
ThenE(ji(xo)) = i(zo), where

i(xo) = E(Kp(X —20)Y / Kp(z — xo)p(z) fx (x)dx

where fx is the density ofX'. Assuming some smoothnessofind smallh we
may write

™) (2
o) = (o) + L7 / K (x — x0)(x — 20)" fx (2)da

hT T
= p(xo) + ——— /K Z'dz.

This bias of ordeh” in kernel estimates raises difficulties for confidence interval
construction below.
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To study the variance gf(x), introduces?(z) = Var(Y | X = ). Now

Var(i(eo)) = + B (K (X ~ 20)¥ — ji(a0))’)

_ 1 /Oo [(Kh(x —zo)p(z) — ﬂ(l’0>)2

nJ-—c

+ Kie - 20)0” ()| x (@)da
- / K(2)? [(zg + h2)? + 02 (xg + hz)] flxo+ hz)dz
= (ulao) 4 o)) flo) [ RGP (5.9

We see that the variance is of orderh)~! instead of the rate—! familiar for
finite dimensional parametric vectors. The appearange of,) in (5.3) arises
because the kernel weights are not made to sum to one. In practice, we fix this
by constraining the reweighted meanif,(X; — z¢) to bel, or by definingg
through the estimating equati¢h.2). Then, a more complicated derivation leads
to the same asymptotic orders for bias and variance.

The above derivation shows that for= 1, the bias is of ordeh” and the
variance is of ordefnh) !, so the mean squared error is of orééf +n-'h~1.
This order is minimized by taking o« »n~'/(2*+1) The resulting mean squared
error is of ordem "/t Symmetric densitie& have order = 2. Then the
optimal rate forh is n=2/%, and therefore the mean squared error decreases as
n~%/5 compared ta» ! for vector parameters. The variance decreases 45’
so that the kernel method has an effective sample size of efder

5.3 EL for kernel smooths

In practice, a kernel method requires a choicé .of here is a large literature on
choosingh from the data. Some references are given in Chapter 5.8. We will study
empirical likelihood for fixed sequencés= h(n) in order to gain insight into its
behavior. In practice, wheh is determined from the data, bootstrap calibration
of the profile empirical log likelihood should be used, wittbeing determined
in each bootstrap replication. We begin by considering pointwise inferences at a
single valuer. Confidence bands with uniform coverage over a setwdlues are
considered in Chapter 5.6.

The profile empirical likelihood ratio function for kernel regressions based on
(5.2)is

R (1) = max {H nw; | ZwiZm(I,u) =0,w; > O,Zwi = 1} , (5.9
i=1 i=1 i=1
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where
Zin(w, ) = Kp (X3 —2) (Vi — )

andh = h(n). There are two difficulties in using this statistic for inferences. The
first difficulty, which we return to below, is that due to bias in kernel estimation,
the expected value df;,, is zero not aju = E(Y | X = z) but at some other

valueji(x).
The second difficulty is in applying an ELT t8,,,. If we considerX; = z;
to be fixed predictors, then th&,, fori = 1,... ,n and a given value of,, are

not identically distributed. For II3X;,Y;) pairs, the distribution oZ;,, changes
with n and has a variance diverging to infinity. The difficulty in applying empiri-
cd likelihoad may be resoled throudh the triangula array ELT, Theoren 4.1 of
Chapter 4.3.

Theoran 4.1 requiresacomma mean for the Z;,,, a convex hull condition, and
two conditions on the variances &f,,. Suppose thatX;,Y;) € R? are an 1ID
sample. Ther¥,,,, . .., Z,, have a common medh but at a poinfi(x) differing
from p by a bias of ordefh”. The convex hull condition is satisfied as soon as
at least two suitable data points appear: oneWas ji(z) and K, (X; — z) >
0, while the other ha%; < fi(x) and againk} (X; — z) > 0. For compactly
supported kernels there are at le@tnh) points with K,(X; — z) > 0 and
for other kernels there may besuch points. The convex hull condition is very
quickly satisfied in this case.

Easy calculations show th&f, = Var(Z;,) = O(h™!) asn — co andh =
h(n) — 0. In this caséV,, is its own smallest and largest eigenvalue. The ratio
of largest to smallest eigenvalues is thus constant witnd so does not raise
difficulties. Next, we require a limit of zero for

E((Zin — E(Zin))")
nVz2 .

Mild moment assumptions give a rate ©f h—2) for the numerator in (5.5) and
then the ratio itself i©)((nh)~!). We already needeah — oo to control the vari-

ance of the estimate. Thus the triangular array ELT applies to kernel smoothing
under weak conditions.

The fact thatE (>, Z;,,) = 0 not atu(x), but atji(x), is more problematic.
There are several approaches to dealing with this problem, none of them com-
pletely satisfactory.

The first approach is based on undersmoothing. The valieiofaken small
enough that the bias jinis negligible compared to its standard deviation. Then the
error i, — fi is primarily due to sampling fluctuations and not bias, making empir-
ical likelihood inferences op relevant tou. The disadvantages of this approach
are that the undersmoothed estimatis less accurate than it would be with the
usual choice of, and that the curvg that results is more wiggly than the usual
one. In applications where we are most concerned aht) for one or a small
number of specifiay values, this roughness is less important. Undersmoothing

(5.5)
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is well suited to problems where getting a reliable confidence regiop(foy is
more important than getting the best possible point estimatg:of.

The second approach is to accept the empirical likelihood inferences as confi-
dence statements abquta smoothed version ¢f. The disadvantage here is that
[ is not very interpretable and the erfor— . may be as large as, or larger than,
the diameter of the confidence region. Asndh change: changes too, and so
it is not even a feature of the joitfX, V") distribution. There are some settings
in which this approach is adequate. Sometimes the guiseised for qualitative
interpretation, and not strictly as an estimate.ofn settings like this, one might
prefer an oversmoothed estimdlteusing a larger value df than the usual one.
Empirical likelihood confidence regions f@r can be used to assess how much
sampling fluctuation might contribute to featuregiin

A third approach is to compute an estimate of the pi@s — u:.(x), and subtract
this from the estimat¢i(«) and from the boundary of the confidence set. The
bias can be estimated by using a kernel of higher order. The disadvantage of this
approach is that the point estimate afr) is essentially produced by a higher
order kernel, while the confidence set around it is constructed for the original
kernel.

5.4 Blood pressure trajectories

The complete blood pressure data, after remoéhgncomplete cases, has the

age and blood pressures (systolic and diastolic) of 7532 men and 2934 women. As
people age, their blood pressures tend to increase, though the two blood pressures
increag in differert ways ard the patten is differert for men and women Figure

5.2 shows the trajectories taken by the average blood pressue measuremestfor

both men and women. A Gaussian kernel with a bandwidth ef 5 years was

used for both trajectories. Here we have a&ge R and blood pressurg < R?,

so the conditional means,; andu r, for men and women, respectively, are space
curves Figure 5.3 replot the sane kernd smootts in perspedve to show them

as space curves.

The changes in mean blood pressure with age tend to be small compared to the
fluctuations between people at a single age. A relatively small shift in the blood
pressure of an entire population can, however, be a very significant public health
issue.

Both average blood pressures increase for men, until some point afouad
55 years of age. Then the systolic blood pressure keeps on increasing, while the
diastolic blood pressure starts to decrease.

Women'’s average blood pressures also increase with age, until abob#.age
Then the diastolic blood pressure stays roughly constant while the systolic in-
creases then decreases. The final decrease is for the highest ages, and is estimated
with a smaller sample.

The women'’s blood pressure curve starts lower than the men’s. Their diastolic
blood pressure increases more slowly, especially during 8@ésrand40’s and
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Figure 5.2 Shown are the trajectories taken by the kernel smoothed systolic and diastolic
blood pressures of men and women in New Zealand. There is a point for each integer age
from 25 to 80 inclusive. The large points are for ages that are multiples of 5 years. In both
cases an age of 25 years corresponds to the lowest systolic blood pressures.

does notrise to the levels reached by men’s average diastolic blood pressure. The
rapid decrease in average diastolic blood pressure for men brings that average
towards the women'’s average by about @ge

Some of the reasons for these patterns are well understood. For example, estro-
gen protects younger women from hypertension. Other reasons are more compli-
cated. The men’s decrease in diastolic blood pressure could be due to increased
mortality among those with higher blood pressure, or to increased use of medica-
tion to reduce blood pressure. Notice that men’s systolic blood pressure does not
show the same pattern. Chapter 5.7 revisits the pattern in men’s diastolic blood
pressure.

The bandwidh for Figures 5.2 and 5.3 is 5 years Figure 5.4 shows pointwise
empirical likelihood confidence regions fon, and i both at agel0. The el-
lipses are narrower for men, because there are more men in the data set. In both
cases a positive correlation between systolic and diastolic blood pressure is evi-
dent.

5.5 Conditional quantiles

Average blood pressure is perhaps less interesting than extreme blood pressure.
The a-quantile ofY” € R conditional onX = x7 € R? may be estimated by the
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Figure 5.3 The blood pressue trajectories from Figure 5.2 are replottal in a perspective
plot to depict them as space curves. The circles show the men’s trajectory, the disks show
the women'’s trajectory.

solution@Q“(x) of the estimating equation

1 n

Table 5.1 on page 120 shows estimate conditiond 90th percentils of womernis
systolic blood pressure at ages framto 80 by steps of years. A Gaussian ker-
nd with abandwidh of 5 yeais was usel to smooh the data From Figure 5.2 it
appears that women’s average systolic blood pressure starts to move sharply up-
wards at arourd age 40 to 45. The estimatsin Table 5.1 show tha large increases
in the 90th percentie may stat earlie, betwea the ages of 35 ard 40. Figure 5.5
shows the empirical likelihood function f@p®*°(x() at agesr, from 30 to 80
by steps ofl0 years.

5.6 Simultaneous inference

For some purposes, we seek a confidence region for the whole fupgtipover
z ina domainD C RP of interest. Examples foP include finite sets ok > 1
points, intervals whep = 1, and hyper-rectangles, spheres, or balls when1.
In principle the choice foD is very open, but in practice it is necessary to be able
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Figure 5.4 Systolic blood pressure is plotted versus diastolic. The ellipses shown give con-
fidence regions for the mean blood pressure of 40-year-old men and 40-year-old women.
The ellipses for men are at higher blood pressures than those for women. The contours
correspond to confidence levels of 50, 90, 95, and 99 percent, basegfgmalibration.

to optimize overD. The confidence region is the set of functigngiven by

{u : D—R? | sup —2log (R, (u(x))) < C},
z€D

whereR is given by(5.4). Forp = 1 andD an interval, this is a confidence band
or confidence tube depending on whethet 1 orq > 1. Forp = 2andg = 1
andD a rectangle, this is a confidence sandwich. Clearly the threshasldould
be larger than thé — « point of ax?q) distribution.

There is some extreme value theory for choogihdut in practice, it is prob-
ably better to use bootstrap calibration. Suppose ghat 1, D = [a,b] is an
interval, andh is given. Letji(z) be the kernel estimat.2). Let (X?,Y}) be
independent samples from the EDF of (X,Y) pairs, fori = 1,... ,n, and
b=1,...,B.Let

C* = sup —2log (RL (=)
z€D
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Age Estimate Lower Upper

25 126.20 125.0 127.9
30 127.80 126.0 130.0
35 130.50 130.0 134.0
40 135.55 1325 137.0
45 139.55 137.0 140.0
50 145.50 1425 1475
55 151.50 149.0 155.0
60 157.45 155.0 160.9
65 164.45 160.0 169.0
70 169.70 165.0 172.0
75 171.45 169.5 176.0
80 173.50 170.0 181.0

Table 5.1 Shown are kernel-based estimates of the 90th percentile of women’s systolic
blood pressure at ages separated by 5-year intervals. The lower and upper 95% confidence
bounds for these quantiles are based on the empirical likelihood V\&t@)&alibration.

whereR? (1) is

max{ﬁnwi | iwiKh (Xf’—g;) (Y2 — ) = 0,w; 207iwi 21},

=1 i=1 i=1

and define the order statisti€§?) < ¢(?) < ... < 08, Then the order statistic
c((1=2)B) provides bootstrap calibration at the level «.

For the New Zealand men’s blood pressure dé@ia) bootstrap values af’®
were computed using faP a grid of ages ranging fror0 to 80 inclusive by
steps of5 years. The distribution of-2log(R2 (ii(x))) fits thexé) very closely
at eachr from 20 to 80, as might be expected for such a large sample. For simul-
taneous coverage over a set of ages, we are interested in the distribu@Bn of
a maximum of correlated random variables, each with nearlw?g)edistribu-
tion. In this instance, the 95th percentile@f was10.41. Using this threshold,
we can produce a confidence tube for the mean blood pressure trajectories, with
simultaneous coverage ovef € D of 95%. That tubeisdisplayel in Figures5.6
ard 5.7.
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Figure 5.5 The horizontal axis represents the 90th percentile of women’s systolic blood
pressure. The vertical axis is the empirical likelihood ratio. The curves, from left to right,
are for ages 30 through 80 by steps of 10 years. A Gaussian kernel with bandwidth of 5
years was used. The sample is very sparse near 80 years of age, and this accounts for the
greater uncertainty regarding the blood pressure there.

5.7 An additive model

One particularly interesting feature in the blood pressure data is the eventual de-
cline in men’s diastolic blood pressure at greater ages. This decline starts to set
in at arourd the sane age whetre the blood pressurein Figure 5.1 stop showing
roundirg to multiples of 10. The data come from two studies done on different
populations and with different measurement methods, as described in Chapter 5.8.
The populations have different age ranges, but there is some overlap. A graphi-
cal exploration of the age range where the studies overlap indicates that the male
diastolic blood pressures at a given age tend to run higher in the Fletcher study,
which had younger subjects. Thus some or all of the decline in blood pressure
could be an artifact of age differences between the men in the two studies.

It would be interesting to know whether the decline is solely attributable to the
study difference or not. To handle this, we formulate a model in which the mean
diastolic blood pressure has the foprte, z) = s(z) + 23 wherex is age,z = 1
for the Fletcher-Challenge study= 0 for the Auckland Heart & Health study,
is a scalar coefficient, andis a smooth function. Then i{x) shows the eventual
decline with age, we can be more certain that it is real.

A convenient way to encode the smooth functigm) is through a cubic spline.
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Figure 5.6 Systolic blood pressure is plotted versus diastolic. The ellipses shown give si-
multaneous 95% confidence regions for the kernel smoothed mean blood pressure of men
ranging in age from 20 to 80 years at intervals of 5 years. Increasing age corresponds to
a counter-clockwise movement from the lower left. At extreme ages there are fewer data
points, and consequently larger confidence regions.

This is a function that is piecewise cubic between points called knots, and has two
continuous derivatives at the knots. For this example, knots were placed at ages
30, 40, 50, 60, and70. The truncated power basis fefx) takes the form

5
s(x) = o + Brx + Bor® + Bsz® + > Paplw —102+5)3,  (5.7)
Jj=1
where[z — t]; = « — tif z > ¢t and is0 if = < ¢. This basis can be very badly
conditioned numerically, and so another basis for the same family of curves was
constructed using the S-PLUSfunctiba() . This B-spline basis is much more
stable numerically, but the individual functions in it are not as interpretable as
those in (5.7).
Consider the additive model

8
E(Yi|Xi=24,Z; = 2z) = o+ Zﬁj%(ﬂ?i) + Bozi,

j=1

whereg; are the spline basis functionX; is age,Y; is the diastolic blood pres-
sure, andz; is the study indicator variable described above. The least squares
estimate of the study effect i% = 6.35 and the least squares estimate of the age
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Figure 5.7 The simultaneos confidene ellipses from Figure 5.6 are plotted in the same
coadinate spa® as usal in Figure 5.3 to display mean blood pressue trajectories They

outline the shape of a 95% confidence tube for the smoothed path of mean blood pressure
with age.

effect

8
~ = s(75) — s(50) Z (¢;(75) — ¢;(50))

8
7= B5(05(75) = ¢;(50) = 3.52,

In Figure 5.2, DBP appeasto decreasby about 10 mmHg from age 50 to age 75.
The data for75-year-olds are almost entirely from the Auckland Heart & Health
study, while most of the data féi0-year-olds are from the Fletcher-Challenge
study. Therefore at least a large part of fltemmHg decline can be attributed
to the difference between the two studies. We exﬁ/eetﬁg should be close to
10 but it need not match exactly because kernel and spline smoothers are slightly
different, and because the kernel smooth at&gmixes data from both studies.
The empirical log likelihood fory has—21og(R(0)) = 15.48, providing very
strong evidence that the age effectcomparingr5- and50-year-old men, is not
0. A 95% confidence interval for the age effegtusing aX B calibration, extends
from 1.77 to 5.26.
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5.8 Bibliographic notes

The blood pressure data, kindly supplied by Thomas Yee of the University of
Auckland, had two sources. One source was a study on the Fletcher-Challenge
company for which most subjects were betweeémnd60 years of age. The other
source was the Auckland Heart & Health study (Jackson et al. 1995), which sam-
pled people from the electoral roles. Their ages were evenly distributed between
35 and 85 years. In the Fletcher-Challenge study, blood pressure was measured
with a standard Hg sphygmomanometer and recorded by a nurse. In the Auck-
land Heart & Health study, blood pressure was measured with a Hawsley random
sphygmomanometer for which the nurse was not aware of the blood pressure
value.

The smoothing presented here used a bandwidth yéars in all the blood
pressure examples. For such a large data set, this is likely to be oversmoothing. It
might be better to use a small bandwidth, or better yet, a local linear smooth as
described in Chapter 5.9. The analysis of women'’s systolic blood pressure did not
include an indicator variable for the studies. Such an indicator might improve the
analysis, though there only seemed to be a small study effect for women'’s systolic
blood pressure.

The Nadaraya-Watson estimator was proposed, independently, by Nadaraya
(1965) and Watson (1964). Sufficient conditions for the bias and variance ex-
pansions of kernel estimates may be found ardile (1990). Basic references on
smoothing include Hastie & Tibshirani (1990) and Fan & Gijbels (1996). Spe-
cialized accounts of bandwidth estimation appearandie & Marron (1985) and
Hardle, Hall & Marron (1988).

Stone (1977) describes conditiordl-estimators defined by local reweighting.
Owen (1987) describes these local weights as distributions on the spaceadf
ues and gives conditions for consistency and asymptotic normality of estimates in
terms of convergence of these distributiong toThe monograph Loader (1999)
on local likelihood, considers local versions of statistical methods in depth.

Hall & Owen (1993) consider empirical likelihood confidence bands for kernel
density estimates. They obtain an asymptotic calibration for the critical likelihood
based on extreme value theory. They also propose bootstrap calibration for this
problem. Relatively minor changes are required to translate empirical likelihood
results from densities to regressions, and vice versa. Hall & Owen (1993) display
confidence bands for the probability density function applied to the Old Faithful
geyser data.

Chen (1996) studies coverage levels of undersmoothed kernel density esti-
mates. In his aerial transect sampling problems the population density of blue-fin
tuna depends on a density function at the origin, corresponding to a zero distance
between the school of fish and the spotting plane. He shows that empirical like-
lihood is effective at forming a confidence interval for the desired quayfifity,
and that Bartlett correction is possible, though even more undersmoothing is re-
quired. Zhang (1998) shows that there is no asymptotic benefit from global side
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constraints in kernel density estimation. Chen (1997) imposes side constraints
(zero mean and skewness) on kernel density estimates of tuna densities estimated
from aerial surveys. He shows that there is no asymptotic benefit to imposing
those side constraints, but finds an improvement in finite samples.

Fan & Gijbels (1996) is a comprehensive reference on local polynomial smooth-
ing. Chen & Qin (2000) consider empirical likelihood confidence intervals for
local linear kernel smoothing. For an undersmoothed estimator, they;g%} a

limit with a coverage error o (nh®> + h? + (nh)~!). They remark that the
use of empirical likelihood produced the same rate of convergence for coverage
error at the endpoints as in the middle of the predictor range. An alternative ap-
proach (Chen & Qin 2001) using first and second moments has coverage error
O(nh? +h? 4 (nh)~1) in the interior andD(nh® + h + (nh)~1) near the bound-
ary.

The approach taken here to smoothing started by considering problems in which
the curve could be analyzed pointwise, producinggat R? a confidence region
for u(xzp) € RY. If we were interested in the joint behavior @fz1), . . ., u(zk)
at k£ points, then we could maximize the empirical likelihood while forcing all of
the reweighted values to l9esimultaneously. We would expect an asymptatic
distribution withkq degrees of freedom, and we would expect, at least for modest
k, that this test should have better power than one based on the suprentum of
pointwise empirical likelihoods. But suppose we want to test a hypothesis such as
u(x) = 0forall z € RP. We cannot expect to reweight the data andidet = 0
at infinitely many pointse. The approach in Chapter 5.6 is based on the supre-
mum overz of R, (0). It is reasonable to expect that a better method exists. Sieve
techniques lettingg — oo with n, as described in Chapter 9.10, may help.

5.9 Exercises

Exercise 5.1Let ji(x) satisfy E(K,(X — z)(Y — fi(z))) = 0. Suppose that
K} (z) = K(z/h)/h whereK is a symmetric probability density. Give an infor-
mal argument that the biggz) — u(x) is
h2
2f(x)
ash — 0. Here X has probability density functiofi and the expected value bf
givenX = zis u(x).

(@) 1(&) + 20 @)f () + 1" (2) (@) [ K )z + O(h)

Exercise 5.2 Local linear and local polynomial regression are effective ways to
smooth data, because they adapt to the local spacing of thEor local linear
regression, lefly = 6y () andf; = 6, (x) minimize

5 (X2) (-t )
i=1
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whereX;,Y;, zo € R. The smooth value atis 0y (z). Write estimating equations
for 6, andd;. Extend the local linear estimating equations to local polynomial

estimating equations. Extend the local linear estimating equatioi ta R”
andY; € Rq,

Exercise 5.3 Formulate estimating equations foramuantile ofY” that is locally
linearin X. HereY € RandX € RP.
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CHAPTER 6

Biased and incomplete samples

The previous chapters considered empirical likelihood based on observations from
the distribution (or distributions) of interest. This chapter considers empirical like-
lihood inference in some nonstandard sampling settings. In biased sampling, the
data are sampled from a distribution different from the one we want to study. In
censoring, some of the observations are not completely observed, but are known
only to belong to a set. The prototypical example is the time until an event. For
an event that has not happened by tityile value is known only to be ift, ).
Truncation is a more severe distortion than censoring. Where censoring replaces
a data value by a subset, truncation deletes that value from the sample if it would
have been in a certain range. Truncation is an extreme form of biased sampling
where certain data values are unobservable.

These incomplete sampling ideas are closely related. They have also been wide-
ly studied in varied settings. A lot is known about NPMLE'’s for incomplete sam-
pling, while there is a comparatively small body of knowledge about the corre-
sponding likelihood ratios.

6.1 Biased sampling

It is common in applied statistics for data to be sampled from a distribution other
than the one for which inferences are to be drawn. Sometimes this is an unde-
sirable feature, as with measuring equipment for which the chance of recording
a value depends on what that value is. Other times it is an intentional device to
gain more informative data, as in retrospective sampling of people with rare dis-
eases, or importance sampling in simulations. Finally, there are settings like the
sampling of families by independent sampling of children. There, averages over
the sampled families are biased towards larger families, while averages over the
sampled children are not biased.

A concrete and common example is length biased sampling. Some methods of
sampling cotton fibers, sample them with probability proportional to their length.
If one samples people waiting in a hospital room at a random time, those with
longer waits, and presumably less serious ailments, are more likely to be in the
sample. If one samples entries in an Internet log file, the longer sessions are over-
represented.

Suppose that a random varialdfe has distributionF}, but that we obtain a
length biased sample. L& be one of our observations. Thé&hhas distribution
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Gy with CDF

fow deO(y)
fOOO deO(U)
This is a proper distribution iE'(Y") is positive and finite.
More generally, suppose thit € R has distributionf, and thatX € R? has
distributionG,, where for4 C R¢

Go((—o00,2]) =

Ju ( )dFo( )

for a biasing functionu(y) > 0, with0 < [ u(y)dFy(y) < co. When0 < u(y) <
1, biased sampling has an acceptance samplmg interpretation. The&viddiest
sampled from¥j, and then with probability.(Y") it is accepted, while with prob-
ability 1 —u(Y) this value ofY” is rejected. Sampling continues until the first time
aY is accepted. That first accept¥ds the observed value df . If u(y) < B for
someB > 0 thenu-biased sampling gives the same data distribution-bmsed
sampling withv(y) = u(y)/B, and so the acceptance sampling interpretation
carries over to any bounded biasing functian

The nonparametric likelihood far is

H e o}

Suppose that(z) > 0 for all z, and letu; = u(X;). Then the NPMLE is easily
shown to be

Go(A) =

X, "1
F= 0; o Zl o (6.1)
The NPMLE weights each observation in inverse proportion to its sampling prob-
ability. In the acceptance sampling setting this has the natural interpretation that
every accepted valu¥ representd /u(X) sampled values of which on average
one was accepted. This downweighting is familiar in survey sampling, where it
includes stratified sampling and the more general Horvitz-Thompson estimator.
It is also well known in Monte Carlo simulation, where the method of impor-
tance sampling samples from a distribution other than the nominal one. When
u(x) = ¢ > 0 for all z, then the NPMLEF reduces to the usual NPMLE,.
For length biased sampling the NPMLE of the mearkgfs

Tk ()

=1 "1

-1

This is the harmonic mean of the sample.

If u(x) = 0 is possible, then the NPMLE is not unique. Any mixture distri-
butionaH + (1 — «)F, whereH puts all its probability on{z | u(z) = 0}, is
also an NPMLE, fo) < « < 1. If there is such a thing as a cotton fiber of zero
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length, thenFy could put probabilityx € [0, 1) on such fibers and the distribution
of the data would be the same for any valuexofThe mean fiber length would
be affected byy, and any value betwedhand the harmonic mean would be an
NPMLE for [ zdF(z). A pragmatic approach is to fix = 0 and consider any
inferences to be of’ restricted to the setX | u(X) > 0}.

By considering the estimating equation

0= /m(i,é))dF(x) /W;(Z;)H)dG(x),

we find that we can work directly with biased data, simply by replacing the esti-
mating functionm(zx, 8) by m(x, 8) = m(z,0)/u(x). In particular, the NPMLE
is the solutiord to

n

> (X, 0) =0,

i=1

and the profile empirical likelihood ratio function férs

R(0) = max{ﬁnwi | zn:wiﬁl(Xi,O) = O,i:wi =1,w; > 0} )
i=1 i=1 i=1

Test and confidene regions for § depenl on the distribution of m (X, #) under
the sample distributiory.

Figure 6.1 displaysthewidths of 46 shrubsasreportel in Muttlak & McDonald
(1990). These shrubs were obtained by transect sampling. Any shrub intersecting
a line on the ground was sampled. The probability of a shrub entering the sample
is thus proportional to its width. The top histogram shows the observed widths.
The bottom histogram shows the data weighted inversely to its sampling proba-
bility. The height of each bar is proportional to the sumig;, summed over
X inthe corresponding interval.

The mearu and variance?, of the shrub widths are defined by

O:/[x—u]dF(x), and

0= / [(z — p)* — 0] dF (z),

and so, accounting for the bias, the NPMLE’s are defined through

0=> X;"(X;—p), and
i=1

0 :ZX;l [(X; —p)? —o?].

Figure 6.2 shows the profile empiricd likelihoad ratio function for the mean
shrub width . Figure 6.3 shows the profile empirica likelihoad ratio function
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Figure 6.1 The top histogram shows the widths of 46 shrubs found by transect sampling.
The bottom histogram has the same total area, and the same bins, but each shrub is
weighted inversely to its width to correct for sampling bias.

for the standard deviatiom of shrub width. Taking account of the sampling bias
makes a big difference in the inferences, reducing the mean shrubméaitti the
standard deviation.

6.2 Multiple biased samples

Now suppose that samples are availablé(;; € R?, fori = 1,... ,sandj =
1,...,n;. All the observations are independent, but theresaddferent biases:
Xij ~ G;o, where

fAuZ( dFO )

Jui(x)dFo(z (6.2)

Gio(A) =
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Figure 6.2 The solid curve shows the empirical likelihood ratio for the mean shrub width,
after accounting for length biased sampling. The dotted curve does not account for length
biased sampling. The horizontal reference line designates a 95% confidence level using an
F1 45 criterion.

The functionsu; (z) are real valued and nonnegative with
0 <v(Fp) = /ui(x)dFo(:E) < 0. (6.3)

Data of this kind could arise in clinical trials with different enrollment criteria

for subjects, or with measurements on the same underlying phenomenon from
different devices. They also arise in choice-based sampling in marketing. When
studying the brand preferences of consumers, saimplight correspond to con-
sumers whose brand preferences are known to belong iditthen a list of s
subsets of brands.

The NPMLE of Fy is useful for the data fusion problem of combining these
differently biased observations. We will assume that the domaix isf given by
X = {z|Y]_, u;(z) > 0}. There can be no data points sampled from outside
of this domain. Our inferences are implicitly drf, where F{(A) = Fo(X N
A)/Fo(X).

LetZ,,. .., Z, be the distinct observations among the sarmpjevalues, and
letn;, = #{Xi; = Zx | 1 < j < n;}. Let F be a distribution putting probability
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Figure 6.3 The solid curve shows the empirical likelihood ratio for the standard deviation
of shrub width, after accounting for length biased sampling. The dotted curve does not
account for length biased sampling. The horizontal reference line is for 95% confidence
using anf 45 criterion.

pr > 00onZ, with 2221 pr = 1. Then the likelihood foi” is

T ()

k=1i=1 Zl 1 Prui(Zy

As in the single sample unbiased case of Chapter 2.3, it is possible to ignore ties
and work with observation specific weights; > 0 on X;;. The weights generate

Pk If

S Uz
Pk = E E wijlx, =2z,

i=1 j=1

The likelihood in terms of the weights; ; is

’L zy wL] z zj wz] 6.4
11_[131_[1 Dot 2oty wipti (Xie) }_[1]1_[1 Zk 1pkuz(Zk) ©4
Notice that the denominator is unaffected by how the probabilitis allocated
among weightsv;; for X;; = Z;. It follows that for fixedpy, the maximizing
weights arew;; = pi/m; wherem,, is the number of observations in the com-
bined samples for whiclX;; = Z. Interestingly, the weight;; does not depend
on which sample contributed the valug;. For anyp;, the likelihood in terms
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of w;; = pi/my is a constant multiple of the likelihood in terms @f, and this
constant cancels when forming nonparametric likelihood ratios. The same argu-
ment goes through [:Zzl pr < 1, except that them,; (F') cannot be written as a
weighted sum of sample values.

The factorsu; (X;;) in the numerator of6.4) do not depend ow;; and so they
may be ignored. The log likelihood may be taken to be

ZZIog(wij) - an log (ZZwijui(Xij)> (6.5)
i=1 j=1 k=1 i=1j=1

To find the NPMLE we must maximize the expression in (6.5) avgr > 0
subjectto) ;> wi; = 1.

For s = 1, the sampling probability of an observation is known, apart from a
constant factor, and in Chapter 6.1 we saw that the NPMLE weights the data in
inverse proportion to that probability. Fer> 2, matters are more complicated.
There is not always an NPMLE, and when an NPMLE exists it is not always
unique. But under mild conditions a unique NPMLE exists:

Theorem 6.1 A unique NPMLE exists if and only if for every proper subiBet
{1,...,s}

(U{Xﬂ,... ,Xm}> N (U{X|ui(X) >0}> £ 0.

i€B iZB
Proof. Vardi (1985). [

In words: there will not be a unigue NPMLE if the sample data sets can
be partitioned into two subsets, where no observation in the first subset could
possibly have been observed in the second subset. This does not mean that each
pair of sampling distributions has to overlap. A pair that does not overlap might be
bridged by a third sample. If even one of the samples, say sapieu;(X) > 0
for all X, then a uniqgue NPMLE will exist.

To illustrate why the NPMLE might not be unique, take= 2, let X; =
{z|u;(z) > 0} for : = 1,2 and suppose that; N Xy = 0. If the distribution
of X;; from G, is consistent with acceptance sampling frégwith acceptance
probability u;(x) then it is equally consistent with an acceptance probability of
u;(x)/100. Such samples, even as — oo, cannot help us determine the rel-
ative weightF'(X;)/(F'(X;) + F'(X,)) that belongs on the domain of sample
If howeverx; N x> = Z andPr(X;; € Z) > 0 for bothi = 1,2, then we
may be able to estimaté(Z)/F(X;) from theX;; and put these together to esti-
mateF(X;)/(F(X1) + F(Xy)). Itis possible to have a degenerate NPMLE with
F(X;) = 1if samplei has no observations id.

For s > 2, if two samples intersect, then we can estimate the relative prob-
abilities of their domainsY;. If we can estimate the ratios(X;)/F(X;) and
F(X;)/F(X;) then we can estimatg(X;)/F(X;+). We can estimate the rela-
tive probabilities of other domains if there is a chain of ratios connecting them.
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Theorem 6.2 Suppose thafy, is a distributionR?, that fori = 1,...,s, the
functionsu; satisfy(6.3), and that distributions=;, are defined by(6.2). LetG
be a graph ons vertices with an edge connecting verticgesnd ' if and only if
Jui(x z)dFy > 0. ThenE} is uniquely determined as a function@f, for
1= 1 , s, if and only if the graptg is connected. In that case the probability
that a unique NPMLE exists tendst@smin; n; — oo.

Proof. Gill, Vardi & Wellner (1988). [

To maximize the nonparametric likelihood, suppose for a moment that we
know the values; = [u;(X)dFy(X). LetN = Y7 nj, v = (v1,...,vs),
andU;; = (u1(Xyj), ... ,us(Xy5)). Then leté(v) maximize), > log(wi;) —
>, nslog(v;) subject to

ZZ“’U =1, and
ZZ% ijg = v

The computation of(v) reduces to empirical likelihood maximization for a
mean as described in Chapter 3.14, and the solution has

1 1

wij(v) = N1 +6' Uy —v)

where the Lagrange multipliér= §(v) satisfies
 Uj—v
Z Z 1L+ 8 Uy —v) 0

To find the NPMLE we maximize

ZZlog w;j (v Zn log(v;)

overv = (v1,... ,Vs).
To incorporate estimating equations, we must now impose the additional con-
straint

S

ZZw” (X;,0) = 0.

i=1 j=1
Givenv, the solution is

1 1

’U)ij(l/, 9) - N 1 + )\'T)”L(Xij, 0) —+ 5/(Uij — I/)
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where\(v, 0) ando(v, 6) satisfy

D e =
S 5 1 + )\”ITL(XZ‘J', 9) + 6/(U7;j — V)
5 1+ /\’m(Xij, 9) + (SI(UZ‘]' — I/) '

The profile empirical likelihood ratio fof is then the ratio

max, [ [, Hj wij (v, 0)
max, [[, HJ— wij(v)

Under mild conditions, the asymptotic distribution-e2 log(R (6y)) is Xfp) where
p is the dimension of. See the references in Chapter 6.9.

R(0) =

6.3 Truncation and censoring

Truncation is an extreme version of biased sampling, where the bias function is

wn-{3 § 55

for some sefl". Consider historical data on the heights of men drafted into an
army, where a minimum height restrictidghwas in effect. For conclusions on the
heights of draft-aged men, such data represent a sample truncéted {&/, co).

Censoring is a milder form of information loss than truncation. An observation
is censored to the sét if instead of observing{ we only observe the fact that
X € C. A censored point is known to have existed, whereas a truncated point
produces no observation. In the example above, if we knew the number of draft-
aged men rejected because of the height restriction, then their heights would be
censored to the sét = (0, H).

Supposéd is a quantity that depends in part on how a truncated random vari-
able X is distributed over valueX ¢ T'. Then some assumptions are necessary
to get an estimate of. The truncated data can never contain anyg 7', but
perhaps there is a way to extrapolate frora 7'to x ¢ T. In practice our extrap-
olation might introduce a systematic error that we can neither check nor correct.
Yet it may be better to patch in a possibly flawed extrapolation than to ignore the
truncation completely.

One way to extrapolate is to fit a parametric modelXowith density or mass
function f(x;6). Our sample is fromX ~ f(z;6) conditional onX € T. For
such a model, the likelihood is

o f(X0
LTRUN(G;le- .. ,Xn) = H fc(iF(x')Q)’
i=1JT !
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with estimating equations

(5 (X0 gy JpdF(6))
2 (fﬂ(xi;e) " dF i) >_O' o7

Both parametric and empirical likelihood inferences can be based on (6.7).
Both inference methods give the same maximum likelihood estithatéhether
6 is estimating the desired quantity can depend on how accurate the paramet-
ric model is. Empirical likelihood confidence regions will have the right asymp-
totic coverage for the quantity being estimated%ynder very weak conditions,
whereas parametric likelihood regions will have coverage levels sensitive to the
parametric model used.

Now suppose that we have two parametric mode(s; 6;) for j = 1,2 with
6; € RPs, and that the quantity we are interested in can be writter @s) un-
der model;. For examplef; might be a normal distribution ang might be a
gamma distribution. The values(6;) will not in general agree with each other.
The nature of the discrepancy can be investigated using an empirical likelihood
confidence region fafr (61), 72(02)) or for; (61) —72(62). This will not indicate
which, if either, of the parametric models provides a reliable extrapolation. But it
does allow us to judge whether the extrapolated answer is sensitive to the extrap-
olation formula, without knowing which, if either, parametric model is right.

In applications with censored and truncated data, the nature of the censoring
and truncation rules may vary from observation to observation. The general case
has X; truncated tdl; then censored t¢';, taking C; = {X;} for uncensored
data, andl; equal to the domain aok;, usually a subset dRk?, for untruncated
data. The set$; may be random. Apart from trivial exceptions, the 6gthas to
be random, because it dependsXon We consider coarsening at random (CAR),
in which T; has been partitioned at random and independently ofto a number
of sets. The set that happens to cont&inis observed a§’;.

Some of the most widely studied types of censoring are listed below. Of these,
Examples 6.1 and 6.2 will be considerd at greate length Wewill find that aform
of conditional likelihood is most suitable for them.

i=1

Example 6.1 (Right censoring)Here, the distribution of the real-valued random
variablesX; is of direct interest. For each; there is a; € R. ThisY; may be
random. IfX; <Y; we observeX;, otherwiseX; is censored t¢Y;, co). We say
that X; is right censored by;. For example X; could be survival time after an
operation, withy; the time from the operation to the end of the study.

Example 6.2 (Left truncation) The pair(X;,Y;) is observed if and only iX; >
Y;. TheY; may be random. We say tha; is left truncated byy;. In astronomy,
the brightnessX of an object may be left truncated by some function= h(2)
of its distanceZ from Earth.
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Example 6.3 (Left truncation and right censoring) The random variabl&(; is

right censored by;, and left truncated by; < Y;. If Z; < X; < Y, thenX;

is observed directly. IZ; < Y; < X; thenX; is censored tqY;, o0) and if

Z; > X, then none ofX;, Y; or Z; are observed. For exampl&, could be the
survival time after a transfusiory; a corresponding censoring time, a#Adthe

time between the transfusion and the beginning of a study of transfused patients.

Example 6.4 (Double censoring)The random variableéX; € R is observed if
Z; < X,; <Y, is right censored t¢Y;, o) if X; > Y;, and is left censored to
(-0, Z;) if X; < Z;. HereZ; <Y; and either or both may be random.

Example 6.5 (Interval censoring) The random variableX; is censored to the
set(Zi g, Zig+1) fOr Z; 1 < Z; 2 < Z; g,. For exampleZ; ;. could be times at

which patients are studied or equipment is inspected,’anthe time of some
change in status. Interval-censored data are also known as current status data. The
usual likelihood for data from a continuous parametric distribution is motivated

by arguing that each component of each observation was interval censored to a
small interval.

Suppose thafXy, ..., X, are sampled from a common distributidny and
are conditionally independent given right censoring tirkgs .., Y,,. Let Z =
min(X,Y’) and leté = 1x<y indicate an uncensored failure. By conventigh,
is not considered censored wh&n = Y. Similarly, if several observations are
tied at the same value d&f, the censoring times are deemed to follow the failure
times by an infinitesimal amount.

Let X = (X4,...,X,) andY = (Y1,...,Y,). The likelihood forF andG
from right-censored data is the product of a marginal and conditional likelihood

L(F,G;X,Y) = L(F,G;Y) x L(F,G; X | )) (6.8)
whereL(F,G;Y) = G(Y1,...,Y,) and

LF,Gx|Y) = [ FUx:h [[ F((¥i,

7:0,=1 4:0;=0
HF {Z:}) F((Zi,00))' (6.9)
=1

Any factor of0° in (6.9) is understood to be These likelihoods are nonparamet-
ric, but are easily modified if’ or G are known to belong to parametric families.
Itis usual to base inferences fBron the conditional likelihood (6.9). That con-
ditional likelihood does not depend @# and it can be computed from tt% and
0; without knowing theY; from uncensored;. Because the marginal likelihood
of the Y; does not depend oR, using the conditional likelihood does not lead
to a loss of information or#". In the absence of a known functional relationship
betweenF' andG, the conditional likelihood (6.9) gives the same likelihood ratio
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function for F' as the full likelihood(6.8). We did not need to assume that tHe
were independent in order to settle on the conditional likelihood. Of course strong
dependence ifr; could make the conditional likelihood very uninformative.

For left-truncated data, we never obseie< Y, butif Y is independent oi
then we may reasonably hope to learn the distributioX pbr at least that part
of it larger than the left end point of thE distribution. A conditional likelihood
approach is also applicable to left-truncated data, though the derivation is more
complicated.

Suppose tha andY are independent from distributiors and G, respec-
tively, and that independefiX, Y') pairs are truncated to the dgtz, v) | « > y}.
The likelihood is then

L(F,G; X, V) =a " [ Ixzv FUXHEHY)) (6.10)

i=1

where

o= // AP (@)dG(y) = [ G((~oe,u)dF(w) = [ F(lu.0)dG(w)

is the probability thatX > Y.
The likelihood (6.10) may be factored into a product of marginal and condi-
tional likelihoods by either of

L(F,G;X,Y) = L(F,G; X) x L(F,G;Y | X)
= L(F,G;Y) x L(F,G; X | Y)

where
L(F,G;X) =a™" H G((—o00, X;])F({X:})

L(F,G;Y | X) = Hlme {Y})])

L(F,G:Y)=a™" HF(D@, 00))G({Y:})
L(F,G;X |Y) = H1X ™) éXoi)))

Suppose that interest centers Bn The conditional likelihood based of;
givenY; depends o but not onGG, and hence is available for inference. Unlike
the case of right censoring, the marginal distributiorYpélepends orf’, so that
even without a known link betweeR andG, there may be an information loss
from using the conditional likelihood. The conditional distributiortgiven X;
does not involveF, suggesting that the marginal distribution &f has all the
information onF’', but the marginal distribution oX; involvesG.
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If G is known, then the full likelihood6.10)for F' may be written

lx, >YF ({Xi}H)G({Yi})
H —o0, u])dF (u)

{X )
H DaEG) (6.11)

The likelihood (6.11) is proportional to the likelihood of biased sampling with
u(z) = G((—o0,u]) and so the NPMLE fo" with G known is given by(6.1)
with u; = G((—o0, X;]). The following theorem lends support to the use of
conditional likelihood forF” when the distributior? is not known.

Theorem 6.3 Suppose thal; is observed with independent left truncation by
Y;. In the joint NPMLE(F', G) of (F, G), the distributionF" is the maximizer of
the conditional likelihood.(F, G; X | V) above.

Proof. Wang (1987) and Keiding & Gill (1990). [J

6.4 NPMLE's for censored and truncated data

For X; € X C R? independently sampled frofi and censored, by coarsening
at random, ta’;, includingC; = {X;} for uncensored data, the conditional (on
C;) likelihood may be written

= H/C dF (z) = HF(CZ-), (6.12)

and for truncated and censored data the conditional likelihood is

[~ dF(x " F(C;
H fi. e ]j[l F((T)) (6.13)

The censored data likelihood (6.12) does not always have a unique maximum.
There are” disjoint sets of the form

b
i=1

where eachD;; is eitherC; or Cf = X — C;. The union of these®; is X.
Lettingw; = F(E;), M = 2", andH;; = 1g,cc, we can write the conditional
likelihood from (6.12) as

n

-TI (Z ) (6.14)

=1 j=1

ThusF is determined only up to the valueswoj.
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Theorem 6.4 There is a unique set of weighig > 0 with Z;‘il w; = 1 that
maximizg6.14)

Proof. Letw = (w1, ..., wy )" belong to the closed, bounded, and convex set
S={w|w; >0,Y)1, w; = 1}. After identifying F'( ;) with w;, the function
L.(w) is a continuous function on the compact $etso it attains a maximum
there. This maximum is nonzero, and &av) = log(L.) also attains a finite
maximum/,,, on S. It remains to show that this maximum is unique.

Suppose to the contrary thétu) = ¢(v) = ¢, and thatu; > v; for some
j'. If there is noi’ with H; ;; = 1, then takingw;, = 0 andw; = u;/(1 — u;/)
for j # j' we find{(w) > ¢(u) contradicting the maximality of(u). So leti’
satisfy H;;; = 1 and putw = (u + v)/2. Convexity ofS implies thatw € S.
Now ¢(w) — £y, = £(w) — (¢(u) + £(v))/2 is a sum ofn nonnegative terms, one
for eachi. The term fori’ is strictly positive, contradicting the maximality 6f,.

O

A censored-data NPMLE is not necessarily a good estimatét. §ee Chap-
ter 6.9 for an example with bivariate censoring and for a remedy.

It is not practical to keep track @f* probability weights. For uncensored data,
at mostn of the E; are nonempty. As the next two theorems show, a great simpli-
fication occurs wherX; are real values an@; are all intervals, with or without
truncation.

Theorem 6.5 LetC; = [L;, R;], and letE; = [p;,q;] for j = 1,...,m be the
set of intervals with endpoints taken frdf= U, {L;, R;} and that contain no
interior points fromU. Then there are uniquely determined probabilities > 0
on E; with 377", w; = 1 such thatF’ maximized. if and only if F(E;) = w;.

Proof. Peto (1973). [

Theorem 6.6 Let X; € R be truncated t&; C R and then censored t0;, a fi-
nite union of disjoint closed interval® i, Rix], k = 1,..., K;. LetE; = [p;, ;]
forj =1,...,mbe the set of intervals with endpoints taken filgm= U}, Uf;‘l
{Lix, Rix} and that contain no interior points frofii. Let D = UL Ej. Then:

1. Any NPMLEF hasF (D) = 1, unlessI; N D = C; N D for all .
2. The likelihood depends dnonly throughw; = F(E;),j=1,...,m.
3. The likelihood is
T 2 Higw;
S i Kijw;
WhereHij = 1Ej§c,; andKij = 1E_7§Ti > Hij-
4. There are uniqgue NPMLE weights, unless

Lo(F)

(a) H;; = H;;», forsomel < j <j' <m,andalli=1,...,n, or
(b) Thereisasubsa® withC; N D c Ror C; N D C R°forall i.
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Proof. The results above are collected from Turnbull (1976]L.]

If 4(a) above happens, the non-uniqueness is that theusum w;. is deter-
mined but notw; itself. Condition 4(b) islike the graph conditionin Theoren 6.2
When it happenst’'(R) and F'(R°) cannot be determined.

Another simplification can be achieved if we restrict attention to those dis-
tributions with a given set of support points. In the sieved NPMLE, we take a
list of pointsxy,...,x, € X, including at least one element from each If
there are indiceg # j’ with z;; € C; wheneverr; € C; then remove any
one suchr; from the list. We repeat this removal process until no more points
can be removed, and relabel the remaining pointe:@s..,z,,. The sieved
likelihood, for censored but not truncated dataliseve(F) = [[, F(C;) =

IL 2205 Laec F ({5 ).

Theorem 6.7 Given pointszy, . .., x,,, there is a unique sieved-NPMLE maxi-
mizingLSIEVE(F).

Proof. van der Laan (1995, Chapter 3.3)[]

6.5 Product-limit estimators

For real-valuedX subject to right censoring or left truncation, there is an ex-
plicit closed form for the NPMLE. These NPMLE's are more conveniently de-
rived through the hazard function, defined below, than through the cumulative
distribution function.

The survival function is5(t) = F([t,00)) = 1—F((—o0,t)). Itis widely used
in medical applications, where it is natural to consider the fraction of subjects
surviving past time. For continuous distribution functions with density the
hazard function is defined as

@) _ £

At) = lim, 2 SPH(X <i4e| X 2= S(tt)  S(0)
The product)(¢)dt¢ gives the probability of failure before time+ dt, condi-
tional on surviving at Ieast to time For continuously distributed date(t) =
—dlog(S(t))/dt, and saS(t) = exp(— fo
For discrete d|str|but|ons with'({¢,}) > 0 for afinite (or countably infinite)
number oft;, the hazard function is defined as

F({t;})

S(t;)
For discrete distributionS( ) = Ht <L =), F({t:}) = Ay Htjqi(l — i)
andF'((—oo,t]) =1 -], <t( J)

The cumulatwe hazard is defined as

_ b dF(u)
20 = [ FCamy

)\j:PI'(X:tJ‘XZtJ):
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which simplifies tof(f A(u)du for continuous distributions, t°, _, A; for dis-
crete distributions, and to a sum of discrete and continuous hazards for distribu-
tions with discrete and continuous parts.

For right-censored data, the NPMLE must have positive probability at each
observed failure time. Let the observed failure timestpe< t, < -+ < ¢,
suppose that; > 0 = ¢y, and defineg;; = oo. Letd; > 1 be the number
of failures att; and suppose that; observations were censored in the interval
[t;, ti+1). The NPMLE put9) probability inside the intervalt;, ;1) for i < k,
because moving such probabilitytg ; would increase at least one factoriip
and would not decrease any of them. The number

rj:(di+mi)+...—|—(dk+mk,)

denotes the number of subjects at risk of failure just priagr to
Let)\; = Pr(X =t; | X > t;) denote the hazard probabilities of the distribu-
tion F'. The conditional likelihood given bg6.9) or (6.12)may be written

k
Le(F) = [TA7 (1 =277,
j=1
and so the NPMLE hak; = d, /r;. The CDF of the NPMLE may be written

F((—oo,t]) =1- ]

T
Jlt;<t J

rj—dj (6.15)

This is the celebrated Kaplan-Meier product-limit estimator.

If the largest observed failure time is greater than the largest observed censoring
time, then the NPMLE is unique. Otherwis& (—oo, t;]) < 1 and any distribu-
tion that satisfies (6.15) far < ¢, is also an NPMLE. A common convention to
force uniqueness is to place probability- F((—oo, tx]) on the largest observed
censoring time when that time is larger thian

There is also a product-limit estimator for left truncationXfby an inde-
pendentY’. Let F andG be distributions ofX andY’, respectively. Leti; and
bc be the smallest and largest observable values.dformallyag = inf{y |
G((y, o)) < 1}, andbg = sup{y | G((y,00)) > 0}. The valuesir andby are
defined similarly. Ifa; > ap, then the lower end of th& distribution cannot be
observed. We assume that either < ar, or that we are satisfied with inferences
onPr(X < t)/Pr(X > ag). We also assume that, < bp. If bg > bp, then
the upper end of thé& distribution cannot be observed.

The assumption of independence betwéeandY is often reasonable, but is
not to be made lightly. In astronomy this assumption follows from a simplifying
idea that, at very large scales, space is the same everywhere and in every direction
(the cosmological principle). This independence is thought to be nearly, though
perhaps not exactly, correct. We suppose thas unknown, and so we use the
conditional likelihood based on the distribution &fgivenY'.

It is convenient to work in terms of ordered observatidig) < X3 <--- <
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X ). LetY(;, denote their concomitants, that(iX;, Y;)) fori = 1,...,n are
the points(X;,Y;), i = 1,...,n, after sorting onX;. Of course, thé’; are not
necessarily in increasing order. To simplify the derivation, we suppose that there
are noi and; for which X; = Y;. Candidates for the NPMLE put nonnegative
probability on every observed valu€;, and put no probability anywhere else.
For such distributions((Y(;), 00)) = F((Z;,00)), whereZ; = max{X; |
X(jy < Y . The conditional likelihood is

FXn}) f[ F{Xo}
L 7 (Z ) F((X,
where
Ki=#{j|Z; = X@}
=#{j | Xo) <Yy < Xaen )

with X(n+1) = Q.
Writing in terms of\; = F({X(;)})/F((X (), 00)),

LD ¥
L.(F) = (- ;
[H }
H)\Z n i— 27 i
i=1
This is maximized by values
U
n—i+1-3%._,K;
_ 1
#J1 Xy = Xyt —#5 1 Yy) > Xy}
1
C# Y < Xy < XY
so that
~ " 1x,<t )
F((—00,]) = 1 — I, U~ S— (6.16)
(« D 11 ( Y Iv<xi<x,

i=1
Equation (6.16) is known as the Lynden-Bell estimator. The Lynden-Bell estima-
tor can be degenerate’((—oo, X(;)]) = 1 for somei < n is possible.

6.6 EL for right censoring

Table 6.1 presendthe AM L data Most of the valuesindicate thetime until relapse
of a patient whose leukemia has gone into remission. Those values wigigm
designate right-censored times.
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Maintained 9 13 13+ 18 23 28+
31 34 45+ 48 161+

Non-Maintained 5 5 8 8 12 16+
23 27 30 33 43 45

Table 6.1 Shown are the number of weeks until relapse for patients whose acute myeloge-
nous leukemia (AML) has gone into remission. One group of patients received maintenance
chemotherapy, the other did not. Source: Embury et al. (1977).

The standar@5% confidence interval fo(¢) is S(t) + 1.96(Var(S(t)))/2,
using Greenwood’s formula

Var($(1)) = S(1)? > o

(6.17)
j‘tjgt J( J

These intervals are based on a central limit theorem. They do not respect range
restrictions, in that they can extend outside of the intelyal]. WhenS(t) takes
an extreme value like.99 or 0.01, then symmetric intervals do not seem as natural
as intervals that extend a greater distance towhf8shan away from /2. These
standard intervals also tend to have poor coverage accuracy for moderate

Let ¢t be a fixed time point for whictt(¢) is of interest. Define the profile
empirical likelihood function

k j rj—d;
J _ A j
R(s,t) = max{H;—)d|0<)\j<17H(l—)\j):s},
=14 T t;<t
for S(t). A Lagrange multiplier argument shows that the maximizingatisfy
d
j=—t, (6.18)
Tj + ’yltj <t

for a multiplier satisfying

o —d —
Z log <w) — log(s) = 0.
Jltj<t )

Theoren 6.8 shows tha the empiricd likelihoad ratio may be used to construct
pointwise confidence intervals féh(t).

Theorem 6.8 Fori =1,... ,n,letX;,Y; € R be independent random variables
with X; ~ F andY;‘ ~ G. Let(Zz,(SZ) = (min(Xi,Yi), 1X,3§Yi)v i1=1,...,n
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be observed. Assume th@{(—oo,¢)) < 1 and0 < S(¢t) < 1. Then

—2log R(S(t),t) = x{uy
in distribution asn — oc.

Proof. Thomas & Grunkemeier (1975), Li (1985 and Murphy (1995). [

The top plot in Figure 6.4 shows the empiricd likelihoad function for S(20),
the probability that remission lasts for at led8tweeks, in each of the two groups
in the AML data. The likelihood curves overlap considerably. The survival differ-
ence is apparently not very large and the sample size is also small.

Themiddle plot in Figure 6.4 shows the empiricd likelihoad ratio curve for the
differenceA = S,/(20) — Sx(20) in survival probabilities between the main-
tained (subscripf/) and non-maintained (subscript) groups. The probability
of going 20 weeks or more in remission could reasonably be larger for either
group. This likelihood ratio is defined as

maxg, —g,—a L£(61,62)

R(A) =
( ) IHSLXQHQ2 E(tgl, 02)
where
n 1-6; n
L(61,02) = max H nw;) ( Z nwj) | w; > 072101‘ =1,
i=1 Jlti>t; i=1

sz (Ly;>20 — 01) szl— ) (ly;>20 — 02) = 0, }

where); is 1 for the maintained group ariifor the non-maintained group.

The bottam plot in Figure 6.4 shows the empiricd likelihoad curve for the
difference in medians between the two groups. This plot was computed by first
computing

[Tom)® (32 ma) ™ 20,3 =1
=1

i=1 Jltj >t

E(Gl, 92) = max{

Zwl (ly,<g, —1/2) = szl— 1y<92—1/2)_0}

on a fine grid of(6,, 0>) values, then taking

R(A) _ maX91_92:A £(01,92)

maxel 02 E(@l, 6‘2)

as before. To maximize ovéy with 6, — 05 fixed atA is to profile out a variable

that does not enter the estimating equations in a smooth way. There are few results
of thiskind, but the presehcasis covered by Theoren 10.1 The median duration

of remission does not differ significantly between these two groups.
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Figure 6.4 The top figure shows empirical likelihood curves for the probability that re-
mission lasts at least 20 weeks. There is one curve for each of the treatment groups. The
curve for the maintained group peaks at 0.7045, lying slightly to the right of the curve for
the non-maintained group which peaks at 0.5956. The middle figure shows the empirical
likelihood ratio function for the difference between the probabilities of remission lasting
at least 20 weeks. This curve peaks at 0.1088. The bottom curve is for the difference in
median times to relapse between the two groups. Each plot has a horizontal reference line
at the approximate 95% confidence level usirpgfgcriterion.
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6.7 Proportional hazards

The most convenient way to incorporate predictor variables into survival time
likelihoods is through the hazard function. Suppose fat R is a survival time,

Y € Ris a corresponding censoring time, aliide R¢ is a vector of predictors.
Let Z = min(X,Y) andd = 1x<y as before. Cox’s proportional hazards model
has survival functions

S(Xi | U, = UZ) = S()(XZ_)EXP(UEB)’

for a baseline survival functiofly, and a vector of parametefs If .S, is a con-
tinuous survival function, then this model has hazard function

MXi | Ui = ug) = Mo(Xi) exp(u;3).

The exponential model for covariates keeps the hazard function nonnegative. It
also means that the effect of changitigis to make a proportional increase or
decrease in the hazard rate, for all times. The baseline survival distribution cor-
responds to a random variabfé with covariate vectol/ = 0. To make the
baseline correspond to a default valig it is only necessary to replace edch

by U; — Uy.

The data can be organized through two sequences of events unfolding in time.
The first sequence specifies the time of the next failure to occur, and the second
sequence specifies which of the subjects currently under study is the one to fail
at that time. WithS, completely unknown, it is reasonable that only the second
sequence contains information BnSuppose that there are no ties among4he
Forj=1,...,k =7, letthe item labeled;) be the one with thg'th largest
of the observed failure timelsZ; | 0; = 1}. LetR; = {i | X(;_1) < Z; < X(;)}
be the set of individuals at risk of failure, just prior to tinXg;), taking X ) = 0.

The partial likelihood is

exp(uzj)ﬂ)
ZieRj eXp(“m)’

after canceling\o(X;))At from the numerator and denominator in each of the
k factors. This partial likelihood can be extended, with some difficulty, to take
account of ties irZ;, for observations not necessarily having having tiedndy;.

The partial likelihood behaves like an ordinary parametric likelihood. Maxi-
mizing it provides consistent asymptotically normal estimateg,ainder mild
assumptions, and the profile likelihood formed by maximizing oSgican be
used to construct confidence regions for

k
Lp(B) = H

Jj=1

6.8 Further empirical likelihood ratio results

Asymptoticy? distributions have been obtained for numerous truncation and cen-
soring settings. Some theorems are quoted here. Some more are described in
Chapter 6.9.
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For left-truncatel dat of Exampk 6.2 let L.(F') be the conditional likelihood
L(F,G;Y | X) given on page 138. Define

max{Le(F) | F((=00,]) =p}

Rt(p) = maXF{Lc(F)}

Theorem 6.9 Let X ~ Fy andY ~ Gq be independent from continuous dis-
tributions. Assume thanf{z | Fy(z) > 0} > inf{z | Go(z) > 0} and that
Fy(t) = po > 0. Then—2log R+ (po) — X%l) asn — oo.

Proof. Li (1995, Theoren1). [

Suppose thatX;,Y;, Z;) € R? are independenard identically distributed,
with X doubly censored, bY; on the right and by X; on the left, as in Exam
ple6.4. Let F'x, Fy, andF; be the distributions ok, Y, andZ, respectively. If
Z <X <Y, letU =Xandd =0,if X >Y,letU =Y andd = 1, and if
X< Z letU =Zandd = —1.

Then the conditional likelihood function fdry is

Lc(F) = H F({Ui})&zOF((Ui7 OO))éi:lF([O’ Ui))éizfl’

usingz* as a shorthand far'4. Letd = [ g(x)dFx (x), for a known functiony,

and define
max{L.(F) | [ q(«)dF(x) = 0}

R(6) = maxz{L.(F)}

Theorem 6.10 Let’R andd be as described above. Suppose tfiat Fy, andF
are continuous distributions, thatx ([4, B]) = 1, for some) < A < B < oo,
thatPr(Z < v <Y) > 0forall u € [A, B], that Fz([0, B]) = 1, and that
Fy([0,A4)) =0. Suppose thaj is a left continuous function of bounded variation
on [A, B] with [ ¢*(z)dFx (z) — ([ q(x)dFx(z))* > 0. Then—2log R(6y) —
Xy

Proof. Murphy & van der Vaat (1997, Theoren 2.1). [

Now conside currert statis datasin Exampk 6.5, with only one obsevation
time Z, but with a Cox model covariateé € R. The event time isX, and we
observeZ andd = 1x,<z,. Suppose that conditionally dn, the hazard function
of X is A(t) exp(0U) for a parametef € R. The conditional likelihood in terms
of the cumulative hazard of is

n 8 1-4;
L(A,0) = H(1 - exp(—eeU"A(Zi))) (exp(—eeU"A(Zi))) .
=1
Now define
maxpa{L(A,0)}

RO = aay LA
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whereA is maximized over the space of nondecreasing functions continuous from
the right with limits from the left and taking values j, C] for a known bound
C, andd is maximized over a parameter &t

Theorem 6.11 For the current status setting above let the observation tifhe
have a continuous positive density functiondnB] for some) < A < B < oo,
where the true cumulative hazatg of X satisfies\o(A—) > 0andAq(B) < C.
LetAq be differentiable ofA, B] with a derivative everywhere above soame 0,
let U be bounded wittE(Var(U | Z)) > 0, and assume that the true valdg
is interior to ©. Finally, assume thap(Z) has a bounded derivative da, B]
where
2
E()(U, X,0)| Z)
exp(— exp(6oU))A(X) _a
1 — exp(— exp(6oU))A(X)

Then—2log R(6y) — Xa) asn — oo.

and

(U, X, 6) = PV [5 — ).

Proof. Murphy & van der Vaat (1997, Theoren 2.2). [

A form of cumulative hazard estimating equation can be used to define param-
eters in survival analysis. There, the paramétsolves [ ¢(z,0)dA(xz) = C for
some constant.

Theorem 6.12 For right-censoed data as describel in the conditiors of Theo
rem 6.8, supposthat ¢(x) isaleft continuows function with

lg(z, 0)|™
O</ dA(z) < oo, m=1,2.
F ([, 00)G([w.00) "

Then—2log R(6y) — oo whereR(#) is an empirical likelihood ratio defined
through the hazard function at observed failure times, and maximized subject to

[ g(z,0)dA(z) = C.
Proof. Pan & Zhou (2000,Theoren 5). [J

6.9 Bibliographic notes
Biased sampling

Bratley, Fox & Schrage (1987) is a standard reference on Monte Carlo that in-
cludes importance sampling. Cochran (1977) and Lohr (1998) are standard refer-
ences on finite population sampling. Cox (1967) proposed the harmonic mean for
length biased data. The shrub data are from Muttlak & McDonald (1990). Jones
(1991) uses them to investigate kernel density estimation from length biased sam-
ples.
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The problem of constructing an NPMLE from one length biased and one unbi-
ased sample was considered by Vardi (1982). Cosslett (1981) proposes an NPMLE
for choice-based sample data. Vardi (1985) and Gill et al. (1988) consider multiple
samples each with their own biasing conditions. Vardi (1985) gives an algorithm
for computing the NPMLE, and shows that the NPMEHSs a sufficient statistic
for the unknownrj.

Empirical likelihood for a combination with one biased and one unbiased sam-
ple was considered by Qin (1993). Qin proves an ELT for the mean with one
biased and one unbiased sample and states that the result holds more generally.

Qin & Zhang (1997) study a problem in which the bias functions in multiple
biased sampling contain parameters. In grotipe data are a biased sample de-
fined throughu;(x, n;), incorporating unknown parameter vectgrs They were
motivated by case-control studies, where samples are taken of people with and
without a rare condition. Empirical likelihood methods can be used to draw infer-
ences on the;, as well as to test the goodness of fit of the parametric specification
of the bias function. Fokianos, Peng & Qin (1999) use this idea to test the good-
ness of a logistic link function. Qin (1999) considers three samplgs; F,

Y, ~ G,andZ; ~ AF + (1 — \)G for an unknown mixture proportion.
The distributionsF' and G have densitiesf and g that are assumed to satisfy
log(g(z)/f(x)) = Bo + zf1. Qin (1999) finds asymptotic chisquared distribu-
tions for likelihood ratio tests of andg; .

Qin (1998) considers empirical likelihood inference in upgraded mixture mod-
els. This setting combines a “good sample” of directly observeddataF’, with
a “bad sample” of data from a densityz) = [ p(z|z)dF for a conditional den-
sity p(z|z). These models originate with Hasminskii & lbragimov (1993). The
name is from van der Vaart & Wellner (1992), who develop a discrete consis-
tent estimator of’. An example from Vardi & Zhang (1992) has = ZU for
U ~ U(0,1) independently ofZ. The KDD CUP 2000 data mining competition
(Kohavi, Brodley, Frasca, Mason & Zheng 2001) featured Internet log entries, in-
cluding some complete sessions of lengtland some clipped sessions that only
included the firsfU Z entries for a uniforn¥/. The winning entry of Rafal Kus-
tra, Jorge Picazo, and Bogdan Popescu showed that clipping produced an artifact
wherein the rate at which visitors left a site appeared to increase with the dura-
tion of their session, although the true departure rate declined with duration. Qin
(1998) shows how to use empirical likelihood inferences on upgraded mixture
models, and how to incorporate parameterized data distortiansz; 6).

Censoring and truncation

Peto (1973) considers NPMLE's for general patterns of interval censored real
values, ad proves Theoren 6.5. The prodf of Theoren 6.4 is adapte from the
argument in Peto (1973).

An example of a bad NPMLE arises for bivariate failure timgs= (X1, X;2)
whereX;; is subject to right censoring by;;. If X;; is censored buk;, is not,
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thenC; = {(z1, X;2)|Yi1 < 21 < oo} is aray of infinite length in the plane. K;

have a continuous distributiafi then there will never be aX;; € C; for i’ # i.

As Tsali, Leurgans & Crowley (1986) note, such additional points are necessary
to properly distribute probability withid’;, and without them the NPMLE is not
even consistent. van der Laan (1996) proposes a way to fix this problem in which
aray likeC; is replaced by a thin strip, with a width that decreasésden — oc.

Turnbull (1976) is a definitive reference on NPMLE’s for combinations of cen-
sored and truncated real-valued data. Turnbull (1976)'s description of censoring
is a form of coarsening at random. Heitjan & Rubin (1991) define and illustrate
coarsening at random and show that under coarsening at random, the conditional
likelihood is proportional to the full likelihood. Coarsening at random includes
information loss due to missing data components or rounding.

Turnbull (1976) provides a self-consistency algorithm for finding the NPMLE.
This algorithm is an example of the EM algorithm (see Dempster, Laird & Ru-
bin (1977) and Baum (1972)). Efron (1967) used self-consistency to derive the
Kaplan-Meier estimator. There is as yet no ELT for the general setting Turnbull
considers.

The survival, hazard, and cumulative hazard functions are defined in Fleming &
Harrington (1991), as well as in Kalbfleisch & Prentice (1980), who use a survivor
functionPr(X > ¢) instead of the survival functioBr(X > t).

Kaplan-Meier estimator

Kaplan & Meier (1958) introduced the product-limit estimator for right-censored
survival times, using an NPMLE argument. Similar estimators had previously
been used by actuaries. The variance estimate of the Kaplan-Meier estimate is
from Greenwood (1926). The NPMLE derivation is based on Kalbfleisch & Pren-
tice (1980), who also present a derivation of Greenwood’s formula.

Thoma & Grurkemeieg (1975 gave a heuristt prod of Theoren 6.8. This
was later made rigorous by Li (198band by Murphy (1995). Murphy (1995)
proves an ELT for inference on the cumulatve hazad function Equation (6.18)
was obtained by Thomas & Grunkemeier (1975) and independently by Cox &
Oakes (1984, Chapter 4.3) who use it to derive Greenwood'’s for(@ula)from
the curvature of the censored data empirical log likelihood.

Adimari (1997) considers empirical likelihood inferences for the mean of a
distribution under independent right censoring. He finds an asymptotic chisquared
distribution for2n """, p;log(1 + N (T; — n)) wherep; is the Kaplan-Meier
probability of the observed failure tini€ and\ satisfiesy_" | p;(T; — u)/(1 +
N(T; - ) = 0.

Pan & Zhou (2000 prove Theoren 6.12 They also establish a chisquared cali-
bration for parameter§ ¢,, (z)dA(z) whereg,, is a data-dependent function. Such
parameters often arise where a data-based estimate of one quantity is plugged into
an equation for another.
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The AML data come from Embury et al. (1977). They are reproduced in Miller,
Gong & Munoz (1981).

Lynden-Bell and astronomy

Efron & Petrosian (1994) explore some data where objects that are either too
bright or too dim are truncated. The dim objects are not visible, while the bright
ones are possibly not the sort of object of interest. They introduce a nonparametric
estimate of the distribution function of brightness for such doubly truncated data
and provide a bootstrap-based test of the cosmological principle.

Keiding & Gill (1990) and Woodroofe (1985) provide a detailed analysis of
left-truncated sampling. The NPMLE in this case was found by Lynden-Bell
(1971) and is known as the Lynden-Bell estimator. Lynden-Bell considered the
more general setting in which apX,Y") pair was observed with probability
u(X,Y), allowing a model in which the probability of observing an object of
given brightness decreases smoothly frorto 0 as its distance from Earth in-
creases. Lynden-Bell (1971) gives a small data s¢éd 8ICR quasars. The NPMLE
is degenerate, putting positive weight on only three of the quasars. Woodroofe
(1985) describes conditions leading to this degeneracy and conditions in which
the probability of a degenerate NPMLE vanishesas co. Lynden-Bell (1971)
also implements a fix in which the histogram of an intermediate quantity is re-
placed by the nearest unimodal one.

Warg (1987) proves Theoren 6.3, Keiding & Gill (1990 provide anothe proof
and add the caved tha the maximize F' of the conditiond likelihood isnot acom-
poner of the joint NPMLE (£, ) in case where F is degenerateLi (19%a)
proves Theoren 6.9. Li, Qin & Tiwar (1997 conside the ca® wher ther is
a known parametric family of distributions fa@¥, but not for F'. They use the
marginal distribution of theX; because in this setting it can have more informa-
tion than the conditional distribution of thE€; given theY;. They also show how
to get empirical likelihood ratio confidence regions for the probabilithat an
observation is not truncated.

Other

The proportional hazards model in Chapter 6.7 was proposed by Cox (1972).
The partial likelihood argument for it is due to Cox (1975). Bailey (1984) con-
sidered the joint likelihood fop and.S, taking jumps at observed failure times.
He showed that the estimate @fobtained by maximizing the likelihood over
andsS, is asymptotically equivalent to the one obtained by maximizing the partial
likelihood. The resulting estimate of the cumulative hazard is equivalent to the
one in Tsiatis (1981). Confidence regions fbor for the cumulative hazard (at
finitely many points) can be obtained from the curvature of the log likelihood.
Bailey (1984) remarks that the presence of a large number of nuisance parameters
does not lead to difficulty. Murphy & van der Vaart (2000) consider the problem
of infinite dimensional nuisance parameters more generally.

©2001 CRC PressLLC



Murphy & van der Vaat (1997 prove Theorens 6.10 ard 6.11 They also es-
tablishy? limits for some frailty models incorporating random effects into the
proportional hazards framework.

In this chapter, survival analysis was viewed as analysis of life times that might
be missing or partially observed. The modern treatment of survival analysis treats
each subject’s data as a counting process observed over a time window. The num-
ber of deaths for an individual is a counting process that startseatd may
increase td in the time window of observation. A second counting process takes
the valuel if the individual is at risk of failure and otherwise, whether the reason
be failure or censoring. For a more comprehensive treatment of survival analysis,
using the theory of counting processes, see Fleming & Harrington (1991) and
Andersen, Borgan, Gill & Keiding (1993), with a very accessible applied presen-
tation in Therneau & Grambsch (2000). Counting process models extend naturally
to handle competing risks from different causes of death, events such as infections
which can recur for individuals, and transitions between states such as cancer and
remission.

The dual likelihood of Mykland (1995) is an extension of empirical likeli-
hood to martingales. Dual likelihood inferences should cover many or most of
the counting process examples, though this is outside the scope of the present
text.

6.10 Exercises

Exercise 6.1 Suppose thafXy, ..., X,, are IID with the exponential probabil-
ity density functionf(z;0) = 0exp(—0x)1,~0. Thus@ is the failure rate per
unit time and1/6 = E(X). Suppose that?,...,Y, are censoring times in-
dependent ofX,..., X, and let the observations B¢ = min(X,,Y;) and

0; = lx,<v,. Write an expression for the parametric conditional likelihood of
Xi,..., X, givenYy,....Y,, in terms of Z; andé;. Find the conditional MLE

0. Is this guantity interpretable, in the case whéfgare not exponentially dis-
tributed?

Exercise 6.2 Suppose that’ puts weightw; > 0 on z; and thatG puts weight
v; > 0ony;, whered " | w; = >0 v; = 1. Letu;; = 1y,5,,, and define
a=Pr(X >Y) =31, > wvju;. Show by Lagrange multipliers that

n —1
Wi — Z Wi
T ~n
= D= Wi

for the NPMLE in the Lynden-Bell setup.
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CHAPTER 7

Bands for distributions

This chapter considers confidence bands for a distribution function and some
related functions. Chapter 5.8 describes bands for kernel density estimates. For
X € R, the cumulative distribution function is

F(z) = F((—o0,z]) = Pr(X < x)

taken as a function of.
A confidence band foff (x) is a pair of functiond.(z) and H (x) for which

Pr(L(z) <F(r) < H(z),VxeR)=1—-« (7.1)

under independent sampling &f ~ F. The randomness in (7.1) arises from the
fact that andU depend onXy,... , X,, although this is suppressed from the
notation. Some exact confidence bands are available, others are asymptotic.

If the inequalities in (7.1) were imposed only Atpointsz, the result could
be described as B-dimensional hyper-rectangular confidence region. Bands are
essentially infinite dimensional hyper-rectangles. As such, they are do not neces-
sarily correspond to tests with the greatest power. Ellipsoids or other shapes are
often better. Bands have the advantage that they can be easily plotted.

Bands are also of interest for some related functions. The quantile function
Q(u) is defined through

Q(u) =F '(u) =inf{z |u <F(z)}, 0<u<l. (7.2)

The definition (7.2) make® unique even whef(z) = F(2') = u for z # 2.

For independent real-valued daXa, ... , X,, ~ F andYy,...,Y,, ~ G, the
QQ plot is formed by plotting an estimate @Q(z) = G~ (F(x)). If the sample
QQ plot lies far from the 45line QQ(x) = x, then the distributiong” and G
differ.

For three or more samples from distributiofs . . . , Fi, we can select one of
the distributions, say1, as a baseline, and definda 1 dimensional quantile-
quantile function by(F5 ! (Fy (z)), ..., F; ' (Fi(x))), overz.

The survival function is5(t) = F'((t,00)) = 1—F((—o0, t]). Itis widely used
in medical applications, as is the cumulative hazard function

[t dF(u)
Al) */o F((—o0,w))’

These are discussed in Chapter 6.5.

©2001 CRC PressLLC



7.1 The ECDF

The empirical CDF is the valul(z) = #{X; < z}/n, taken as a function af.
The 95% Kolmogorov-Smirnov bands fdt are of the form(z) + D99, where
D)~ is defined in terms of the random variable

, (7.3)

by Pr(D, < D}=%) =1 —a.

Such bands can have exact coverage levels for finiteecause the distribu-
tion of D,, for X; ~ F is the same for any continuous distributiéh If F' is
not continuous, then Kolmogorov-Smirnov bands have greater than the nominal
coverage level. To see why the distribution/of does not depend aof, write the
order statistics of the sample a5) < X(5) < ... < X{,), and introduce ran-
dom variabled/; = F(X;). TheU, are independent observations from th@, 1)
distribution, and have order statistids;) = F(X;)). For continuoug™ the supre-
mum in (7.3) occurs either immediately to the left or right of an observatign

SO
D, = EfF(X ) EfF(X )
n — 11;1%)% max n @))] n (%)
1 .
:m_axmax(Z —U(i),i—U(i)).
1<i<n n

For any continuoud”, D,, can be expressed in terms of the order statistics of
a uniform sample, and sP!~“ can be calculated for one distribution, such as
F = U(0,1), and then applied to any continuous distribution. The hypothesis
that X; have CDFF is rejected at levetr whenF is not contained within the
bands at alt.

Where the upper band goes abadvieis replaced byl, and similarly the lower
band is replaced bg where it goes belovd. The Kolmogorov-Smirnov bands
are widely used, but they are not particularly sensitive in the tails. To address this
problem, weighted Kolmogorov-Smirnov bands, of the form

Day = sup $(F(x)) [F(@) - F(a)

—oo<r<oo

9

have been proposed. For example, the choice
W(z) = (z(1-2)7"" (7.4)

weights each point in inverse proportion to the standard deviatiorf:(zf:), and
so puts more weight on the tail regions.

The random variable.F(z) has the binomial distribution with parameters
andp = F(z). Kolmogorov-Smirnov bands are based on the most extreme dis-
crepancy between the observed and expected binomial random variables. The
weighted version with weights (7.4) takes account of the unequal variances of
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those binomial random variables. Empirical likelihood bands may be constructed
using the most extreme binomial likelihood at any

Empirical likelihood forF(z) at a single point: was presented in Chapter 3.6.
For0 < p < 1,and—oco < ¢ < oo, define

n n+1 n+1
R(p, q) = max {Hnwl \ sz‘Zi(P, q) =0,w; >0, sz = 1} ,
i=1 =0 =0
with Z;(p,q) = lx,<4 — p, taking Xy = —oo and X,,11 = o0, so thatZ, =
1 —pandZ,;; = —p. An asymptotic confidence interval fér(x) is {p |
—2log R(pa I) < X%U}-
To get a confidence band fbr we consider the distribution of the most extreme
pointwise likelihood, via
E,= sup —logR(F(z),x).

—oco<zx <00
Letcl— satisfyPr(E,, < c¢,~%) = 1 — . Then the bandL(x), H(z)) with

L(z) = min {p | ~log R(p, ) < ¢~}
H(xz) = max {p | —logR(p,z) < c,lfa

is a100(1 — «)% confidence band fd¥(z). First we consider constructingand
H givencl=2, then we consider how to fing, ~<.

7.2 Exact calibration of ECDF bands

It is computationally easy to obtain an exact calibration for empirical likelihood
bands. The reason is that for any set of numbers. . ,a, andby,... ,b,, there
is a recursive algorithm to compute

Pr(ang(l)gbl, i:L...,n).

See the discussion of B recursion in Chapter 7.4. & recursion also applies
to weighted Kolmogorov-Smirnov confidence bands.
From equatior{3.15)in Chapter 3.6,

—% log R(p,z) = plog(p/p) + (1 — p) log((1 — p)/(1 — p)), (7.5)

wherep = p(x) = #{X; < z}/n = F,((—o0,z]), andp = F(z). For fixedp,
equation (7.5) is a convex function pfvith a minimum of0 atp = p. ThusL(z)

and H(x) can be easily found by safeguarded searches, like those described in
Chapter 2.9, starting in the intervdlg p) and(p, 1), respectively. Convexity ip

of (7.5) implies that-log R(p, z) < ¢.=*if and only if L(z) < p < H(x).The
bandsL(z) and H(z) are piecewise constant functions, taking jumps atrthe
observed values((;). Therefore, it is only necessary to compute them at 1
different points. LetL; and H; be the values of.(x) and H(x), respectively,
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on the open interval X ;y, X(;41)), fori = 0,...,n, with X,y = —oco and
X(n+1) = Q.

Having found either thé; or the H;, the other ones can be found by symmetry
through

Li=1-H,_,.

Note thatL(X(l)) = min(Li_l, Ll) =L;_ andH(X(z)) = max(Hl-_l, Hz), for
1 <4 < n. Therefore H (z) is continuous from the right anfl(x) is continuous
from the left.

To calibrate the curves we need to fiafi*. The extreme value aof,, must
take place at or just to the left of an order statistig). Thus

E, = max max (—logR (F(X(,;)), X(i)—) ,—log R (F(X(3)), X(,;))) .

Suppose thak' is continuous. The® (p, ¢) with X; ~ F'is the same aR(p, F(q))
on datal/; = F(X;). Thus we may write

1 1
n 112%L max ( og R (U(Z), ) ,—log R (U(Z), >>

i—1 ;
= lrgaé(n max (— log’R (U(i), T) ,—logR <U(i)’ Z)) .

Now E,, < cL= is equivalent to
aiELiflgU(i)SH(i)Ebi, 1=1,...,n.

It follows that N&&'s algorithm can be employed to find the coverage probability
for any value ot} ~®. A one-dimensional numerical search can then be employed
to find the value ot} .

Critical valuesc~ can be precomputed and tabulated. It may be more conve-
niert to store them as a function of n. The function valuesin Table 7.1 give very
accurate coverage for the standard coverage |8v&sand0.99, for sample sizes
up to1000.

7.3 Asymptotics of bands

The confidence bands of the previous section were constructed without employ-
ing any asymptotics. This was made possible byeSa@ecursion. These bands
have good power properties. Suppose tkiathave a continuous distributiof.

Then the empirical likelihood confidence band of leiela has better asymptotic
power for rejecting an alternative # F than a weighted Kolmogorov-Smirnov
band of levell — «. This holds simultaneously for all weighted Kolmogorov-
Smirnov bands and all alternativés+# F. Such universal optimality is surpris-

ing becauseF’ might only differ from F in a narrow interval, and a weighted
Kolmogorov-Smirnov band might be constructed to be particularly sensitive to
departures fron¥' in just that one interval. See Chapter 7.4. The power consid-
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Coverage95% to 95.01%
Sample sizes = 1:
2.9957
Sample size$ < n < 100:
3.0123 4 0.4835log(n) — 0.00957 log(n)? — 0.001488 log(n)?
Sample size$00 < n < 1000:
3.0806 + 0.4894 log(n) — 0.02086 log(n)?

Coverage99% to 99.01%
Sample sizer = 1:
4.60517
Sample size$ < n < 100:
4.626 + 0.5411og(n) — 0.0242 log(n)?
Sample size300 < n < 1000:
4.71 4 0.5121og(n) — 0.219log(n)?

Table 7.1 Shown are approximate critical values™“, for empirical likelihood confidence
bands for the CDF from Owen (1995). The nominal coverage leveligleither 0.95 or

0.99. The actual coverage level is between the nominal level, and the nominal plus 0.0001.
The sample sizes are from= 1 ton = 1000.

ered is of large deviations type. Further large deviations results are described in
Chapter 13.5.

The empirical likelihood confidence bands are based on the distribution of the
most extreme ofn binomialp-values, arising from an upper and a lower bound at
each ofn points. These-values are strongly correlated with each other because
they are based on the same data. It is interesting to compare the critical value
of the likelihood used in setting bands with the finite degrees of freedom case.
Figure 7.1 plots ¢%-% versusn for 1 < n < 1000. The effective degrees of
freedom corresponding tg, are defined to bé such thaPr(X%d) < 2¢,) = 0.95.

The factor of2 enters because in parametric settings the test statistic is minus
twice a log likelihood where?-%> was developed for a negative log likelihood.
Chisquareds on fractional degrees of freedom are Gamma distributions.

Forn = 1, the effective degrees of freedom are- 2. The effective degrees of
freedom increase very slowly with, tod = 3 atn = 7,tod = 4 atn = 62, and
tod = 5 at somen > 1000. The effective degrees of freedom would be slightly
different at a confidence level other théu95. The effective degrees of freedom
are very nearly linear in,, .

The caser = 1 is interesting. It involves just one quantile. As— oo for one
guantile ax%l limit is appropriate. The effect of = 1 instead ofn = o is to
change the cfegrees of freedom frarto 2.
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Figure 7.1 The left plot shows the critical likelihood threshold for exact 95% empirical
likelihood confidence bands for the distribution function. The sample sizes range from 1
to n. A critical likelihood ofc corresponds to an effective degrees of freedorh where

Pr(X(Zd) < 2¢) = 0.95. The right plot shows effective degrees of freedom versus sample
size. The two quantities have nearly the same dependence on sample size. This is nearly
linear on a log scale as shown in the right plot.

7.4 Bibliographic notes

Exact confidence bands for the CDF based on empirical likelihood were pub-
lished by Owen (1995). Hollander, McKeague & Yang (1997) find asymptotic
confidence bands for the survival functidn;- F, from right-censored data.

The weights(7.4) were proposed by Anderson & Darling (1952). The better
known Anderson-Darling statistic is based on an integral oyapt an extreme as
presented here. It corresponds to an infinite dimensional ellipsoidal region instead
of an infinite dimensional hyper-rectangle.

The recursive algorithm for finding the probability that the ECDF frobi(@, 1)
sample stays within a given band is due to&N@972). It takesD(n) space,
and appears to be numerically stable for< 1000. Noé’'s algorithm is given
in Shorack & Wellner (1986). The fact that the bands described here give a test
with better asymptotic power than any weighted Kolmogorov-Smirnov test at any
alternative toU (0, 1) was proved by Berk & Jones (1979) using the notion of
relative optimality discussed in Berk & Jones (1978).

Qin & Lawless (1994) show that the error in estimating a distribution function
is smaller if side information is used. Zhang (189&nd Zhang (1999) describe
confidence bands for the distribution function, given some side information ex-
pressed through estimating equations.
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Switzer (1976) computes a confidence band for the QQ function by invert-
ing Smirnov’s two sample rank test. Confidence bands for the quantile function
are given by Zhang (1997), by resampling from the NPMLE. Li, Hollander, Mc-
Keague & Yang (1996) present confidence bands for the quantile function from
censored data. Einmahl & McKeague (1999) create empirical likelihood-based
confidence tubes for QQ plot relating samples from two or more populations.
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CHAPTER 8

Dependent data

Empirical likelihood was motivated by independent identically distributed data.
As Theoran 4.1 shows, the requiremenfor identically distributed dat can bere-

laxed. When the observations are dependent, then this usually has to be accounted
for in constructing confidence regions and tests. The ways of handling dependent
data with empirical likelihood parallel the methods from parametric likelihood
and the bootstrap. Failure to account for dependence among the data can destroy
the coverage properties of confidence regions.

In order to construct nonparametric confidence regions for dependent data, we
must assume something about the nature of the dependence. For some time series
problems, we assume that the dependent data are driven by an unobserved set of
independent random variables. For some other time series, we assume that there
is possibly very strong dependence between relatively few pairs of observations.
By contrast, some finite population sampling settings have very weak dependence
between many or even all pairs of observations.

8.1 Time series

Chapter 8.10 gives some background references on time series. Here we pro-
vide some definitions. A time series is a sequence of observalipns R?,
i =1,...,T, whereY;, is observed one time unit aft&;. The time unit could
be a fixed amount of real time, such as a day or year, or it could simply indicate
the order in which values were observed.

Models with independerit; are seldom appropriate for time series data. There
is generally some dependence among series values to account for. Time series are
usually modeled as realizations of stochastic processes in Wkich. ., Yr) is
drawn from a joint distribution ofR?”".

For some joint distributions @f1, . . ., Y7, there is clearly no way to learn about
the underlying stochastic process. As an extreme example, supposg that
Z + ¢; forall i > 1, wheree; are independent of each other and of the random
variableZ. Such data are less informative about the mearj difian is one single
data value from the distribution df. Another hard case has§ = u; + e; where
u; is an arbitrary unknown sequence of value®Rih ande; are independent with
mean zero. Some assumptions are needed in order that the amount of information
in theY; about the underlying process should increase With

A widely used assumption is th&t fori = 1,...,T areT consecutive obser-
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vations from an infinite series. ;Y_4, Yy, Y1, ... having a stationary distribu-
tion. This means that the joint distribution of any finite set of observations is un-
affected by a time shift of units. ThugY;., Y, ..., Y;) has the same distribution
as (Yoik, Yotk .-, Yitk), for anyk and anyr, s, ...,t. A weaker assumption
has some low order stationary moments. For example, in a real-valued time series
there may be some set@fb, . . ., c values for whichE(Y,* x Y2 x --- x ) is
unaffected by a time shift df units.

A stationarity assumption addresses the problem in the second hard case. A
stationary series would have to have a common value p. The first hard case,
Y; = Z + e;, is stationary if thee; are 11D, so another condition is needed to rule
this case out.

Under a mixing condition, the dependence between observations before and
including timet and observations from+ k& onward becomes negligible &s—
oo. For a rigorous description of mixing, see the references in Chapter 8.10. Let
A be a random variable that takes the valuer 1 depending on what the series
does at times up to time Let B be a0 or 1 random variable depending on
what the series does from timtet- & on. It is natural to writePr(A) for E(A),
identifying A with the event thatd = 1. If the future is independent of the past
thenPr(A N B) = Pr(A4) Pr(B). Now measure the dependence through

a(k) = supsup | Pr(AN B) — Pr(A) Pr(B)]. (8.1)
t AB

TheY; area-mixing if a(k) — 0 ask — oo. If Y; is stationary, then it is not
necessary to maximize ovem (8.1).

A mixing condition rules out the first hard case. The sedes e; is nota-
mixing outside of trivial cases. Theorems that use mixing usually also stipulate
thata(k) goes to zero sufficiently fast &s— oc.

The discussion above emphasizes the time domain approach to time series.
In the frequency domain approach, we study how much of the variance in the
series comes from oscillations at different frequencies. Suppos#it@aiR is a
stationary time series, with med(Y;) = p and autocovariances, = E((Y; —

1) (Yirr — ). The spectral density function & is defined as

1 oo
= 2 k 0<w<m,
flw) 7r[%+ ;%cos(w )}, <w<m
when this exists. The variance &f is 7y = fO” f(w)dw and the interpretation
of f(w) is that frequencies in the intervh;, wo] contributef:f f(w)dw of this
variance.
The periodogram is a sample version of the spectral density function

1, =
o) = 2 o+ 23 ot
k=1

using estimate§, = 7! Z;T’:lk(Yi —Y)(Yisr — Y). Under mild conditions,
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E(I(w)) — f(w) asT — oo, but becaus&ar(I(w;)) does not converge to
asT — oo, the periodogram is usually smoothed somehow, when an estimate of
f(w) is required.

8.2 Reducing to independence

Parametric likelihood methods often tackle dependent data by expressing the ob-
servations as functions of some other variables assumed to be statistically inde-
pendent. One approach to empirical likelihood is to use the estimating equations
from those models.

The autoregressive model is widely used in parametric modeling of time series
data. As the name describes, the data series is generated by a regression on its
own past. Suppose for example that- N (0, o2) are independent, that

K:ﬁ(]+ﬂlnfl+eia Z:]-v 7T7 (82)

and that the series started off with an unobserved normally distridgiéade-
pendent of thee;. If |51] < 1, the distribution ofY; tends to an equilibrium
distribution N (1, o) asi — oo, wherey = (o/(1 — $1) ando;, = o*/(1 - 7).
If Yo ~ N(u, 05), then theY; all have the same distribution.

We will suppose thalf3;| < 1 and then reparameterize equation (8.2) as

Yz—/ﬁ:ﬁl(yz—l—/l)“‘@u 22177T (83)

The parametric likelihood for the autoregressive model (8.3) is

T
L=][r®|vi.....Yic1s . Br,0)
=1

Tt T (Vi) By (Vi )’

e H e 2
Viroy, 5 Virmo

The special treatment &f; in (8.4) is awkward. The conditional (dr) like-
lihood

(8.4)

T
LC:Hf(}/i|Y17"'aYi—1;,uaﬁ170-)
1=2

2ro

T
M1 = o0 (-0 - A -0)) @9)
=2

treats the data more symmetrically. Usihg instead ofL. sacrifices some of the
information available fron;. This information loss is small, especially when
|31] is close tol. Furthermore, there is the possibility that the series has not yet
reached the equilibrium distribution. Thenis not the likelihood but.. is still
the conditional likelihood givery;.

We can use the conditional likelihood to generate estimating equations. For
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i>2,lete; =ei(p, 1) =Y —p— f1(Yie1 — ), 0 = (1, 51,0)" and
Zi = Zi(0) = (i, (Y; — p)es, ef —o?)'.

Then the estimating equations @fﬂ Z; = 0.
The empirical likelihood approach is then based on

R(@) = Sup{ﬁwi | w; > O,iwl = 1’iwizl+i = 0} ,
i=1 i=1 i=1

wheren = T — 1. If the e; are independen¥ (0, o2) then the limiting distribu-

tion of —2log R with r parameters constrained)@). The empirical likelihood
inferences go through under some weaker conditions, using results for the dual
likelihood described below. The do not have to be normal, nor identically dis-
tributed. They do have to be nearly independent, so(that) >, Z; Z; estimates

the variance matrix ofl/\/n) Y, Z;.

It is convenient that inferences may be based on the limiting distribution of
log R(#), though itis is troubling that in time series mod&ds no longer a like-
lihood ratio. Ifé; is the true value of the parameter th8r(6,) are independent,
but for 0 # 6, Z;(0) are not independent, and so it is hard to cons[detw; to
be the probability of the observations. The dual likelihood is one way to explain
why R has likelihood asymptotics. Write

Do(\) = [J(1+ N Zi(0)~".
=1
For the correct value df, the Z; are independent and the test for 0y usingR
is the same as the test far= 0 usingDy.
The autoregressive mod@.3)is known as the AR(1) model because it uses a
regression on one past data point. In an ARtiodel we write

k
Yi—p=> B;(Yiy— ) +e (8.6)
j=1

The estimating equations for the AR (@re a natural extension of those for AR(

If an AR(k) series has uncorrelategdwith mean0 and constant variance, then it
will approach an equilibrium distribution, under conditions@nlLetu, . .., u
be the solutions to

k
1-) " B’ =0. (8.7)
j=1

The u; are complex numbers, not necessarily all distinct. ThelARgéries ap-
proaches an equilibrium if and only if all; lie outside the unit circle in the
complex plane.

We can form estimating equations for very general regressions, linear or nonlin-
ear, relatingy; to past valued’;_; as well as past and present values of covariates
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St. Lawrence River flow
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Figure 8.1 Flow of the St. Lawrence river in cubic meters per second, at Ogdensburg, New
York. The data are annual values from 1860 to 1957. Source: Yevjevich (1963).

X, An asymptoticy? distribution for empirical likelihood inferences holds very
generally for non-explosive series using dual likelihood.

For a model including predictors at lags of upitdime steps, we obtain =
T — k estimating function values to reweight. In software implementations, it can
be a nuisance to have the number of estimating function values differ from the
number of data values, or differ from model to model. A simple remedy is to
defineZ; = 0for 1 < ¢ < k. Itis easy to show that maximizinlgiT:1 log(nw;)
subject toy ., w; Z; = 0 andY"/_, w; = 1 places weight /T’ on anyZ; that
equals zero, and that the empirical likelihood ratio basedgpy, ..., Zr does
not change whe; = --- = Z;, = 0 are adjoined to the sample.

Figure 8.1 shows annu& flow of wate in the St Lawrene river. Thes values
are clearly not independent. The correlation between one year’s flow and the next
is about0.71.

We consider an AR(3) model for this data set. kgf. . ., Yo7 be the raw val-
ues, andX; = Y; — u be centered values. We use estimating equations

{(Xi,o,o,o,oy, 1<i<3
Z; =

8.8
(XiveiXi1,e.X;- 0,6, X, 3,2 —exp(27)), 4<i<97 88)

wheree; = Xi—zgzl B;X;_;. These describe an autoregressioft;adn its past
3 lags, with an error standard deviationefp(7). Instead of takingZ; through
Z, equal ta0, the first component was modified slightly. It is customary in autore-
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j B —2log R;(0)

1 0.627 30.16
2 —0.093 0.48
3 0.214 4.05

Table 8.1An AR(3) model was fit to the St. Lawrence River flow data. Shown are the
coefficient estimates;, and the empirical likelihood values for testing thgt= 0.

gressive modeling to estimateby Y = (1/7) ZiT:1 Y;. Neither the conditional
nor the unconditional likelihood leads fo= Y, but equation$8.8) do.

The mean flow is estimated to le= 6818.6 cubic meters per second. The
standard deviation of; is estimated to bexp(7) = exp(6.006) = 405.9 cubic
meters per second. This describes the uncertainty in a linear prediction of one
years river flow, basel on the previous three years data Table 8.1 present the
estimated autoregressive coefficients as well as the empirical likelihood test statis-
tics for each coefficient to be zero. The lag 1 coefficiénis clearly nonzero3,
could reasonably be zero.)@fl) test rejectsi; = 0 at just below the&s% level as
does arn#’ test.

Itis interesting to consider whethgs = 83 = 0 is tenable. Imposing both con-
straints can only reduce the empirical likelihood compared to the te$t ef 0
alone. This lower likelihood must, however, be compared to a distribution appro-
priate to a two-dimensional hypothesis. As is well known, omnibus tests that can
detect multiple kinds of departure from a hypothesis often do so with reduced
power compared to more specific tests. In this instance, a test of the hypothesis
B> = (B3 = 0 hasp-value somewhat abov&o, while a test of3; = 0 has a
p-value belows%.

Not being able to rejeg; = B3 = 0 is not the same as proving that they are
zero. We retain these coefficients in the model, judging that there is more to lose
in dropping them should they matter than in retaining them if they do not. People
can reasonably differ in these judgments. The model then gi98%aconfidence
interval forr of (5.871,6.134) using axﬁl) calibration. Exponentiating, we get a

confidence interval of354.6,461.3) for o.

8.3 Blockwise empirical likelihood

We do not always know a model in which the data are generated from a series of
independent observations. A weaker assumption is that the data have a stationary
distribution, or stationary moments, as described in Chapter 8.1. Stationarity alone
cannot support a good asymptotic theory. An additional condition, such as one on
the a-mixing coefficients described in Chapter 8.1, is required.
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Figure 8.2 Both figures show empirical likelihood contours for two of the autoregressive
parameters for the St. Lawrence river flows. The figure on the left uses two degrees of
freedom, appropriate for two parameters. The contour levels correspond to 50, 90, 95, and
99 percent confidence. The solid circle shows that the origin has a statistical significance
level between 5 and 10 percent. Here the hypoth@sis 55 = 0 is not rejected at the 5%
level, but the hypothesis = 0 is rejected. The figure on the right illustrates how this can
happen, by redrawing the contours using bk{g calibration. The hypothesi§; = 0 was
rejected because a horizontal line segment thro@gh- 0 lies outside the 95% confidence
contour based on 1 degree of freedom.

A bootstrap method for handling stationary mixing time series is to resample
the data in blocks of length/ > 1. By concatenating randomly sampled blocks
of consecutive data points, the resampled series can capture some of the structure
from the original series. Fdt small compared td/, resampled observatiors
apart are likely to be genuine observation pairs separatddumjts in the orig-
inal data. Wher¥ is large compared td/ then resampled observation pakrs
units apart are essentially independent in the resampled series, matching the weak
dependence in the original series.

Suppose now thatis a parameter of the joint distribution of> 1 consecutive
observationd;_,1,...,Y;, defined by

E(m(X:,0)) =0

whereX; = (Y/_,,4,...,Y/)" bundles- consecutive observations from the orig-
inal series. Thus it; € RY, thenX, € R%",

The blocking idea can also be used in empirical likelihood. Starting with the
seriesX,, form blocks of length\/ with starting points separated tiytime units.
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That is,
Bi = (X-1yr+41 - X—vyp4m), i=1...,n

n= {T - M + IJ
7 .
Here | z| denotes the largest integer that is less than or equal aluesL be-
tweenl andM inclusive are reasonable. With= M, the blocks do not overlap.

Taking L > M would leave somé; values unused.
Now define the blockwise estimating function

where

b(B;,0) = Z m(X(i—1)24j,0)-

Of course, ifE(m(X;,0)) =0 thenE( (B;,0)) =0too. If L = M — o0, as
T — oo, then with some assumptions, the dependencies amdhgd) become
negligible. Now blockwise empirical likelihood inferences tbare based on the
empirical likelihood ratio

) = Sup{ﬁwz‘ | wi > Oviwi = 1a§n:wib(Bia9) = 0}~
i1 i=1 i=1

For L. = aM with « < 1, the dependencies do not become negligible, because
there is a fixed fraction of overlap between consecutive blocks.

Theorem 8.1 Under conditions given in Kitamura (1997), includidd — oo
andMT-1/2 -0

T 2

asT — oo, whereq is the dimension o#.

Proof. Kitamura (1997). [

The factorl'/(nM) accounts for the overlap in the blocks. It would have to be
there even if the time series were IID.Tfis a multiple of the block sizé/ and
if L = M, so the blocks do not overlap, thé&h (nM) = 1. For L = oM, with
a < 1, the blocks overlap, and to compensate

T T .

nM | =M M

Thus when the blocks overlap, the asymptotic distribution®fog R(0,) is ap-
proximatelyo !y % , ranging fromqu) to MX%q) asL ranges fromM/ to 1.

Figure 8.3 shows the 5405 years of bristlecore pine tree ring widths from
Campito Mountain in California. The last year in the data sév&9. The units
are0.01 millimeters. The series values range frono 99. There are several in-
teresting features in this data, one of which is that downward spikes tend to be
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Campito tree ring data

Figure 8.3 Shown are 5405 years of bristlecone pine tree ring data from Campito Moun-
tain, California. Time increases from top to bottom of the figure, going from left to right
within each of 6 ranges. The bottom range is for the years 1001 through 1969, where the
series ends. Moving up one range corresponds to going back 1000 years. The data values
are between 0 and 99. Within a range the data are plotted between lower and upper refer-
ence lines corresponding to values 0 and 100. The data are in units of 0.01 mm. The data
are from Fritts et al. (1971) and are available on Statlib.

larger than upward ones. There wa&@®years in which the tree ring width was
more thar).2mm larger than the average of the previdOsyears butl45 years

in which the width was more thah2mm smaller than the average of the previous
10 years. We could not capture such asymmetry in an AR model with normally
distributed errors.

The natural estimate of the probability of such a downward spikéfig(5405—
10) = 0.027, because there arel5 successes 395 trials. A binomial con-
fidence interval for this probability would not be appropriate because it would
ignore the dependence in the data.
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Figure 8.4 The horizontal axis shows the probability that the Campito tree ring width
decreases by more than 0.2mm from its average over the previous 10 years. The vertical
axis shows the block empirical likelihood ratio, including an adjustment for overlapping
blocks. A 95% confidence interval extends from 0.0214 to 0.0326, as indicated by two
vertical segments.

Define derived time series
1 10
Wi=Yi =15 2. Yi-s» and
j=1
Zi— 1, W; <—20
0, W;>-20.

If Y; is a stationary series then so até andZ;. We are interested in inferences
on E(Z;). We take a block size af/ = 50 years, and starting points separated
by L = 10 years, and constru@; as above.

For these data, thd” and Z series have length395 so that is the appropriate
value of T'. Thevalue of n is [ (5395 — 50)/10 + 1| = 535. Figure 8.4 shows the
empirical likelihood curve for these blocked data. The empirical log likelihood is
multiplied byT'/(nM) = 5395/(535 x 50) = 0.2017 to adjust for block overlap.
This is equivalent to multiplying thQ?1 threshold value byt /0.2017 = 4.96.
The95% confidence interval for the probability of a large downward spike ranges
from 2.14% to 3.26%.

ChoosingM and L can be difficult. Here are some guidelines, with the caveat
that blocked empirical likelihood is a new method. Suppose at first that we take
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L = M and look for the right size of non-overlapping block. The asymptotic
theory suggests that/ should tend to infinity in order to control the dependence
among blocks. Ifl’/M = ¢, then for very larg€” the coverage of empirical like-
lihood should be like that for the mean efndependent blocked random vectors
B;. Sendinge to infinity is necessary in order for the asymptotic coverage to set
in. If we felt that ordinary empirical likelihood coverage properties were satisfac-
tory for sample sizes and above, then we might tallé as the nearest integer to
T'/c. The valuec that we would use would depend on the dimensioBpf

Suppose thain(X;, 8) were really independent and normally distributed, and
that we have grouped them. Then we have lost some efficiency. Instdadtnf
servations with meaf and variancé/,,, say, we have onlyf’/M observations
b(B;, 0) having meard) and variancé/,, /M. Our confidence regions for blocked
data will not be as good as for the unblocked data, but it will primarily be the dif-
ference between usirig/M degrees of freedom insteadBfdegrees of freedom.
The sample size reduction by is largely compensated by a variance reduction
of M. Similar comments apply if the data are independent, but not normally dis-
tributed This efficiency lossis explored in Exercise 8.6.

In time series examples the data are not usually independent. The errors in
treating small blocks as independent, when they are not, can be very large. Thus
it seems that caution would dictate larger valued/af

The value ofZ would seem to be less crucidl.can range from to A/. Smaller
values of L are usually more statistically efficient, though diminishing returns
seem likely. The number of blocks grows Aslecreases, increasing the compu-
tational effort.

8.4 Spectral method
The moving average model of orderdenoted by MA() has
Yi—p=e +aie; 1

where|a;| < 1, ande; are independent identically distributed random variables
with mean0 and variancer2. By substituting fore; _; we find that the MA()
model is an AR model of infinite order withy, = o for & > 1. We could base our
inferences fof = (u, 0, a1)’ on the expected values Bf — i, (Y; — ) (Yi—1 — )

and (Y; — p)?, written in terms o). But such inferences are not efficient. They
do not capture the information abaut in higher order lags than the first.

The moving average model of ordeMMA(¢) hasY; —u = e; + Zf.:l ajei_j,
and the ARMAE, /) model hasy; — i described as an ARf model with MA()
errors. Estimating equations for MA and ARMA models are more complicated
than those for AR models. See Chapter 8.10.

An alternative to reweighting the estimating equations of an ARMA model is
to proceed through the spectrum, as outlined here. The spectrum may be written
in terms of the parameters of the ARMA model, althoygtoes not enter. The
periodogram of a time series provides a noisy estimate of the spectrum. We can
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take the estimate a{7" — 1)/2] different frequencies. Asymptotically, these are
independent exponential random variables with means equal to the true spectrum
at the corresponding frequencies. The terms in the exponential log likelihood can
be treated as a log likelihood and reweighted with?dimit. See Chapter 8.10

for references.

8.5 Finite populations

In many applications the sample is taken from a finite population. Theory and
methods for sampling finite populations have historically had their impetus in
survey sampling. The same problems now arise in some data mining applications.
Computers that analyze a population of records now have to keep up with other
computers that generate the data, making it attractive to work with a sample.

Suppose that the sample hasbservations made on a populationdindivid-
uals. The statistical problem may be to estimate something about the whole finite
population from the sample. In other settings, we seek inferences on an infinite
superpopulation from which th® finite sample observations were drawn before
we sampled: of them.

Several features make sampling finite populations different from the usual sta-
tistical problems. First, for inferences on the population, we get the answer with-
out error ifn = N. A related feature is that the problems of estimating a pop-
ulation total, or even of estimatingy when it is unknown, may arise for finite
populations, but not for infinite ones. Next, in finite populations it is especially
common for there to be some variables with known population means or totals.
These may be variables that were measured in a census, or they may be quantities
that are constantly updated as records are added to a database. By taking account
of the known population values, we can get sharper estimates for things that we
do not know. Finally, there are a variety of strategies that can be employed in
sampling to get better answers at lower cost. In stratification, we take separate
samples within subpopulations perhaps overweighting an important rare group,
such as records for fraudulent credit card transactions. In cluster sampling, we
partition the population into groups of contiguous individuals, and take a sample
of the groups.

In a simple random sample aN'!/[n!(N — n)!] ways of selecting: of N
observations are equally probable. Wheg N, then the fact that the population
is finite may often be ignored. But if/N is not negligible, the finiteness of the
population introduces a dependence described below that should not be ignored.

The customary notation for a simple random sample is that the population val-
ues are’; € R?, measured on individuals= 1, ..., N. The simple random sam-
ple is then denoted by;, vectors measured on sampled individuats 1, ..., n.

There is understood to be no connection between the sample and population in-
dices. In particulary, is not necessarily.
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The population mean df is

_ 1 &
Y=< ;Y
which is estimated by
1 1
?:ﬁ;’yi:E;YzZﬁ (8.9)

whereZ; is one if population elemeritis in the sample and zero otherwise. The
population variance of is defined to be

1 N I\
Syy = m;m -V -,
which we suppose is invertible. By elementary calculations with equation (8.9),
in which Z; are random andl; are fixed, we find that

Var(y) = % (1 - %) Syy. (8.10)

The finite population correction factér— n/N arises from negative correlations
among theZ;. For two population members, if one is sampled then it is less likely
that the other one is sampled. These negative correlations are usually very small,
but there areg)(NN?) of them, and together they cause an important variance re-
duction whem /N is not small.

The standard approach to inference for simple random samples is to obtain an
unbiased estimate

n

Syy = : Z(yz -9 - 7).

n—1+4
=1

of Syy and plug it into (8.10), getting

—,_ 1 n

Var(y) = - (1 — N) Syy- (8.11)
Then, under a central limit theorem fgr we have(y — Y (Var(y)) =1 (5 — )
is asymptoticallw%q). WhenY; € R, the standar®5% confidence intervals for

Y arey + 1.96(Var(y)) /2.

Central limit theorems for finite sampling are a bit more subtle than those for
infinite populations. As we let — oo, we must also havéV — oo to keep
n < N. Indeed, we assume that — n — oo, for otherwisey is determined
by the average of a small number of excluded points. Finally there has to be a
condition on the sequence of finite populations so that in the limit eathis
asymptotically negligible compared %", v;. A commonly used condition is
that(1/N) 2N, |Y;> < Bforall N.
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8.6 MELE's using side information

In finite population settings, the effective use of side information (called auxiliary
information in this context) is a very important issue. Maximum empirical likeli-
hood estimates for finite populations have been more thoroughly studied than em-
pirical likelihood ratios. MELE’s allow us to incorporate side information while
obeying range restrictions.

Suppose now the population consists of vectdrss R* of underlying quan-
tities with Y; = Y(U;) € R? for some functionY. We take a simple random
sample of values;, observingy; = Y(u;). Similarly, letX; = X(U;) € R? and
x; = X(u;). We suppose that the population me¥ris known to us. Introducing
the functionX allows us to encode a known mean or quantile of a component of
U; throughX(U;) = Uy; or X(U;) = 1y,,<q — «. If one component/;; repre-
sents a categorical variable taking a finite numbef values, and we know the
population proportions in thecategories, we can encode this knowledge through
¢ — 1 components oK (U;) taking valued) or 1. In general X encodes a finite
numberq of quantities whose population means are known.

The population variance of, denotedSx x, is defined analogously witfty-y-.

To avoid inessential complications, assume tiak has full rank. Define

_ b XN TV
sxny_liﬂ(Xz X)(Y; - Y.

Suppose at first that = 1. For any vectors of ¢ components
=~ 1 n _
=1

is an unbiased estimate Bf. The usual estimat8.9) which ignores the:; cor-
responds tg3 = 0. The variance OY/; is at a minimum forg s = S;(ﬁ(SXy,
which is usually unknown. The regression estimatoY'aé Y reg = Yé where

b= (Z( D)o - f>) S~ )i - 7).

i=1 =1
We may write the regression estimator as a weighted combination of data values

n

?REG:%Z@— (= X'k (@ = X)) i (8.12)

i=

wheres, is the sample version cfx x. For largen we expect the estimatgt
to be close t@, s and therﬁ_fﬁ has variance near the optimal value.

If p > 1, then we may still estimgt? by the weighted combination (8.12).
The optimality results for a univariate apply to any linear combination of com-
ponents of the multivariat¥.
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A practical concern with equatio¢8.12) is that some of they; can receive
negative weights. The result is that range restrictions are not obeyed. Estimated
variances can be negative, and estimated cumulative distribution functions can be
decreasing over some intervals.

An empirical likelihood approach enforces nonnegative weights. Wedind
satisfying

> wilzi—-X)=0, and > w;=1 (8.13)
=1 i=1

and maximizing}_’"_, log(nw;) subject to (8.13). Then we estimate by the
maximum empirical likelihood estimator

Yiere = »_ w;Y;. (8.14)
i=1
For smalln or largeq it may happen thaX is not in the convex hull of, . .., z,,.

Then the weights required fafye e do not exist, and so neither does the MELE.
In that case we may have to use regression, and accept some negative weights, or
decide not to impose some or all of the known population means.

The MELE has similar asymptotic properties to the regression estimator, but it
respects range restrictions. Below is a theorem for the gase = 1.

Theorem 8.2 Suppose that, N, and N — n increase too such that

1 N 1 N
3 3
— 21 Y:I° < B, and — Eﬂ |X;|° < B

for someB < oco. Then

YmveLe— Y
7 —MELE — -

oy|x

n 5?2
= (1-2) <syy - sffi) .

Proof. Chen & Qin (1993). [

— N(0,1)

where

The asymptotic variance 0fye e in Theorem 8.3s the same as that &fgec.
Variance estimates far g can be used foY veLe.

8.7 Sampling designs

A simple random sample is not always the most efficient way to gather data. In
stratified sampling one divides the population into a finite nunbesf strata.
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Let the population have elementy; = Y(U);) corresponding to individuals
i=1,...,Nyinstratah = 1, ..., H. Stratified sampling takes a simple random
sample ofn;, observations from stratur, yielding observationg;,; = Y(up;).
Each stratum is sampled independently.

In cluster sampling, the population is partitioned into groups as for stratified
sampling. The groups comprise individuals that are conveniently sampled to-
gether, such as inhabitants of a block, or files created in a time window. Instead of
taking a simple random sample from within each group, a simple random sample
of the groups is taken. From each sampled group, we might take all individuals,
or possibly a simple random sample, or even a cluster sample.

Clustering and stratification can be combined in complicated ways, as for ex-
ample, clusters of clusters within strata, with auxiliary variables having known
population and/or stratum means. The Horvitz-Thompson and generalized regres-
sion estimators provide a unified approach to estimatingor each unit in the
population leflI; be the probability that it is included in the sample. Similarly, let
m; be these probabilities for the observations actually included in the sample.
The Horvitz-Thompson estimator &f is

= 1y 1 .YiZ
Yir=—Y 2 = — i 8.15
HT N Lz:; ﬂ'i N v HZ ) ( )

whereZ; is again an indicator variable for inclusion in the sample. The estimator
(8.15) does not require that we know all thig, only those for the individuals
actually sampled. It weights items inversely to their inclusion probability, just as
was done in Chapter 6.1.

Given known values foX, the generalized regression estimator is

Yores = Yt — (Xur — X)/ Bt (8.16)

where, for scalat;, BHT minimizes the weighted sum of squares
n = = 2
ZW;1 ((yz —Yyr) — (2 — XHT)//8>
=1

Known stratum sizes can be incorporated ixtas known population means of
stratum indicator variables.

The estimator (8.16) may be written as a weighted sum; eflues, and the
same weights are employed for multivaridte The generalized regression es-
timator does not necessarily respect range restrictions. Once again, a solution is
available using an MELE, subject to a convex hull condition. Non-existence of the
MELE does provide a diagnostic that the GREG estimator is using some negative
weights, constituting a form of extrapolation.

To construct an MELE that takes account@f we maximize

L(w) = d;logw; (8.17)

i€ESs

©2001 CRC PressLLC



whered; = 1/m; is called a design weight, subject to constrainls. w; = 1
andy", ., wi(X; — X) = 0. Heres is the sample, and writing the summation
limits asi € s reminds us that the sample size may be random. The motivation
for L is that it is an unbiased estimate of the log Iikeliho@jc)ﬁ1 log W; that we
would use for inferences on a superpopulation, if we had observed the entire finite
population.

Using some foresight, we construct the Lagrangian

G = Zdllog(wl) — D)\/Zwi(Xi — X) +’Y<1 — Zwl),
i€Ss 1€s i€s
whereD = 5".__d;. Setting) ... w;0G/0w; = 0givesy = D, anddG/ow; =
0 gives

1€Ss 1€S8
d; 1
D1+ N(X; - X)
0— ZCMXi——L,
14+ N(X; — X)

i€s o

wj

where)\ satisfies

The MELE ~
Yvee = Y w;V,
i€ES
respects range restrictions and is close to the generalized regression estimator:

Theorem 8.3 If as N andn increase toco, max;e, | X; — X|| = 0,(n"1/2),
—1
<Z di(X; — X)(X; — 7)') (Z di(X; — 7)) = 0,(n~1?),
1€S 1€ES
andmax; <<y ||Y;]| is bounded, the?MELE = ?GREG'F 0p(n=1/2).

Proof. Chen & Sitter (1999) show that the MELE and GREG weights differ by
0,(n~1/2) and then the bound ori, completes the proof. []

Theoren 8.3 appliesto various forms of cluste sampling For probability sam-
pling within L strata, we introducd (w) = Zﬁzl > ics, dnilog(wni). See
Chapter 8.10.

8.8 Empirical likelihood ratios for finite populations

Now we consider empirical likelihood ratios. For simple random sampling, let

R(p) = max {ﬁnwi|wi > O,En:wi = 1,§n:wiyi = u} .
i=1 i=1 i=1

FromTheorem 8.2it isreasonalgto exped that —2(1 — n/N) ™! log R(Y") will
have an asymptotig?p) distribution. A more general result, including stratified
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sampling is cited in Chapter 8.10. The factoiefn/N plays a similar role to the
factor used in blockwise empirical likelihood in Chapter 8.3. It is not surprising
that a correction must be employed, becase/as derived forN = oo and is
not a finite population likelihood ratio.

One way to build the finite population assumption into the likelihood is to sup-
pose that there ar& distinct values ofY; in the population. Let them bg;, for
i =1,..., K and suppose that; appearsV, times in the population and; times
in a simple random sample. If tf¢ are known then the population is described
by the parametefVy, . .., Nk ), which has a hypergeometric likelihood

L(Ny,...,Ng) = (g)lﬁ (N> (8.18)

n
i=1 v

This likelihood is difficult to work with, because it is only defined over intelyer
However, in the limit withV; /N — w; andn/N — 0, a likelihood proportional
to[]"_, w; emerges.

8.9 Other dependent data

This section describes some other settings with dependent data, where an empiri-
cal likelihood analysis might add value.

Longitudinal data arise as repeated measures, usually over time, on a series of
subjects. Such data are commonly found in biomedical applications. They can be
arranged into multiple time series, one per subject. The statistical issues may be
to describe the typical time trend of a subject, the subject-to-subject variation in
the trends, or the effects of covariates such as treatments.

Random fields are generalizations of time series to higher dimensional index
spaces. The observations may be taken on a grig¢inor at scattered sites, or
continuously, or on some hybrid such as along line transects, as was done for
the shrub width data in Chapter 6.1. Spatial point processes are scattered obser-
vations, such as the locations of trees or galaxies, where the random locations
themselves are under study.

8.10 Bibliographic notes
Time series

Box, Jenkins & Reinsel (1994), Cryer (1986), and Anderson (1994) provide back-
ground material on time series. Politis, Romano & Wolf (1999) provide an ap-
pendix with results on mixing on which equati¢®.1) is based. There are many
different nomenclatures for describing spectral densities and their estimates. The
account in Chapter 8.1 follows Chatfield (1989).

The idea of describing a dependent series through a series of independent
“shocks” is a powerful one that Box et al. (1994) attribute to Yule (1927). This ap-
proach underlies most parametric work on time series in the time domain. Efron
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& Tibshirani (1986) propose a bootstrap based on resampling residuals from an
autoregression.

The dual likelihood, due to Mykland (1995), takes the Lagrange multiplier
to be the parameter. For each fixed parameter valthe test ofd corresponds
to a test ofA = 0 for the Z; = m(X;,0). For 1ID data the dual and empirical
likelihoods coincide. The dual likelihood applies also to time series and survival
analysis settings with martingale estimating equations. Very generally the dual
likelihood statistic is close to a quadratic statistic (like the Euclidean likelihood),
and has a2 limit. Mykland (1995) also presents a notion of Bartlett correctability
for this martingale setting.

Hipel & McLeod (1994) analyze the St. Lawrence river flow data. They identi-
fied an AR@) model for it, and recommend constraining the 2ampefficient to be
zero. The data are from Yevjevich (1963). They are repeated in Hipel & McLeod
(1994) and are also available from Statlib.

Chuang & Chan (2001) study unstable autoregressions in wBidh has at
least one root on the unit circle, but no roots inside the unit circle. They show
that both the empirical log likelihood ratio statistic and the usual quadratic test
statistic have the same (ng#) limiting distribution.

Politis et al. (1999) trace the development of blockwise approaches for the boot-
strap. Carlstein (1986) proposed non-overlapping blocks for variance estimation.
Kinsch (1989) and Liu & Singh (1992) developed versions for confidence re-
gions. Politis & Romano (1994) propose a method of sampling with random block
lengths, so that the resampled series are stationary, conditionally on the observed
one. Politis et al. (1999) remark that more overlap among blocks (snigligves
more efficiency.

Blockwise empirical likelihood was developed by Kitamura (1997), for esti-
mating equations and for smooth functions of means. Kitamura (1997) also ex-
tends the results from Qin & Lawless (1994) to stationary time series, and estab-
lishes Bartlett correctability for some time series versions of empirical likelihood.
The Bartlett correction supposes thidtis of exact ordefl™/3. Then Bartlett cor-
rection improves the order of coverage error frém?/3 to T—5/6. The blocking
used in Chapter 8.3 takes simple averages over blocks. Kitamura (1997) raises
the possibility of taking weighted averages within blocks and relates this idea to
kernel methods of smoothing the spectrum.

Kitamura (1999) applies a pre-whitening filter to the time series before apply-
ing blockwise empirical likelihood. The filter subtracts a linear combination of
past series values, _; from Y}. The linear combination is chosen to make the
filtered series more nearly, even if not exactly, uncorrelated, allowing a smaller
block size.

Hipel & McLeod (1994) give an estimate of the spectrum for the Campito tree
ring data. Those data are available on Statlib, with an attribution to Fritts et al.
(1971).

Some properties of a time series, such as its spectrum, are not functions of a
finite dimensional margin, but depend instead on the whole infinite dimensional

©2001 CRC PressLLC



joint distribution of the data. For these Kitamura (1997) describes an approach
based on blocks of blocks, paralleling the blocks of blocks bootstrap of Politis &
Romano (1992).

Estimation in MA and ARMA models is described in Box et al. (1994) and
Hipel & McLeod (1994). Maximum likelihood algorithms usually require back
forecasting of error terms from before the start of the data and the formation of
a sum of squares of estimated errors. As a result, the estimating equations being
solved are not explicit.

Forming a likelihood from the distribution of the periodogram is known as
Whittle’s method after Whittle (1953). Bootstrap-resampled periodograms have
been used by Ramos (1989) to generate new estimators by Rao-Blackwellization.
Franke & Hardle (1992), Janas (1994), and Dahlhaus & Janas (1996) propose
inferences based on resampled periodograms.

The spectral approach to empirical likelihood is due to Monti (1997), who also
proposes a Bartlett correction. Monti (1997) presents a confidence region for the
parameters of an ARMA( 1) model fit to a series of97 chemical process con-
centration readings from Box et al. (1994). The region is asymmetric, extending
farther toward the origin where the series would be independent than away from
it where the series would be explosive. The parametric region is elliptical.

Monti (1997) simulates some MA) processes with parameter valuesinl).

Two error distributions are considered¥(0,1) and x7;, — 5. For simulations

with Gaussian errors, methods based on the Gaussian likelihood did best, but for
non-Gaussian errors, empirical likelihood inferences had better coverage than the
customary asymptotic ones, particularly for parameter values close to the bound-
ary of the invertibility region.

Finite populations

Hartley & Rao (1968) provide one of the earliest NPMLE arguments, using the
discrete likelihood8.18) They also show how to optimize that likelihood over
integer values to find the MLE. Hartley & Rao (1968) also provide what may be
the very first MELE, maximizing a continuous version of the likelihood subject to

a constraint on the mean. They do not consider nonparametric likelihood ratios,
but show instead that the MELE closely approximates the regression estimator for
which there are well-known variance estimates. They also consider a Bayesian
formulation using a Dirichlet prior.

Chen & Qin (1993) present empirical likelihood for samples from a finite pop-
ulation. In addition toTheorem 8.2they also present a consistent estimate of the
variance of the MELE based on the jackknife. Under a superpopulation model
with a continuous CDF fol”, Chen & Qin (1993) characterize the asymptotic
behavior of the reweighted CDF &f, using empirical likelihood weights based
on knownX. Chen & Qin (1993) show that the MELE reproduces several well
known estimates from survey sampling. A categori&alvith known category
frequencies gives rise to the post-stratified estimatdf.ofhe MELE of the me-
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dian of one variable, using as auxiliary information the known median of another
variable, gives rise to a raking estimator.

Chen & Sitter (1999) formulate an empirical likelihood that respects design
weights and they use it to constru¢t MELE’s. Their statemehof Theoren 8.3
does not put any conditions df. In a personal communication, Jiahua Chen in-
dicates that the conditions on theshould be the same as those on #e Chen
& Sitter (1999 show tha the conditiors in Theorem & are satisfial for sam-
pling proportional to population size (pps) with replacement, for the Rao-Hartley-
Cochran method (of pps without replacement), and for cluster sampling. Chen &
Sitter (1999 also show how to definean MELE for samplirg desigrs within strata,
using side information. Zhong & Rao (2000) provide a central limit theorem for
the MELE based on independent simple random samples within strata. They also
show that the empirical likelihood ratio can be used to form confidence regions,
if a correction generalizin@y — f to the stratified case is applied.

Sitter & Wu (2000) consider estimating quadratic population quantities defined
ast.V:l Ej\’:l #(Y;,Y;) for some functionp. Variances and covariances are the
motivating statistics. They modify the design effect likelihd8dlL7)to take ac-
count of pairwise inclusion probabilities; = Pr(Z;Z; = 1), and obtain range
respecting estimators that incorporate side information.

Wu & Sitter (2001) consider a setting where the entire populakion .., X
is known but only the sampledh, ..., y, are available. Then using a working
model to link the mean and variance Bf to X;, they develop estimators af
that are consistent generally, and efficient if the working model holds.

Zhong, Chen & Rao (2001) consider combining multiple finite samples to esti-
mate a common feature, such as a mean or CDF, when some of the samples have
distorted observations.

MELE's for survey sampling have a lot in common with variance reduction
methods in Monte Carlo. Hesterberg (189presents the usual Monte Carlo vari-
ance reduction methods in terms of reweighted sample points.

Other dependencies

Longitudinal data are the subject of Diggle, Liang & Zeger (1994). They are usu-
ally analyzed by techniques in the companion papers Liang & Zeger (1986) and
Zeger & Liang (1986). Bootstrap methods and references for spatial processes are
discussed by Davison & Hinkley (1997, Chapter 8). A parametric model may be
used, or the data can be resampled in spatial blocks. Loh (1996) considers empiri-
cal likelihood confidence regions for the mean based on Latin hypercube samples.

8.11 Exercises

Exercise 8.1 The GARCH(1,1) model is widely used for financial time series.
Let e; be a sequence of independent random variables with ihead variance
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1. The series values ai€ = e¢;0; where the variance? evolves in time as
2 2 2
o =ap+ a1, + Pro; 4.

This model captures the volatility clustering phenomenon often seen in financial
data, where increases in variance have been seen to persist. It can also give rise
to fatter than normal tails for thE; distribution, even if thee; are normally dis-
tributed.

Letd = (o, a1, 8) and suppose that are independeny (0, 1). Obtain con-
ditional likelihood estimating equations fér

Exercise 8.2 Suppose that we suspect that the random variabie€xercie 8.1

are not normally distributed but instead have some skewneg$§.dfe returns

to holding an asset, negative skewness corresponds to downward price move-
ments having a fatter tail than upward ones. Formulate estimating equations for
the GARCH(1,1) model that support the construction of confidence intervals for
the skewness.

Exercise 8.3 For the block approach to empirical likelihood, observationis
always contained in blocB,. If T leaves a remainder df/ when divided byL,
then Xt appears in bloclB,,, but otherwiseX; does not appear in any block.
Redefine the blocks, so that they have lengthhave starting points separated by
L units, and so thak'7 is always used (in the last block) whilé; may or may
not be used at all.

Exercise 8.4 For the Campito tree ring data, the event of interest happeted
times in5395 yearly trials. The confidence interval for the event probability, tak-
ing account of dependence in the data, extends fréai14 to 0.0326. How much
narrower (or wider) would the5% confidence interval be for a problem with5
occurrences 3395 independent trials?

Exercise 8.5What is the first year in the Campito tree series? (Hint: the year
before 1 A.D. was 1 B.C., there being no yéar

Exercise 8.6 Suppose thafy, ..., Zs00 ~ N(u,c?), independently, with both
1 ando unknown. Statistician A has all the data and constructs an &%46t
confidence interval, of random lengthy, for i using thet 99, distribution as
usual. These same observations are then averaged in blodksasfd sent to
Statistician B. This statistician ge¥§ = (Z1o(j—1)41+- - -+ Z10(j—1)+10)/10 ~
N(u,c?/10) for j = 1,...,20, and constructs an exa&i% confidence interval
for 1 of random lengthl 5, using thet o) distribution. A is clearly better off than
B. Find the mean, variance, and histogranief/ L 4, by simulation.

©2001 CRC PressLLC



CHAPTER 9

Hybrids and connections

This chapter considers hybrid methods in which empirical likelihood is combined
with other methods. There are a number of problems where a parametric like-
lihood is known or trusted for part, but not all, of the problem. In those cases,
hybrid methods fill in the gaps with empirical likelihood. Similarly, an empiri-
cal likelihood can be combined with a Bayesian prior distribution, the bootstrap,
and various jackknives. Bootstrap calibration of empirical likelihood is discussed
elsewhere (Chapters 3.3 and 5.6.), as is a hybrid between empirical likelihood and
permutation tests (Chapter 10.3).

There are also deep connections between empirical likelihood and other non-
parametric methods of inference. This is not surprising. Loosely speaking, two
methods that are asymptotically correct to some order might be expected to agree
to at least that order. Connections to bootstraps, jackknives, and sieves are pre-
sented.

9.1 Product of parametric and empirical likelihoods

Consider a setting with two samplés, ... , X,, andYy,... ,Y,,. Suppose that
all n + m observations are independent, and that we have a trusted parametric
model in whichY; ~ ¢(y;; #), but no such model is available f&f;. For example,
Y; may be from an instrument shown by experience to be normally distributed
while the X; may be from a newer kind of equipment. Similarly, the inter-arrival
timesY; for a queue may be known to have an exponential distribution, but the
service timesX; may not belong to a known parametric family.

A natural approach is to form a likelihood that is nonparametric in the distribu-
tion F of the X; but is parametric in the distributio@ of theY;. That is,

L(F.0) = [[F () [[ 9 (¥550)

i=1

with likelihood ratio function

=D [T 4525

j= 1g(Y 9)

where as usual’ = Y | w;dx, for weightsw; > 0, > w; =1, andd is the
parametric MLE oy computed from th&’; data.
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Suppose that we are interested in a parametdefined through estimating
equations

EUWKK¢D=//M%%MM%@MW®=O

If h(X,Y,¢) only involves X, or only involvesY’, then ordinary empirical or
parametric likelihood, respectively, is available. When both distributions are in-
volved, define

R(¢) = max R(F,0)

subject to
> wi [ hXi0.0)dGo(y) =0
=1

Under mild conditions (see Chapter 9.11), an asymptgticalibration with de-
grees of freedom equal to the dimensiorha$ appropriate.

9.2 Parametric conditional likelihood

Consider independerX;, Y;) pairs, fori = 1,... ,n, with X; € RP andY; €
RY. Now suppose that we have a parametric density or mass fungtign; 9)
for the conditional distribution of” given X but no parametric likelihood for the
marginal distribution ofX'. Then the hybrid likelihood is

L(F,0) = [T FUXiDg(vi | Xi;0). CRY

More generally, withn—n > 0 further observations witlX; but notY; measured,
the likelihood is

m n

L(F,0) = [T FAxH [T o(vi | X3:0). 9.2)

Exercie 9.1 consides obsewvations with Y; but notX; measured.

It is natural to suppose that there is no known relationship betWesrd F'.
If the statistic of interest only involves th& distribution, or only involves the
distribution of Y given X, then we may use a marginal empirical likelihood of
X or a parametric conditional likelihood a&f given X, respectively. But if the
statistic of interest involves both distributions, then there is something to be gained
by using (9.1) or (9.2).

Suppose, for example, that givéh= z, the respons& has theV (5y + S1x +
Bax?, 0?) distribution. We might want to know the valug = —3;/(2432). This
xo represents a minimum aB(Y | X = z) if S > 0. It is @ maximum if
B2 < 0. The averageX value deviates from this optimum by an amouxnt=
E(X) + 51/(282). This A represents the amount of the correction that needs to
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be applied to the averag€ value to reach the optimum. It depends on both the
parametric and nonparametric parts of the data description.

An asymptoticy? distribution has been shown for this hybrid likelihood ratio
(see Chapter 9.11) for a problem incorporating some side information. That the-
orem has a scalar parameter of intergstefined through a smooth estimating
equationF (h(X, 6, 1)) = 0. There is no reason to suppose that the scalar setting
is special here, and so it is reasonable to believe that the hybrid likelihood can be
used to generate tests and confidence regions quite generally.

It is interesting to consider the reverse situation where the marginal likelihood
is parametric and the conditional likelihood is empirical. lfét; #) be the para-
metric density or mass function &f. Let Gy ,(Y) be the conditional distribution
of Y givenX = z, and letG,(Y") be a candidate. Assuming no ties, the likelihood
is

L(0,Gx,, ... ,Gx,) = [ [ £(Xi;0)Gx, (V).
=1

Maximizing this likelihood is degenerate if there are no ties amongXherhe
NPMLE for # matches the parametric one, but evéty, is a point mass at the
corresponding value df;. If there are a small number of distin&; with a large
number of occurrences each, then NPMLE's for them are not degenerate. Failing
that, a model linking,. for differentx values is required. I&,(y) = G(y —
h(z)), for a known functiorh.(z), or more generallyz,.(y) = G(y — h(x,~)) for
a parameter vectoy, then the likelihood

L(0,G,y) = [ [ £(Xi:0)G(Yi — h(Xi,7))
i=1

is not necessarily degenerate.

9.3 Parametric models for data ranges

Another case where parametric and empirical likelihoods mix is where the data

X; are thought to follow a parametric modglz;; 6), over a subset of their range.

For example, the random variah¥& may be thought to be normally distributed

over some central valugs-M, M| but not necessarily in the tails. Or thé;

may be positive random variables known to have an exponentialffailf) o

exp(—6z) for z > x(. As in the previous sections, we might get a sample that is

partly parametric and partly nonparametric, but in this case it is not known which

likelihood applies to an observation until that observation becomes available.
Suppose thak’ ~ f(x; ) forz € Py, but not necessarily far ¢ Py. Introduce

the shorthand? (z) for 1,¢p,. The appropriate likelihood hybrid is then

TT 1 (s )]0 50 g =P

i=1
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wherew; > 0, w; = 0 whenX; € P,, taking0® = 1, and we impose the
constraint

dF (2;0) + Y wi(1— Py(x;)) = 1.

Po i=1

Again under mild conditions including smoothnesgiof the parametric distri-
bution (see Chapter 9.11), the combined likelihood has the asympfotestri-
bution that one would expect.

9.4 Empirical likelihood and Bayes

Let d be a parameter with estimating equatif (X, 0)) = 0. Suppose that we
are willing to specify a prior density(6) for 6, but that we have no parametric
family for the distributionF’ of X. The opposite situation, where a parametric
model is given ford but we are reluctant to specify a prior, is very commonly
approached with flat non-informative prior distributions.

We will suppose thafeee m(0)df = 1. Then a natural procedure is to take the
posterior distribution of to be

m(0)R(0)
L(0|X1,...,X5) Treo m(O/RO)0 (9.3)
whereR(6) is the profile empirical likelihood ratio function fat. There is as
yet little known about how well this proposal works. Some theory and simula-
tions showing the asymptotic accuracy of posterior probability statements com-
puted fromZ(0| X7, ..., X,,), whend is a univariate mean, are described in Chap-
ter 9.11.

The process is simply to multiply the empirical likelihood by a prior distri-
bution, and then renormalize to a proper density function. This appears to avoid
putting a prior on the space of all distributiohs or even on the whole simplex
of multinomial weights. The rationale behind the process is as follows: Empirical
likelihood is approximately using a least favorable family fofThis is a para-
metric family of the same dimension ésThe prior distribution or induces a
prior distribution on this same family. Multiplying the prior on the family by the
likelihood on the family yields a posterior density on the family.

If nuisance parametersare defined jointly witl¥ throughE (m(X, 6,v)) = 0,
then we place a prior (6, ) ond andv. The posterior distribution o6t andv is
then proportional ter (0, v)R (6, v), and the posterior distribution féris obtained
by integrating ouv.

9.5 Bayesian bootstrap

To describe the Bayesian bootstrap, suppose at first that the distritigtiat
taches probabilityl to the known finite sefzy, ..., z; }. This constraint will be
lifted later. Thez; may be inR? or even in more general spaces. Then there is
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a finite dimensional parametric space of candidate distributiddsfined by the
parameter vectap = (w1, ...,ws)" € Sp_1 With w; = F({z;}). The unit prob-
ability simplexS;_ is defined in equatiofR.6), replacingn there byk.

The Bayesian bootstrap places a Dirichlet prioréorThe Dirichlet prior is
proportional tol s, , Hle w" . If the sample contains; observations equal
to z;, then the posterior distribution is also a Dirichlet, and is proportional to
Loes, , [1i—, w;” "™ . The choicem; = —1 is particularly convenient. If there
are anyz; with n; = 0, then the posterior distribution is improper, having an
infinite integral. That posterior can be interpreted as placing probabitityd; =
0 for every;j with n; = 0. Then the posterior distribution is proportional to

loesc, | @™ [ 1e,=o- (9.4)

jm;>0 jm;=0

The unobserved; for whichn; = 0 do not appear in the posterior distribution,
and this lifts the constraint that we have to know what they are.

The Bayesian bootstrap samples from the posterior distribution implied by (9.4).
To generate a sample from the posterior distribution, dramdependent/ (0, 1)
random variabled/;, transform them into exponential random variabl¢s=
—log(U;), and then takev;, = Yi/Z;Ll Y;. The sampled value af; is then
> ix,—., wi. For a statistic'(F), the resampled value (", widx,). The
Bayesia]n bootstrap sample consist&dhdependently sampled valuesBf The
posterior probability of a set' is estimated by the fraction of the resampled”
values that happen to be @\, and a posterior moment is simply the average over
B sampled values of the corresponding powe¥ of

The empirical likelihood is proportional tp[f:l w;”. Apart from the way un-
observedz; are handled, the empirical likelihood is obtained as a posterior dis-
tribution for the non-informative Dirichlet prior having,; = 0. This is a non-
parametric analogue of the familiar fact that the posterior is proportional to the
likelihood, when a non-informative prior is used.

9.6 Least favorable families and nonparametric tilting

Empirical likelihood works with am-dimensional family of distributions sup-
ported on the sample points. For data € R?, we maximize the empirical
likelihood subject to a constraint likg", w; X; = p. As p varies through al-
dimensional space, @&dimensional subfamily of the multinomial distributions
arise as constrained maxima. This family may be indexeg. byr by the La-
grange multiplierh.

For a statisti®) = T'(F') € RP, there is usually a reduction topadimensional
family of multinomial distributions. Similap-dimensional subfamilies may also
be defined through other discrepancies such as empirical entropy or the Euclidean
likelihood.

The nonparametric tilting bootstrap draws samples from members of one of
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these lower dimensional subfamilies of multinomial distributions. For a scalar
parametep such as the univariate mean, there is a univariate family of distribu-
tions. Denote the generic member of this family Byand letw; (6) = Fo{X;}.
Bootstrap samples can be drawn from these multinomial distributions by taking
X" = X, Where fori = 1,...,n andb = 1,...,b the indices/ (i, b) are
independent witlPr(.J (i, b) = k) = wy (). Thend*’ is the value of) on the data
X3t ..., X The values

0, = min{f | Pr(6* >0 ; Fy) > a/2},
0y = max{0 | Pr(0* < 0 ; Fy) > a2},

are the lower and upper limits, respectively, of the nonparametric tilting approxi-
matel100(1 — «)% confidence interval.

It can be very laborious to sample from many members of a parametric family,
searching for the desired endpoints. Importance sampling can be used to reweight
data from one distributiotiry to obtain unbiased expectations under another dis-
tribution Fy,. The nonparametric tilting bootstrap samples fréipwith every
w; = 1/n, and so the importance sampling weigh{1s_, nw ;(; ;) (6) in boot-
strap samplé. A further advantage of importance sampling is that the simulations
for different values of) are coupled, which makes it more likely that the search
for endpoints can be done by looking for the point at which a monotone function
is zero. Using the Kullback-Liebler family gives an especially convenient expo-
nential tilting form for the importance sampling weight factors.

A least favorable parametric family is sometimes described as one in which the
estimation problem is hardest, sometimes as one in which the estimation problem
is as hard as in a parametric problem. Usually difficulty is measured through a
discrepancy measure. So if a statistic is defined thrdlighl) andé, is the true
value of T, then family might consist of distribution& for which T'(Fy) = 6,
and subject to this, a distance measigy,, Fp) is minimized.

Empirical likelihood, nonparametric tilting, and some other methods described
in Chapter 9.11 all employ least favorable families. These methods use random,
sample based families. The value of a least favorable family is that it has not made
the statistical problem artificially easy.

It is possible to construct some parametric families in which inference is out-
landishly hard, although still not least favorable. TN&0, 1) distribution is a
member of the family

f(z;0) = (1 —€)N(0,1) + eN(0/e,1). (9.5)

Here f(z;60) has meard. Fore = 10719 and any reasonable sample size, it
would be very hard to estimate Using multinomial families on the data rules
out unreasonably hard cases like (9.5).
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9.7 Bootstrap likelihood

Suppose that we compute an estintate= T(F ) of 8 = T(F}), using an IID
sampleXy,..., X, € R?. In a parametric family indexed b, the probability
density functionf(7';#) could be interpreted as a partial likelihood frThe
qualifier “partial” reflects thaf does not give the joint density of;, . .., X;, but
just that of the functiof” computed from them. In Chapter 13.3 a similar density
is called a pseudo-likelihood.

The bootstrap likelihood uses two levels of resampling, some density estima-
tion, and some regression smoothing to estinfdtg; /) from the data. We will
suppose thaf'(F) € R. Forr = 1,..., R, let X;",..., X" be a bootstrap
sample of the data, with correspondiﬁg/aluef*r. Then forr = 1,..., R and
s=1,...,58 letX;" ..., X" be a bootstrap sample fro;", ..., X" with
correspondlngr value 7+, A preliminary bootstrap likelihood af*" is then
estimated by a kernel density estimate

S A~ o~

PR 1 T*rs _ T
LT = f(TT7) = — S K[ ———
UEn) = T = g S ()

whereK is a kernel function (Chapter 5) ard is a bandwidth.

Itis possible to havel(T*") # L(T*"") even wheril™*" = T*"", For this rea-
son, and to interpolate, the bootstrap likelihood is defined through further smooth-
ing, such as

> 1K1( )L(T*W

for the kernelK; and bandwidthh, or through some other scatterplot smoother.

The bootstrap likelihood has been shown to match the empirical likelihood, but
only to first order. Much of the research on bootstrap likelihood aims at reducing
the computational burden. See Chapter 9.11.

Lg(0) = f(T;0) =

)

9.8 Bootstrapping from an NPMLE

The usual form of the bootstrap resamples from the empirical distributjon
In 1ID sampling the empirical distribution is the NPMLE. In settings with side
information, F,, is not the NPMLE, and an attractive alternative is to use empirical
likelihood to construct the NPMLE’, and then resample frofi. When the side
information is specified b¥ (m(X, 0, v)) = 0 then the NPMLE of Chapter 3.10
is I = Zn 1 widx,, wherew; > 0, Zn LW = lzn Lwm(X;,0,v) =0,
and[]"_, nw; is maximized subject to these constraints. Similarly, when the data
were obtained by biased sampling, then bootstrapping from the NPMLE becomes
attractive. 4

Resampling fromf” is straightforward. LeC; = 22:1 w;, with the under-
standing that”; = 0. To generate a bootstrap sample draw independent
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U(0,1) random variable¢/?, for 1 < i < n andl < b < B. Turn these into
resampled observations whek¢ = X; wheneverC;_; < U} < C;. This pro-
ducesB bootstrap data setsx?,... , Xb),forb=1,...,B.

The Euclidean likelihood can also be used to define an NPMLE from which to
resample. But sampling from the Euclidean likelihood NPMLE is hard to define
in cases where some; < 0.

9.9 Jackknives

The jackknife is a leave-one-out method of forming confidence regions for a sta-
tistical quantityd. Suppose that the true valueds = T'(Fy) € RP and the
sample value i'(F). For a candidate distributiof = 3", w;dx, where

w; > 0and> " w; = 1, defineT(wy,...,w,) = 6(F). The NPMLE is
§=T(1/n,...,1/n). DefineT_; = 6((1 + 1/n)F — (1/n)dx,), the value of

on a hypothetical sample of the— 1 observations other thaki;. Now let

T ,= %izn;T_i, and

n

S=Y (T —T_ )T —T-.).

=1

The value(n — 1)(T_, — T'(F')) is often used as an estimate of the biag'{#"),
and the corresponding bias-corrected estimatg(dt) is nT'(F) — (n — 1)T_,.
Also S or (n — 1)S/n can often be used to estimate the variancé'@F) or of
T_,. Forp = 1, a simple 95% confidence interval fég may then be calculated
asT(F) +1.96V/5.

The infinitesimal jackknife is based on the linear approximation
n
T(wy,...,w,) =0+ szﬂ(ﬁ)7
=1
where

T;i(F) = lim T((1—e)F +ebx,) = T(F)

e—0 3

(9.6)

In the infinitesimal jackknife, a variance estimate flor 6, can be constructed

as
1 « S
=5 Y TOT(FY.
i=1

The coefficient» =2 can be replaced by/(n(n — 1)) in order to get an unbiased
variance estimate for the variance of linear statistics of the B, . .. , w,,) =
> w;Q(X;). One of the algorithms for maximizing empirical likelihood (see
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Figure 9.1 The upper left plot shows the reweighings of the data used by the bootstrap,
for n = 3. The upper right and lower left show the jackknife and infinitesimal jackknife

reweightings, respectively. The lower right plot depicts a region used by empirical likeli-
hood.

Chapter 12.6) is an empirical likelihood test of whether Tl’;(aﬁ) have mean
6o — 6. They have sampe mean 0.

Figure 9.1 compars the points in the simplex usel in nonparametd infer-
ences, fom = 3. When the infinitesimal jackknife fails it is often because it only
uses reweightings that are a negligible distance from the céhter...,1/n).

It works with a linear approximation t@', and this may be inadequate’if is
nonlinear enough. The jackknife has similar difficulties because the points it uses
are onlyO(1/n) away from the center. Even when they do not fail, approxima-
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tions based on expansions around the MLE can work badly in some settings. Lin-
earization inference in nonlinear least squares, Greenwood’s formula in survival
analysis, and Wald tests are often found to be inferior to methods that are not so
strongly localized around the MLE.

The bootstrap and empirical likelihood achieve greater generality than the jack-
knives in part because they consider reweightings at a distance (or average dis-
tance) ofO(n~'/2) from the center. The difference is illustrated by the median,
for which the jackknife and infinitesimal jackknife do not provide consistent vari-
ance estimates.

9.10 Sieves

In some nonparametric problems, there is an infinite dimensional family of esti-
mators and an MLE does not exist. For example, consider the problem of estimat-
ing the densityf from an 11D sample of random variablé§ € [0, 1]. The density

f is a nonnegative function integrating toover [0, 1]. The natural likelihood to
useisL(f) =[], f(X;), but L(f) is unbounded over the family of densities,
thus there is no NPMLE.

A sieve approach to this problem is to consider a regularized set of densities,
such as densities that are piecewise constarj0,arj with the allowed disconti-
nuities at knotg; = j/mfor j = 1,...,m — 1. Given a value ofn > 1, the
NPMLE is a histogram estimator. The NPMLE might not be unique if sdfe
equals some;, but a unique choice can be forced by takifigo be continuous
from the left. The sieve approach to the histogram estimatomlets> oo at a
suitable rate, as — oo. Sieves are more general than the histogram estimator,
and the controlling parameter is not always integer valued. For example, a sieve
could be constructed by taking all continuous densities }Mltlf(:v)zd:r < m.

Empirical likelihood can be thought of as a sieve method. The family of candi-
date distributions is usually all those that reweight the sample. It may also include
distributions that put some weight on a number of non-observed values. Two fea-
tures of empirical likelihood distinguish it from sieve methods. First, the family
of candidate distributions is random, as it depends on the sample. Second, the
emphasis is shifted from maximum likelihood to likelihood ratios.

While sieves originated to handle an infinite dimensional parameter set, they
may also be applied in problems with an infinite number of estimating equation
constraints. Some examples of such problems appear in Chapter 10.

The sieved empirical likelihood (SEL) has been developed for some condi-
tional moment restriction problems. Suppose tkieaind Z are jointly distributed
random variables and that the estimating equation

E(m(Z,0) | X =2) =0 (9.7)

holds for allz. Then, of courseE(m(Z,8)) = 0 holds unconditionally, too, but
(9.7) is a more stringent condition. For instance, in a regression model we might
haveZ = (X', Y’),andm(Z,0) =Y — g(X,6). Letu(X) be a vector of func-
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tions of X. ThenE(u(X)(Y — ¢g(X,0))) = 0 and if u has enough component
functions in it, we get an overdetermined set of unconditional estimating equa-
tions foré.

A lower bound is known for the variance of an asymptotically unbiased esti-
matoré from n 11D observations:

nVar(9) > V = (E(D(X)2(X) "' D(x)))

whereD(z) = E(Om(Z,0)/00 | X = z)andQ(x) = E(m(Z,0)m(Z,0) |
X = z). Moreover, the solution to estimating equatidfigu(X)m(Z,0)) = 0
attains this asymptotic variance bound for the (usually unknown) vegtor) =
D(z)'Q(z)~!. The functionsu(X) are called instrumental variables ang are
the optimal instruments.

A sieved empirical likelihood approach impogésr)at then sample values;,
using some smoothing. Lét;; = K((x; — z;)/h), for a kernel functionk” and
bandwidthh, and letK;, = Z;L:1 K;;. Define the conditional empirical log like-
lihood functionL;(F) = >-7_, Kijlog(wi;) for F({Z;} | X;) = wi; > 0and
>i— wi; = 1. Maximizing L; subject to}__, wi;m(Z;,0) = 0 is the same
weighted empirical likelihood problem we solved in Chapter 8.7 for finite pop-
ulation sampling designs, with;, playing the role ofD there. Let the solution
be F; with weightsw;;(6), and now defing(9) = >, log w;;(#), and letd
maximizel(6).

Theorem 9.1 Let (X;, Z;) be IID. Under some mild conditions that uniquely
identify the true valué,, conditions that impose smoothnessrapand condi-
tions onK andh, /n(6 — 6y) — N(0,V;). Further, if maximize€(0) subject
to s conditionsC'(0) = 0 wheredC'/00 has ranks, then—2(£(6) — £(6)) — x?,,
asn — oo.

Proof. Fan & Gijbels (1999) and Kitamura, Tripathi & Ahn (2000)[]

More general random sieves have been proposed, particularly for certain re-
gression problems. In linear regression models relating a predictorX; and
a parameteps, there is a residual; = Y; — X/3. In certain models, however,
there is no unique; that can be computed from a givéf;, Y; andj3. A simple
example without anyX;, is the following mixed effects model

Y;;jzaj+04i+€ij, izl,...7n, j:].,,k

for scalar parametes and independent errots, ¢;;, with mean0, Var(«;) =
0%, andVar(e;;) = o3. Givenf = (61,...,0;) andY; = (Yi1,...,Yi) we
cannot compute; = (o, €1, - . . , €) though we do know that; +¢;; = Y;; —
0.
For a random sieve model, we can identify aBgi)) known to contaire;. For
the random effect example

Bi,(e):{(ahﬁil,w-,ﬂk) ‘ Q; + €5 ZYij—Hj,jZL...,k’}.
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If B;(0) is not afinite set of points, the random sieve method selects a set of points
E;; € B;(9),j = 1,...,n,. For largern, the numbers; increase to give better
coverage ofB;. Consider a family of distributions, with the generic memiber
putting probabilityp;; > 0 on the observatio(X;,Y;, E;;) fori = 1,...,n and
j=1,...,n;withp; = 377, p;; andd i, p; = 1. The sieved likelihood is the
maximum of[[}"_, p; over members of the family satisfying a set of constraints.
For random effects the constraints might expressBat;) = 0, Var(«;) = o3,

and that forj = 1,...,k, E(e;j) = E(ei; — 03) = E(a,e;5) = 0. Methods for
choosing the’;; are in articles cited in Chapter 9.11.

9.11 Bibliographic notes
Parametric-empirical hybrids

Qin (1994) presents the semi-empirical likelihood, in which an empirical likeli-
hood is used for one sample and a parametric one is used for the other. He consid-
ers the example wher®; andY; are scalars and interest centers(X ) — E(Y).

Qin (2000) considers multiplying a parametric conditional likelihood by an em-
pirical marginal one, and presents a theorem from Qin (1992) establishifig a

limit for a statistic defined through a smooth estimating function. Qin (2000)
simulates some examples that Imbens & Lancaster (1994) treated by generalized
method of moments, and remarks that the likelihood formulation makes it easier
to incorporate observations whekg but notY; was measured. Those examples
consider samples augmented by side information from the census.

Qin & Wong (1996) present another semi-empirical likelihood in which the
data are parametric or not, depending on their values. They consider the case
where the parametric model holdsxif< T, and establish &2 calibration for
a univariated that enters the likelihood smoothly. Moeschberger & Klein (1985)
consider a parametric model for a tail subject to censoring combined with a non-
parametric model to the left of that tail.

Lazar (2000) studies the product of a prior density on the univariate mean and
an empirical likelihood for that mean. She shows that the posterior distribution is
asymptotically normal, as one would expect from an asymptotically quadratic log
likelihood. As a result, we can expect in general that the computed posterior prob-
abilities of intervals are asymptotically justified. The arguments parallel those of
Monahan & Boos (1992) for parametric likelihoods. In simulations, accuracy can
be measured by finding the distribution under sampling of the posterior probabil-
ity attached to the sét-oo, 1] wherep is the true mean. This posterior probability
should have nearly a uniform distribution. Figure 1 of Lazar (2000) shows an ex-
ample in which the accuracy is good for= 50 but perhaps not fon = 10.
Figure 2 shows an example where the accuracy appears good witP0.
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Bootstrap connections

The Bayesian bootstrap was proposed by Rubin (1981). Newton & Raftery (1994)
illustrate its use on a number of frequentist inference problems. The bootstrap
likelihood was proposed by Davison, Hinkley & Worton (1992). Some computa-
tional improvements are given in Davison, Hinkley & Worton (1995) and Pawitan
(2000).

Efron (1981) introduces the nonparametric/exponential tilting bootstrap. Fur-
ther results for it appear in DiCiccio & Romano (1990), as described below under
least favorable families. Efron emphasizes the Kullback-Liebler family but also
presents a version using a nonparametric likelihood discrepancy, giving rise to
the same family of distributions in the simplex that empirical likelihood uses.

Zhang (1999) resamples from an NPMLE constructed to incorporate side in-
formation in the form of estimating equations. He produces confidence bands and
tests for the distribution function of a scalar random variable, and confidence in-
tervals for the mean and variance of a scalar. Zhang (1997) constructs confidence
bands for the quantile function by bootstrapping from an NPMLE. Hall & Pres-
nell (199%) term this the b-bootstrap, and they show its wide applicability and
describe the asymptotic behavior.

Ren (2001) defines the leveraged bootstrap. The leveraged bootstrap takes 11D
samples of sizen from an NPMLE. The bootstrap samples are 11D, even though
the original data was subject to interval censoring. Careful calibration makes up
for the discrepancy.

Chuang & Lai (2000) describe a hybrid method in which they construct a para-
metric family on the simplex of observation weights and use the bootstrap in that
family. They find good results this way for some hard inferential problems such as
the analysis of group sequential trials, explosive time series, and Galton-Watson
processes.

Least favorable families

The notion of a least favorable family is due to Stein (1956). He used it to re-
duce nonparametric problems to parametric ones that were at least as hard. Efron
(1981) shows a least favorable family property of the one-dimensional multino-
mial sub-family. Wher¥ is the mean, the Fisher information in the sub-family is
the inverse of the sample variance, holding#gr and even for other membeFs.

DiCiccio & Romano (1990) show that one can construgtdimensional sub-
family of multinomial distributions using any of various discrepancy measures.
Once one has such a family, one can bootstrap within it, use the likelihood func-
tion in it, or use another distance function in it. They show that one-sided cov-
erage errors ar@(1/n) for the nonparametric tilting bootstrap. They also show
that the reduced family is least favorable for more general statistics than the mean.
Hesterberg (1999) investigates exponential tilting bootstrap confidence intervals
for nonlinear statistics, using importance sampling. He compares likelihood- and
entropy-based intervals.
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Empirical likelihood corresponds to using the likelihood ratio function in the
least favorable family defined by the likelihood discrepancy. Lee & Young (1999)
recommend defining a-dimensional parametric family through the exponential
discrepancy, and following up with a likelihood ratio test in that family. Corcoran
et al. (1995) recommend using the exponential discrepancy (empirical entropy) to
form ap-dimensional family, and then using the Wald test (a sandwich estimator)
within that family. They report some simulations in whiclkyacalibration is quite
accurate for this combination. Davison & Hinkley (1997, Chapter 10) recommend
a Rao test within a family formed by exponential discrepancies.

Where Efron (1981) considers sampling from various members of a data-deter-
mined least favorable family, thHebootstrap and related papers above pick a sin-
gle best-fitting member of that family and resample from it.

Other connections

The jackknife was introduced by Quenouille (1949) for correcting bias in esti-
mates. Tukey (1958) showed that it can be used to construct variance estimates.
The infinitesimal jackknife is due to Jaeckel (1972). Hesterberg @9pE0-
poses a “butcher knife” formed by taking divided difference9r6) with ¢ =
O(n~1/?). By varying the sample more th&d(1/n) this results in a more widely
applicable jackknife. See also Shao & Tu (1995) for a discussion of jackknives
that deletel of n observations.

Saddlepoint approximations allow one to construct approximate sampling den-
sities for statistics. Monti & Ronchetti (1993) provide a formula that allows one to
translate between empirical likelihoods and saddlepoint densities for statistics de-
fined through estimating equations. Reid (1988) provides a survey of saddlepoint
methods.

The connection between empirical likelihood and random sieves is given by
Shen, Shi & Wong (1999), who also consider a random effects model like the
one in Chapter 9.10 but incorporating predictarg. Shen et al. (1999) describe
methods for selecting a finite set of points within edl0).

The resuls in Theoren 9.1 are base on independenwork by Fan & Gijbels
(1999) and Kitamura et al. (2000). They combination of smoothing and empirical
likelihood studied there was proposed by LeBlanc & Crowley (1995).

Fan, Zhang & Zhang (2001) describe a sieve-based approach to problems such
as nonparametric regression, including testing whether a smooth function, or in-
deed an additive model, might be linear. They obtain more general Wilks’s type
results with—rlog R approximatelyxz(n) with non-integer numbers of degrees
of freedomv(n) — oo asn — oo andr not necessarily equal & Their for-
mulation has a parametric conditional likelihood with a param#tey estimated
nonparametrically as a smooth functionaofFan & Zhang (2000) make an ex-
tension to an empirical conditional likelihood for the nonparaméffic.
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9.12 Exercises

Exercise 9.1 Suppose that there is no parametric model for the marginal distri-
bution of X but there is a parametric density or mass functidg|x; ) for the
conditional distribution ofY” given X. Write a hybrid likelihood assuming that
(X;,Y;) are observed foi = 1,...,ny, X; only is observed fo = ny; +
1,...,n1 + ng, andY; only is observed fof =ny + no + 1,...,n1 + no + ns.
Assume that missingness &f or Y; is non-informative in the sense of coarsening
at random.

Exercise 9.2 The standard5% confidence interval for the univariate sample
mean isX + 1.96s wheres? = (n — 1)7' Y | (X; — X)?. What is the ra-
tio of the length of the leave-one-out jackknife version of #3%6 confidence
interval to the length of the standard 95% confidence interval?

Exercise 9.3 The jackknife is known to fail for the median, and it seems to be
because only a small number’Bf ; values are possible for a given sample. But
the jackknife provides a reliable confidence intervalfef X < @), so long as

0 < Pr(X < @) < 1. Describe how to employ the jackknife to construct a
confidence set for the median. If necessary assume that the observations are IID
from a distribution having a unique median and a positive density function on an
open interval containing that median.

Exercise 9.4 Derive a bias estimate based in the infinitesimal jackknife.
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CHAPTER 10

Challenges for EL

This chapter is devoted to problems where empirical likelihood has difficulties,
and to ways of mitigating those difficulties. As a case in point, empirical like-
lihood inferences on the number of distinct possible values from a distribution
is completely degenerate. The confidence interval only includes the number of
distinct values in the sample, and that value is completely wrong for continuous
distributions.

As a less outlandish example, the natural way to define empirical likelihood
tests for symmetry or independence are degenerate. The root cause is that these
conditions are equivalent to an infinite number of estimating equations. It is, how-
ever, possible to use a known point of symmetry, or known independence, as a
side condition in inferences. In some settings this is degenerate, in some it re-
duces to ordinary empirical likelihood, and in others it gives something new. It
is also possible to test for approximate symmetry or approximate independence,
defined through a finite subset of the infinite set of constraints.

For some parametric likelihoods, the usual asymptotic theory does not hold.
This can happen when the range of data values depends on the parameter, when
the true value of the parameter is on the boundary of the set of possible values,
or when the value of one parameter does not affect the predictions, if a second
parameter is zero. Empirical likelihood based on the estimating equations from
these likelihoods cannot be expected to hayé aalibration.

10.1 Symmetry

The distributionF’ of X € R, is symmetric about a centerif every interval(a, b)
has the same probability as the inter¢@l- b, c — a). In the familiar case where
F has a density or mass functigih symmetry means thgt(c + z) = f(c — z),
which we can rewrite ag(xz) = f(2¢ — z).
A natural approach to nonparametric inference under symmetry is to construct
a family s of symmetric distributions that put positive probability on every ob-
servation. Such a family can be represented with 1 parameters: the center
of symmetry, and weights; attached taX;, which by symmetry also attach to
X; = 2c— X;. We suppose that_!"_, w; = 1/2. Under this setting the probabil-
ity that 7 puts onz is >, wi(1x,=. + 15, _, ), so thatr is double counted if it
is both a data point and the reflection of a data point.
First we consider whether nonparametric likelihood can help identify the center
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Figure 10.1The raw data are temperatures of six solid-state electronic devices, in degrees
Celsius. The function shown is the empirical likelihood for the center of symmetry, assum-
ing a symmetric distribution. The likelihood ratio takes the value 1/2 at each of the six data
values. Source: Hahn & Meeker (1991, Chapter 13).

c of symmetry. Define the points; = (X; + X;)/2for1 < i < j < n. For
continuously distributed data, there are no ties among:thdf c is not one of
thec;;, then the nonparametric likelihood is maximizedwat= 1/(2n) and takes
the valueL, = (2n)~". Whenc = ¢;; = X;, the likelihood(2w;) [ ], w; takes
on a maximum value of,; = 2(2n)~". Finally, if ¢ = ¢;; for j # i, then the
likelihood (w; 4 w;)? [T1gi ;) we takes on maximum valug, = 4(2n)~".

Thus nonparametric likelihood arguments lead to a degenerate inference on
¢, under sampling from continuous. Then(n — 1)/2 pointsc;; with i < j
maximize the likelihood, next come thepointsc;; = X; with a likelihood ratio
of 1/2, and finally every other point in the real line, with a likelihood ratid ¢.

Figure 10.1 shows this function for the operatirg temperaturgof six solid-state
electronic devices. Even the midpoint between the two lat§est a mode of the
likelihood ratio function.

Although testing for symmetry and estimating a point of symmetry are degen-
erate, imposing a known symmetry as side information is not necessarily degen-
erate. In some cases this side information does not change empirical likelihood
inferences, and in some it gives a new and nondegenerate method.

Suppose we know thdt is symmetric about. ThenF({z}) = F({2¢c — z})
for all z. This symmetry can be imposed as a side constraint’oto sharpen
inferences org defined byE(m(X,0)) = 0, for some functionm. We place
weightsw; on X; and weightsy; on X; = 2¢— X;, wherew; > 0andy."_, w; =
1/2.
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The functionm has even and odd parts defined by
me (X, ) = %[m(X,@) +m(26_x,9)}, and
mo (X, 0) = %[m(X,@) fm(chX,O)]

Now m = mg + mo, and the odd part has weighted mean zero by symmetry.
Thus the definition o may be replaced by (mg(X,0)) = 0. Operationally,
we replacen by mg and apply empirical likelihood as usual.f = mg then
empirical likelihood is unchanged by this operation, and so imposing symmetry
this way does not make any differencenif= mg then the equations are degen-
erate, reducing té(0) = 0 for all §. An odd function is known to have mean zero
under a symmetric distribution, and data are not required to draw that conclusion.
If m has nonzero odd and even parts, then the result can be nondegenerate and
different from the usual empirical likelihood.

The following three examples illustrate the possible cases. In each ofXhem
is a real random variable known to be symmetric about a value

Example 10.1 (Mean under symmetry)For z, 1 € R, the estimating function
m(z,u) = x — p, defines a univariate mean Thenmg(xz,u) = ¢ — p = 0,
telling us what we already know.(= ¢), and without making any use of the data.

Example 10.2 (Variance under symmetry)BecauseE(X) = ¢, the variance
o2 of X is defined by the estimating equatiéi{(X — ¢)?> — ¢%) = 0, so that

m = (z — ¢)? — o2. Thism is even, and so empirical likelihood inferences are
unchanged by replacing by mg.

Example 10.3 (Tail probability under symmetry) Suppose that we are wish to
estimate a tail probability = Pr(X > z). To avoid trivialities, assume that
x # ¢, andmin; X; < z < max; X;. The estimating function fat is m(X, ) =
1x~. — 0. Thism has nondegenerate even and odd parts

1

mg (X,0) = B (1X>z + 1X<207:1:> -0,

mo (X,0) = %(1X>w - 1X<chx) — 0.

Thus, for this case, empirical likelihood inferences imposing symmetry are non-
degenerate and different from empirical likelihood inferences that do not impose
symmetry. Knowing thatX is symmetric allows us to use data from one tail of
the distribution to estimate a probability in the other tail. In practice, of course,
we would have to be fairly sure of the symmetry to trust an estimate of one tail
based on data from the other. FRor- ¢, we could get the same result by replacing
every X; by Z; = max(X;,2c — X;), drawing inferences oBRr(Z > x) = 20,

and dividing out the factor df from this probability.
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One consequence of symmetry Bfis that odd (antisymmetric) functions of
X —chave mean zero. Suppose thét) = —¢(—z), so thatp is odd. If [ |¢(z—
¢)|dF(z) < oo, then [ ¢(z — ¢)dF(z) = 0. Conversely, this property can be
used as a definition of symmetry abaytthrough specially chosen functions of
the form

¢a,b ('T) = locao<t — 1 p<w<—a- (101)

We might replace symmetry by a weaker concept using only some finite num-
berr of conditions [ ¢;(z — ¢)dF(z) = 0, for j = 1,... ,r. Instead of testing
for symmetry about, we testE(¢;(X —c¢)) =0forj =1,...,r. If we have a
specific value of such as: = 0 in mind, then we may simply test whether these
r functions all have meaf. If we wish to test for symmetry about an unknown
center, then all values af that are not rejected form a conservative confidence
region for the center of symmetry. If this region is empty, then we infer Fhist
not a symmetric distribution.

Here are some signed moment functions that might be used to approximate
symmetry

M; (2) :sign(z)\zv;l, i=1,2.... (10.2)

A vanishing signed momerit (M, (X — ¢)) corresponds td having mediare,
when; = 1 and mearr, whenj = 2. An alternative is to use a set of functions
b, b, Of the form (10.1) for a set of intervala;, b; ).

For672 National Football League (NFL) games of American professional foot-
ball, the observed pointspread was compared to the pointspread established by
professional book-makers. We will look at the valuegot U — S whereF' is
the actual number of points scored by the team favored to Wiis, the number
scored by the underdog team, afids the published pointspread — the number
of points by which the favorite was expected to win. The spreftiske values
tha are integer multiples of 1/2 point Figure 102 shows a histogram of these
observed minus expected pointspreads. The data appear to be nearly normally
distributed, with a center near zero and a surprisingly large standard deviation
of 13.86 points. Thus about5% of observed pointspreads came within plus or
minus28 points of the prediction.

It is plausible that data like these should be centered arouyen-money
bets on whether the favorite beats the pointspread make most sense if the median
discrepancy is close to zero. Otherwise bettors would catch on and exploit the
difference. Because the data are nearly normally distributed, the mean may be a
better estimate of the center of symmetry than the median. Also, if there are bets
made that pay proportionally to the number of points by which the pointspread is
beaten (or missed), then those bettors might pay attention to the mean difference
between observed and predicted point spreads.

Figure 10.3 shows empiricd likelihoad curves for the mean and the median of
the pointspread data. The sample mean is very close to zero, and the true mean
seems to be within roughly one point of zero. The sample median is betwken
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Figure 10.2For each of 672 NFL games, the betting-line pointspread has been subtracted
from the observed one as described in the text. The data come from Stern (1991). The data
are plotted as a histogram on the left, and in a normal QQ plot on the right.

point and—1/2 point, and the true median appears to be betwe2points and
1/2 point.
Now suppose that we consider a center of symmgfor which

0=FE(1x>s —1x<p), and
0= E(X — ),

corresponding to signed moment functioh and M, from equation(10.2)
above. The empirical likelihood ratio function féris plotted in the lower panel
of Figure 10.3 The unusuéshaeis easily explained Conside ajoint likelihood
surface for the mean and median of the data. For a fixed value of the mean, that
surface has step discontinuities as the median crosses observed data values. For a
fixed value of the median, the surface is smooth as the mean varies. The function
shown is a transect along thé&° line of the joint mean-median likelihood sur-
face. This function takes jumps at the same points where the likelihood function
for the median does. Between those jump points, it varies smoothly. The sawtooth
shape of the likelihood curve gives a 95% confidence region that is a union of four
disjoint intervals. The likelihood is relatively high at, and just to the left of, multi-
ples of1/2 point. The smallest interval containing all four parts of the confidence
interval for@ is narrower than either of the intervals for the mean or the median.

If we were not confident that the mean and median were at the same point, we
could test this by examining the maximum value o¥ef the empirical likelihood
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Figure 10.3The top plot shows empirical likelihood curves for the mean and for the me-
dian of the pointspread data in Figure 10.2 The bottam plot shows the empiricd likelihood
for a centerd that is simultaneously the mean and the median of the distribution.

for the hypothesis thaf is both the mean and median af. At the MELE 6,
the log empirical likelihood is-0.498. Using axﬁl) calibration, we obtain a-
value ofPr(X%l) > —2 x (—0.498)) = 0.318, so there is no reason to reject the
presumed equality of the mean and median.
Further analysis shows that using the first three signed moments does not make
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much difference to the empirical likelihood ratio function, but that using the fourth
and higher signed moments calls into question the symmetry of the data. Because
these higher order signed moments have very heavy tails, dominated by the small
number of extreme games, it does not seem wise to use them. If one were inter-
ested in imposing higher order symmetry, it would be preferable to use a set of
bounded function®;, perhajs of the form givenin (10.1)

10.2 Independence

Suppose thatX,Y) € R? and that we want to test for independenceXoind
Y. As with the problem of symmetry, a direct formulation of empirical likelihood
leads to a degenerate answer.

Suppose that the data at¥;,Y;) pairs,i = 1,...,n, from a continuous joint
distribution. Consider a distribution fot that has weight;; on X; and a distribu-
tion for Y with weightv; on’Y;. Under independence of andY’, the weight on
the pair(X;,Y;) is u;v;. Without an assumption of independence, a distribution
can put weightw;; wherew;; is not necessarily of product form. To maximize the
likelihood without assuming independence, pyt = 0 if ¢ # j andw;; = 1/n.

To maximize the likelihood ratio assuming independencewput v; = 1/n. As

a result, the likelihood ratio for independencenis®™ /n=" = n~—", without re-

gard to the data. Thus the empirical likelihood test for independence is degenerate
on continuous data.

If the (X;,Y;) pairs are from a discrete distribution, with finitely many pos-
sible values, the situation changes. Then the empirical likelihood test becomes a
standard multinomial likelihood test of independence. Significance levels for that
likelihood ratio test can be set using tja%_l)(s_l) distribution whereX takesr
distinct values and” takess distinct values.

For the problem of symmetry, tests were degenerate, but some nondegenerate
methods arose when symmetry was imposed as a side constraint. A similar effect
occurs when independence is imposed as a side constraint.

Suppose that we know thaf € RP andY € R? are independent. Then there
is no difference betweem paired observationgX, Y') and two unpaired samples
of X andY. Because the data are effectively unpaired, there is no real need for
the sample sizes to be equal. Suppose thenthat F; fori = 1,... ,n, and
Y; ~ Ggforj=1,...,m are independent. We are interested ufefined by

E(h(X,Y,0)) =0.
Here are example functioristhat are of interest in applications,
h(X,Y,0)=X-Y -6, and
ho (X,Y,0) =1x>y — 0.

Whenp = ¢, the functionh; can be used for inferences éi{X) — E(Y'). When
p = q = 1, the functionh, can be used for inferences &a(X > Y).

Let F = >0 widx, andG = 377, v;dy, whereu; > 0, v; > 0, and
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Yoy ui = Y7 v; = 1. The likelihood of the pait F, G) is [}, wi [T}~ v;-
This is maximized by taking;; = 1/n andv; = 1/m, so the likelihood ratio
function isT[;_, nu; [T~ mv;. The estimating equation is

Z Z U,;’L)jh (Xz, }/ja 9) = 0
i=1 j=1
The profile empirical likelihood ratio function fatis

R(9) = max{ ﬁnul ﬁ mu; | zn:zm:uivjh(Xi,Yjﬂ) =0,
=1 j=1

i=1 j=1

n m
Uj > O,Zui = 1, Uy ZO,Z’UJ* = 1}.
i=1 j=1

Under mild conditions-2log R(6y) — x?%,, Whered is the dimension of. A
nonrigorous argument is given in Chapter 11.4 for the case of two samples with a
scalar functioh(X, Y, 6) and a scalaf.

Independence corresponds to an infinite set of constraints. These take the form
E(6(X)n(Y)) = E(6(X))E(n(Y)) for everys, n pair with E(|¢(X)n(Y)| <
oo. If independence oK andY is in doubt, and we want to test it, we can retain
the original(X;, Y;) pairings and then for a list= 1, ... ,r of functions¢, and
n; testwhethet®(; (X);(Y)) = E(e; (X)) E(n;(Y)).

10.3 Comparison to permutation tests

A disadvantage of testing approximate symmetry or approximate independence is
that symmetry or independence can be violated by a data distribution satisfying
all of the estimating equations used in the approximate test. This motivates taking
a large value of, to get a test sensitive to more kinds of departures. For larger
Iargerxfr) threshold must be surpassed in order to reject independence. So large
r can result in less power than smallJudgment is required in order to select
conditions that cover either the likely departures, or if possible, the consequen-
tial departures, from symmetry or independence. A sieve method (Chapter 9.10)
lettingr = r(n) — oo asn — oo might provide an effective approach.

Permutation tests are commonly used for testing independence, and similar
procedures are available for testing symmetry. For a permutation test of indepen-
dence one starts with a statisfi¢(X;,Y;),« = 1,... ,n) for which larger values
represent greater departures from independenéeafdY . Then they; are per-
muted with respect to th&;, replacingY; by Y ;) where(r(1),... ,m(n)) is a
uniform random permutation @t, . .. , n). A uniform random permutation takes
each of then! possible permutations with probabilityn!. Then a histogram is
made of the value®'((X;, Y, (;)),i = 1,... ,n) taken byI’ under a large number
of independent random permutations. If the origifalalue is in the largesi%
of this histogram, then independence is rejected ab¥devel. Whenn! is not
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too large then it is possible to consider all the permutations instead of sampling
them.

As with empirical likelihood tests of approximate independence, these permu-
tation tests can fail to detect those departures from independence which do not
have a strong effect 0. The statisticI’ can be constructed as a composite of
some number of test statistics, each of which is sensitive to one aspect of de-
pendence betweeki andY. Once again there is a trade-off in the value-of

Compared to permutation tests, empirical likelihood offers the advantage of
using the data to combine thetest statistics. Consider testidgfm;(X;,Y;)) =
0, simultaneously foralf =1, ..., r, for real-valued estimating functioms;. A
permutation test could take

T = i}(émg‘(?{uyﬁy

as its test criterion. But it might be better to weight the criteria, either a priori or
based on the data. An empirical likelihood test basedRgn= max [];"_, nw;
subject to constraints; > 0, > i, w; = 1, and>_"" , w;m;(X;,Y;) = 0 for
j=1,...,r uses the data to combine the individual tests.

The significance level for the test can be based on an asymptatiistribution
for Ry under the null hypothesis thaf; andY; are independent. We can also use
the permutation distribution dR directly. For N random permutations(i) of
1,...,n, computeR, on the data pair¢X;, Y.(;)), i = 1,...,n. If the original
R, is smaller thamV of the permutedR values, then reject the null hypothesis
at levela.

10.4 Convex hull condition

Empirical likelihood confidence regions for the mean are nested within the convex
hull of the data. Their coverage level is necessarily smaller than that of the convex
hull itself. This constraint is limiting when is small,p is large, or the confidence
level1 — « is high.

The Euclidean likelihood and some other members of the Cressie-Read family
do not restrict the weights); to be nonnegative, thus allowing the reweighted
meany _, w; X; to escape the convex hull of the data.

The empirical likelihood-t method also produces confidence regions for the
mean that can escape from the convex hull. For testing whéth&n = p, the
constrainty_;"_, w; X; = p is replaced by

N —1/2
<Z wi (X — pro) (X — ,U’w)/> (.uw - X)
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wherep,, = > i, w; X;.

Ford = 1, the new constraint equates two quantities. The first is the number
of weighted standard deviations by which the reweighted mean differs #om
The second is the number of unweighted standard deviations by whitiffers
from the candidate mean Notice that the reweighted mean is notlf it were,
the result could not escape the convex hull. #orf 1 a similar interpretation can
be made in terms of analogous Mahalanobis distatces )’ S~ (u — u).

The empirical likelihood-t method is analogous to the bootstrap-t method. It
replaces a quantity by a studentized version of that quantity. The empirical likeli-
hood-t constraints can be applied to nonparametric likelihoods other than empir-
ical likelihood. For empirical likelihood-t, a Bartlett correction is available. See
Chapter 10.8.

10.5 Inequality and qualitative constraints

Many interesting hypotheses are expressed in terms of inequalities, not equal-
ities. For example, ifuq, ... , ux are the means of different populations, the
constraints

Nj+1_uj207 j:]-w"ak_lv (103)

impose a qualitative constraint thaj is a nondecreasing function of the group
labels. Estimating and testing of parameters subject to isotone constraints like
(10.3) is known as order restricted inference.

Another qualitative constraint that might be useful is stochastic monotonicity.
Suppose thatX,Y) € R? are jointly observed and we are sure tlatan only
increase ifX increases. Stochastic monotonicity corresponds to infinitely many
constraints of the fornPr(Y > y|X = z) > Pr(Y > y|X = 2’) forall y and all
x>z,

A standard technique for imposing unimodality constraints is to impose mono-
tonicity constraints on either side of a made R. Whenc is not known, then an
outer loop searching over candidate modes is required.

A widely studied qualitative constraint foX € [0, c0) is that f has a non-
increasing density. The NPMLE in this setting is known to be a mixtufé[of x)
distributions, characterized as the smallest concave function lying above the em-
pirical CDF.

Some results have been obtained for empirical likelihood ratios in inequality
constrained problems. Suppose that a paranfeteR? is defined by

E(m(X,0)) =0,
wherem(X, §) € RP, and consider the hypotheses

Ho:9;(0)=0, j=1,...,k and
ngj(e)z()! jzlv"'7ka
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wherek < p. The functionsy; may represent all the constraints of the qualitative
feature we are interested in or a judiciously chosen subset of them.

Two statistical problems of interest are the testing#fand the testing of{,
assuming that{; holds. Following parametric likelihood theory, we define

0):max{Hnwi g wym(X;,0) = 0,w; >0, E wizl}
=1 =1 =1
and then

Ro =max{R(#)|g;(8)=0,j=1,... ,k}, and
R1=max{R(0)|g;(8) >0,5=1,... ,k}.

The hypothesig{; is rejected ifR, is too small, and assumirilyy, the further
constraintH, is rejected ifRy /R, is too small.

This poses two new problems for empirical likelihood. The first is how to max-
imize an empirical likelihood subject to inequality constraints. The second is how
to calibrate the likelihood ratios. These issues are described in the references in
Chapter 10.8. Here we summarize the calibration results.

The asymptotic distribution of-21log R, is not necessarily chisquared. The
null hypothesis is quite heterogenous. Perhaps the true ¥glhasg;(6y) = 0
for somej, andg;(6y) > 0, for other;j. There may be as many a§ different
cases to consider. It is known that under mild conditions¢fas 0,

k
hm Pr(—2logRy1 < Q) = Z’y,- Pr(x%i) <Q),

wherey; = v;(6p) > 0 are weights that sum th andxfo) = 0. This limiting dis-
tribution of —21og R, is known as a chi-bar squared, often writtgh A chi-bar
squared distribution commonly applies to parametric likelihoods in the presence
of inequality constraints. Similarly,

Jim_ Pr(—2log(Ro/R1) < Q) = Z% Pr(x{,_i < Q)

with the samey; (6y).

Each~; is a sum of products of probabilities that certain multivariate normal
random variables have no negative components. The normal vectors have mean
zero and it is possible to construct sample estimates of their covariance matrices.

10.6 Nonsmooth estimating equations

Theoren 3.4 allows us to construt tess and confidene regions for parameters
defina through very generaestimatirg equationsTheoren 3.6 justifies profiling
out nuisance parameters, but only from smooth estimating equations.

Let 6 and a nuisance parametebe defined througty(m (X, 4,v)) = 0 for
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a nonsmooth estimating function(X, 6,v). Then profiling outv raises both
theoretical and numerical challenges.

In this text we have encountered several problems of this type: the interquar-
tile range defined throug{8.21) a problem in regression tolerance intervals de-
fined by(4.16)through(4.19) the sensitivity and specificity of logistic regression
(Chapter 4.7), and the difference between medians of censored data.

Some results are known for problems in which the estimating equations are
smoothed, with decreasing smoothness as oo. The theorem below requires
no smoothing:

Theorem10.1For i = 1,...,k, let X;; € [0,00) for j = 1,... ,n; be fail-
ure times from distributiorF;. Suppose that alF; have a common mediah,
and thatF; is a continuous distribution with densitfyy where f;(6y) > 0. Let
Yi; € [0, 00) be corresponding right censoring times from distribut@pn where
Gi([0p,00)) > 0. Assume that allX;; andY;; are independent. Lef;; =
mln(X”, Y”) and 5” = 1X’ij§yij, and define
k n;
L(Fy,.... Fi) = [[ [T FUZi 1) F((Zig,00))
i=1j=1
max {L(F1,..., Fx) | Fi([0;,00)) =1/2,0=1,...,k}
maxFl,m}Fk {L(Fl,,Fk)} ’

andR(#) = R(6,9,...,0). Then—2maxy log R(0) — X%kfl) asmin n; — oo.

R(Gla"'aek) =

Proof. Naik-Nimbalkar & Rajarshi (1997). [J

Now suppose thaX, ..., X,, ~ I’ are independent real random variables with
CDFF(z) = F((—o0,x]). As usual, the order statistics are denotedjy, <
... X(n). Statistics known ag-estimators can be written d$ = Yo eniX (i)

wherec,,; = f(zi/f‘l)/n dG(u). HereG(u) can be a distribution function, or more
generally, a weighted difference of distribution functiof8u) = ¢, G4 (u) —
c_G_(u), whereG are distribution functions and. > 0. The population value
of TisT(F) = [, F~'(u)dG(u), whereF~! = inf{x | F(z) > u}.

For example, whel < o < 1/2, the a-trimmed mean hag8G(u) = (1 —
20)7tif /2 < u < 1 — a/2 anddG(u) = 0 otherwise. As a second example,
the interquartile range has. = 1, G4 (u) = 1,<3/4 andG _(u) = 1,<1/4-

The empirical likelihood function is

R(H) = max{ﬁnw,- ‘ T(Xn:wiéxi) = 9,wi 2 O,iwi = 1},
=1 i=1

=1
where we suppose thatusesF determined fron¥ in the obvious way.
We suppose here thdG(u) = g(u) wherefo1 lg(u)] < oo. This rules out
the interquartile range, though it can be closely approximated hbi-astimate
satisfying this condition, using smoothed versiong:Qf = 1, <(2+1)/4-
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Theorem 10.2 Let X, ..., X,, be IlID from F;. Suppose that for somec (0, o),
someM € (0, 00), and somel € (1/6,1/2) both

lg(w)] < Mlu(1 —u)]7~3*7,  and
[F7H(w)| < Mlu(l —wu)]”
hold for all 0 < w < 1. Then—2log R(T(Fp)) — X7,y asn — .

B =

Proof. La Rocca (1998) [

10.7 Adverse estimating equations and black boxes

In parametric likelihood settings there can be difficulty in passing from maximiz-
ing the log likelihood)""" | log f(X;;6), to solving}""" , m(X;,6) = 0. The

set of solution® may include multiple global maxima, local maxima that are not
global maxima, local minima, and saddlepoints. Such equations pose a challenge
for empirical likelihood too, for solutions t9";" , w;m(X;,0) = 0 might not
correspond to unique global maxima»¥._; w; log f(X;;#) as we would have
hoped.

Parametric likelihood methods have developed the farthest for models in which
solving the likelihood equation does indeed give the maximum likelihood esti-
mate. The most widely used parametric models are those with log concave like-
lihoods, such as the normal distribution, the binomial, and the Poisson. When
log f(X; ) is concave irf then soisy """ ; w; log f(X;;#) and so empirical like-
lihood is on firmer ground in these cases, too.

Another big challenge comes from methods such as classification and regres-
sion trees (CART) and projection pursuit regression. These may be thought of as
black boxes that take data in and produce answers. It would be a daunting com-
putational challenge to find the weighting of the data closest to equality for which
a classification tree predicteg € R given a feature vectoK,. One reason is
that the method is nonsmooth. A small change in the weighting of the data can
change the shape of the tree and the variables used to split the data. Bootstrap
resampling is ideally suited to computations for black box estimators of this type.
In addition to the computational challenge, the theoretical behavior of the result-
ing likelihood ratio would have to be at least as complicated as that leading to the
chi-bar squared distribution in Chapter 10.5.

10.8 Bibliographic notes

Brown & Chen (1998) study empirical likelihood for an assumed common value
of the mean and median. They prefer the Euclidean log likelihood for this prob-
lem because it allows negative weights and so produces a bounded log likelihood.
Brown & Chen (1998) prefer a smoothed version of the log likelihood ratio. They
discuss robustness and asymptotic normality of the combined mean/median esti-
mator.
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The signed moments are due to Qu (1995). He shows that a location estima-
tor defined as an MELE using a small number of signed moments is nearly fully
efficient compared to some parametric maximum likelihood estimators from sym-
metric distributions. He extends the signed moment arguments to multiple regres-
sion estimators with symmetrically distributed residuals.

The approach in Chapter 10.1 symmetrizes the estimating equations. By con-
trast, Jing (1998) symmetrizes a data set around its sample mean, then constructs
an empirical likelihood test of whether the resulti?wg observations have mean
. He obtains a¢? limit but finds that Bartlett correctability does not hold.

Romano (1988) considers bootstrap versions of permutation tests for symmetry
and independence.

Breiman, Friedman, Olshen & Stone (1984) describe classification and regres-
sion trees. Friedman & Stuetzle (1981) introduce projection pursuit regression.

Zhou (2000) considers a location family in whicty; — u; ~ F for i =
1,...,kandj = 1,...,n;. As with symmetry and independence, this location
family constraint corresponds to an infinite number of moment constraints.

Empirical likelihood-t was proposed by Baggerly (1999), who also considers
an entropy version. Baggerly (1999) notes that one price to be paid for escaping
the convex hull is a loss of transformation invariance. Baggerly (1999) reports
some simulations in which the studentized empirical entropy method gives very
good coverage accuracy in small samples. He also applies a Bartlett correction
to those intervals. Bartlett correction of empirical entropy appears in simulations
to make a worthwhile improvement in the coverage error, although it does not
improve the error rate fror®(1/n). Baggerly speculates that this is because the
empirical entropy distance gives relative error@fl /n) instead of an absolute
error of that order, pointing to work by Jing, Feuerverger & Robinson (1994).

The discussion of empirical likelihood ratios under inequality constraints in
Chapter 10.5 is based on El Barmi (1996). El Barmi gives expressions for the
weights in they? distributions. El Barmi & Dykstra (1994) describe maximiza-
tion of multinomial likelihoods subject to constraints expressed as the intersection
of a finite number of convex sets. Hoff (2000) considers maximizing empirical
likelihoods subject to stochastic monotonicity constraints linking a finite number
of distributions.

Grenander (1956) constructs an NPMLE for a distribution known to have a
monotone density oft), co). Groeneboom & Wellner (1992) characterize the re-
sult as the least concave majorant of the empirical CDF. Lindsay (1995) describes
mixture-based methods for this and other statistical problems. Banerjee & Well-
ner (2000) present describe the asymptotics of likelihood ratios under monotonic-
ity constraints. The results are characterizechby? rate asymptotics involving
Brownian motion with quadratic drift. Azzalini & Hall (2000) show how qualita-
tive information can be used to reduce variability. The result can be like having
O(n?/?) extra observations. Although this effect becomes negligible as oo,
the benefit may be substantial at practical sample sizes.

Qin & Zhao (1997) prove a chisquared limit for the difference of two smoothed
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qguantiles from two different populations, by extending the arguments of Chen
& Hall (1993) for smoothing of a single quantile. The amount of smoothing ap-
plied to the two quantiles tends to zero as the sample sizes tend to infinity. Naik-
Nimbalka & Rajarsh (1997 prove Theoren 10.1 without requiring that the un-
derlying statistics be smoothed.

LaRoc@a (1995) proves Theorem 10.2 and also consides more generéastatis-
tics defined ad. estimators applied to valugg X ;) whereh is a function of
bounded variation. La Rocca (1995hows empirical likelihood ratio curves for
trimmed means of Newcomb’s passage time of light data, and presents some sim-
ulations. La Rocca (1996) obtains @ calibration for the difference between the
trimmed means of two populations.

10.9 Exercises

Exercise 10.1Suppose thak; are independent random variables from a distribu-
tion with maximum valué < oo. ThatisPr(X < ) = 1, butPr(X < f—¢) < 1

for anye > 0. Letd = maxi<;<n X;. Describe how the empirical likelihood
confidence region foé fails. Invent and describe a nondegenerate approach to
empirical likelihood for the sample maximum.

Exercise 10.2Derive the values of.; and L, given in Chapter 10.1. Fok,
whenc = X; what is the value that; takes in order to maximize the likelihood?
For Ly, whene = (X; + X;)/2, what is the maximizing value af;?

Exercise 10.3Let (X,Y) € R? be from a distributionF’ that is thought to be
symmetric about the ling@ cos + ysin§ = r.

a) For(z,y) C R?, find its reflection(z, §) under this symmetry.

b) Fori = 1,...,n, suppose thatX;,Y;) are sampled from a continuous
distribution. Consider the + 2 dimensional family of distributions given by
parametersg, r, and weightsv; summing tol /2 that apply equally td X;, Y;)
and(X;,Y;). For almost all lines, the maximum ove; of [L; wiis (2n)~™.
Describe geometrically any lines that give a larger likelihood. How much larger

is that likelihood? Do not bother with any kind of line that is not sure to arise
in the sample for large enough

Exercise 10.4 Suppose thaF' is known to be symmetric about the lime-y = 0
(for which @ = 7/4 andr = 0 in the notation of the previous question). Find an
example estimating equatidiym(X, Y, 0)) = 0, for each of the following cases:

a) Imposing the symmetry constraint is degenerate.
b) Imposing the symmetry constraint leaves empirical likelihood unchanged.

¢) Imposing the symmetry constraint with empirical likelihood gives some-
thing new.
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Exercise 10.5Construct a family of moment-like estimating equations to use for
testing or imposing approximate symmetryfofibout the linec cos 0+ y sin =
T.

Exercise 10.6Now suppose thaf’ is thought to be symmetric about the point

(z¢,y.). Construct a set of moment-like estimating equations for imposing ap-
proximate symmetry of this kind.
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CHAPTER 11

Some proofs

This chapter contains some of the proofs of the empirical likelihood theorems.
The arguments presented here are more difficult than the proofs that appear through-
out the text. For the most advanced material the reader is referred to the published
literature, as outlined in Chapter 13.

11.1 Lemmas

This section presents some lemmas needed to prove the ELT’s. They are used to
handle some technical details showing that the Lagrange multipligmsymp-
totically small, and to show that higher order terms in some Taylor series can be
neglected.

A distribution with nondegenerate variance matrix®h cannot put all of its
probability on a half space defined as one side of a hyperplane through its mean. A
stronger conclusion is that , for any distribution, there is seme0 that provides
a uniform lower bound on the probability of all possible half-spaces defined by
hyperplanes through the mean.

Lemma 11.1 Let Fy be a distribution onR? with meany, and finite variance
matrix V; of full rank p. Let© be the set of unit vectors iRP. Then forX ~ Fj

. !
Glg(gPr ((X — po) 60 >0) > 0.

Proof. Without loss of generality take, = 0. Suppose that the infimum above is
0. Then there exists a sequert;esuch thatr(X’6,, > 0) < 1/n. By compact-
ness ofd there is a convergent subsequefite— 6*. Let H = {X | X'6* > 0}.
Thenlxg:~o — 1xg=>0 holds at anyX € H. Now by Lebesgue’s dominated
convergence theorem

Pr(X'0* >0) = / Lx/g+>0dFo (X)
H

= lim 1X/9’:1>0dF0 (X)

n—oo H

< lim Pr(X'6; > 0)

=0.

Since X'0* has mean zero we must also hdg X’'6* < 0) = 0 from which
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X'0* = 0 with probability 1. ThenVar(X'6*) = 0 contradicting the assumption
onlVy,. O

The next lemma shows that for random variables with a finite variance, the
largest value in a sample of sizecannot grow to infinity as fast as'/2.

Lemma 11.2 Let Y; be independent random variables with a common distribu-
tion andE(Y?) < co. LetZ,, = maxi<;<n |Y;|. ThenZz, = o(nl/z).

Proof. Since E(Y?) < oo, we have}_"  Pr(Y? > n) < oc. Therefore, by
the Borel-Cantelli lemma there is probabilitythat |Y,,| > n'/? happens only
for finitely manyn. This implies that there are only finitely mamyfor which
Z, > n'/?. A similar argument shows that for any > 0, there are only finitely
manyn for which Z,, > An'/2, and hence

lim sup Znn_l/2 <A

n—oo

holds with probabilityl. The probabilityl applies simultaneously over any count-
able set of values fod s0 Z,, = o(n'/?). O

Similarly, a finite variance bounds how fast a sample third moment can diverge
to infinity.

Lemma 11.3 LetY; be independent random variables with common distribution
and suppose that(Y;?) < co. Then

IR 13 _ 1/2
gZ|Yz| =o(n'’7).
=1
Proof. Write

1 n . Zn n )
_ |3 < 21 }
n Z ¥l < n Z Yi
=1 i=1
whereZ,, = maxj<i<y |Y;|. The resut follows by Lemma 112 applied to Z,,

and the strong law of large numbers applied to the averay of []

The next lemma shows how quickly the probability that the maximum obser-
vation exceeds'/? decreases to zero with increasing

Lemma 11.4 LetY; be independent random variables with common distribution
and suppose thab(|Y;|?) < oo. DefineZ,, = max;<,<,|Y;| and let4 > 0.
Then

Pr(Z, > An'/?) = O(n=1/?).
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Proof.

n'/? Pr (Zn > An1/2) <n®?Pr (|Y1| > Anl/z)
< n3/2E (|Y1|3) /(An1/2)3
= ATE(NP)

< 0.

O

11.2 Univariate and Vector ELT

Theunivariae ELT, Theoren 2.2 isaspecidca of thevecta ELT, Theoren 3.2,
correspondig to dimension d = 1. In this section we prove Theoren 3.2 of
Chapter 3.

The Lagrange multiplien plays a key role in the proof. The proof goes in
stages. First we show that= O, (n~'/2). Then, knowing\ = O,(n~'/2), we
show that\ = S~(X — o) +0,(n'/2), for a certain sample covariance matrix
S. Plugging this expression for into the profile empirical log likelihood ratio
statistic, applying a central limit theorem, and verifying that some other terms are
negligible completes the proof.

Prodf. [Proof of Theoren 3.2, Vecta ELT] Without loss of generaliy ¢ = p.
Otherwise we can replacé; by a subset af components having a variance of full
rank. Convexity ofC,. ,, follows easily by the same argument used in Chapter 2 to
show that confidence regions for the univariate mean are intervals.
Let © denoethe sd of unit vectosin RP. By Lemma11.1

inf Fy ({0 (X — .

jnf Fo ({0(X — no) > 0}) >0
By a version of the Glivenko-Cantelli theorem for uniform convergence over half
spaces

sup [Fo({0"(X — o) > 0}) = F({0'(X — po) > 0})] — 0
with probability 1 asn — oo. It follows that with probability tending ta that the
meanyy is inside the convex hull oX’;.

When the mean is inside the convex hull of thg, then there is a unique
set of weightsw; > 0 with Y1 jw;, = 1 and)_ !, w;(X; — po) = 0 for
which[T?_, nw; is maximized. By the arguments in Chapter 3 these maximizing
weights may be written

1 1
u}Z_’nl-I—)\/()(i—/1,())7
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where the vectoh = \(uo) € RP satisfiegp equations given by

n

_ ]. Xi—/J,O .

The next step is to bound the magnitude\ot.et A = ||A||0 whered € O is a
unit vector. Introduce

Y, = )\/(Xz — M()), and Z; = max ||Xz — /J,QH .

1<i<n

Substitutingl /(1 +Y;) = 1 — Y; /(1 4+ Y;) into #'g(\) = 0 and simplifying, we
find that

IA16"S6 = 6 (X — po) (11.2)
where
= 1K (X — po) (X — o)
§= E; ( “fzfyi o) (11.3)
Let
S = % 3 (Xi — p0) (X — po)"

Everyw; > 0, sol + Y; > 0 and therefore
INI[ 656 < ||\ 9'S6(1 + maxY;)
< \6'S6(1+ |\ Z})
=0'(X — po)(1+ [N Z5),
by (11.2) and so
Al (60°56 — Z36"(X — o)) < 0'(X — po).

Now o1 + 0,(1) > 0'S0 > o, + 0,(1), where oy > o, > 0 are the largest
and smallest eigenvalues Whr(X;). Also by Lemma11.2 Z* = o(n'/?). The
central limit theorem applied to the vect&r — y, implies thatd’ (X — o) =
O, (n~'/2). It follows that

IN (6'56 + 0,(1)) = Op(n~1/2),

and hence
1Al = Op(n1/2).
Having establishd an orde bourd for || A||, we hawe from Lemma 112 that
max |V;| = O,(n~?)o(n'/?) = 0,(1). (11.4)

1<i<n
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Now

n

0= =S (Xi — o) (1 = Yit ¥2/(1 - )

¥ 1 ¢ (Xz ,UO)Yz'2
=X — o SA+n; v (11.5)

The final term in (11.5) above has a norm bounded by

1 — _ _ _
EZI\Xi—MoH?’IIAIFIl—EI L= 0(n'/?)0,(n"1)0,(1) = 0p(n~/?),
i=1

using Lemma 11.1 from which we find
A=85"HX —po) + 5,
where
B =o0,(n"'12).
By (11.4) we may write

1
log(1+Y;)=Y; — in +m,
where for some finitd3 > 0
Pr(lni| < BlYi>, 1<i<n)—1,

asn — oo.
Now we may write

—210g R (po) = —2)_ log(nw;)
i=1

= 2210g(1 +Y)
i=1

ZQZn:Yz'*Xn:YiQJFQZn:m
i=1 i=1 i=1

=20\ (X — pg) — nN S + ZZm

i=1

=n(X — p0)S X — o) —nB'S7IB + 22172».
i=1

In the limit asn — oo,
n(X = p0)S X — po) = X{p)
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in distribution,
nf'S™Ip = nop("’71/2)01)(1)017(”71/2) = 0p(1),

and

n
D>
i=1

Therefore—2log R (o) — x{, in distribution. [J

3 2 —
< BA| Z [ Xi — poll” = Op(n 3/2)017(”3/2) = o0p(1).
i=1

11.3 Triangular array ELT

In this section we prove Theoren 4.1 of Chapte 4.3. The prooffollows the same
lines as the proof of the Vector ELT in Chapter 11.2.

Proof. [Proof of Theoren 4.1, Triangula Array ELT] Without loss of generality
we may takeu,, = 0 andoy, = 1, and then seek the asymptotic distribution of
—2log R(0). This is equivalent to reformulating the problem W&tﬁnlm(Zm —
1y) In place ofZ;,. To simplify the notation, we drop the second subscript
usingz; for Z;,,. Let

n

]
Vo = E;ZZZ{'

By assumption(4.4) we may assume that the convex hull &f contains the
origin. It then follows by Lagrange multiplier arguments that

n 1
RO) =115 +NZ;
i=1

whereX = \(0) is uniguely determined by

n

Z;
Zlﬂ/zi =0

=1
Write A = ||\||0 where§’d = 1. Let
Y;=MNZ;, and Z*= max ||Z;.
1<i<n
By an argument used in the proof of the Vector ELT, we obtain
Bl (9’179 - Z;@’Z) <07z
From assumptiof¢.5) the variance of each entry Ir}, tends to zero and so by

Chebychev’s inequality,, — V,, = o0,(1). Then by assumptio4.6)onV,,, we
obtain

c+0,(1) SOVO <1+ 0,(1),
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wherec > 0 is the constant in that assumption.

Assumption(4.5)also implies thatZ’ = o(n!/?), which in turn implies Linde-
berg’s condition forZ;. The central limit theorem applied to the vectdimplies
thatd’Z = O,(n=1/2). It follows that

INI(0770 = 0,(1)) = O, (n™1/2),

and hence)\| = O, (n~"'/2).
The rest of the proof follows the same argument as used for the Vector ELT,
and so-2log R(0) — x{,, in distribution. ]

11.4 Multi-sample ELT

This section presents a nonrigorous argument that empirical likelihood inferences
have ay? calibration in multi-sample settings. For simplicity we consider the case
of two samples and a single estimating equation for a scalar parameter. A rigorous
argument would have to impose explicit moment conditions in order to bound the
Lagrange multiplier, along the lines of the proof in Chapter 11.2 of the vector
ELT.

Let Xq,...,X, € RP ~ FyandYy,....Y,, € R? ~ Gy, with all ob-
servations independent. Létc R? be defined byF(h(X,Y,0)) = 0, where
h(z,y,0) € Rt. For example whep = ¢ = ¢, h(X,Y,0) = X — Y — 0 defines
6 as the difference in meards(X) — E(Y). Whenp = ¢ = t = 1, the function
h(X,Y,0) = 1x>y — 0 definesd as the probability thakX is larger thary”. We
might be interested in testing= 0 in the first case and = 1/2 in the second
case.

The ANOVA setting of Chapter 4.4 applies to group means and functions of
group means. The setting here is more general in that the expectation in the esti-
mating equation is with respect to both distributions jointly.

The argument below providesxaft limit, under some mild assumptions. To
simplify the presentation= 1 is used, but the argument goes through for general
t with natural modifications. We assume thain(n,m) — oo, and that) <
E(h(X,Y,00)%) < co. We also rule out cases such as those whére, Y, 6,)
can be written in the formp(X)n(Y") with E(¢(X)) = E(n(Y)) = 0. In such
a case, independence &fandY implies thatE (h(X,Y, 6y)) = 0, and there is
no need to infer it from data. The extra assumption we will make is that either
E(E(h(X,Y,00)|X)?) > 0or E(E(h(X,Y,00)[Y)?) > 0.

The empirical likelihood ratio may be written

R(F,QG) = ﬁnui ﬁ mu;
=1 j=1

whereF puts weightu; on X; andG puts weightv; on'Y;. We will assume that
up > 0,35 u = 1,0, >0, 377" v; = 1, so that the empirical likelihood is a
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product of two multinomials, one on each sample. The profile empirical likelihood
ratio function is

Rwy—mw{RQZG)E:E:WWHﬁW)—O}

i=1 j=1

whereH;;(0) = H;; = h(X;,Y;,0), and the simplex constraints en andv;
have been left out to shorten the expression.
Using Lagrange multipliers we find that

1
u; =
Con+ A v H,
1
vj =

mA Ay usH

where) is defined by ", >, ujv; Hy; = 0. Introduce the terms
m
r=1
g-j = ZUSHSj7
s=1

andH,, = (nm)~* 331, Y2 | Hi;. Then

SlH

m
§ AR
n

§ 17

:I'—‘

1 A~ A~ A~ \?
U; = — |:l - <_Hio> + ( H’Lo) - <_Hlo> + - ) and
n n n n
1 A~ A~ \2 A~ \?
= 1 (ZH. 2y - (ZH..
o= o) () = (5m)
Substituting these values in}o,;, 37", u;v; Hi; = 0, we get
_ 1 n m - 1 n m .
0=H,, — A\ anZZszHio—’_an ZZHUH']
=1 j=1 i=1 j=1
1 n m . 1 n m
N =Y HGHL 4+ —5 ) 0> HyHL+
n i=1 j=1 =1 j=1
1 n m
nZm2 ;;HZJH“H,J +
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Ignoring higher terms in\, we find\ = D' H,, where

:nzmzzszZHwa 2ZZHUZH5J

i=1 j=1 r=1 i=1 j=1 s=1

In finding this D, the term

has been replaced ;. andﬁj, has been replaced Hy;,, with the differences
being absorbed into the coefficient of.

Now keeping terms up to orde# in the profile empirical log likelihood func-
tion, we find

- A~ - A~
—2logR (o) =2 _log <1 + EH) +2) log (1 + aH,j)

i=1 j=1

;i(gm._;(gm )2)
+2f: ( (%HJ)2> |

ReplacingH's by corresponding’s and keeping terms to orda?, we get

—210gR(00)i2§:%H¢.— Z Z(AH“)Q

=1

= 4\H,, — 3)\? ( Z mi Z H@)
= HZ (4D™' —3KD™?),

where
1

To complete the argument, we need to show figt, suitably scaled, is asymp-
totically normally distributed and that the coefficiend—! — 3K D~2of H2, is
a consistent estimator of the suitably scaled variance. To make this argument, we
introduce an ANOVA decompositioh(X,Y, 6p) = A(X) + B(Y) + C(X,Y).
Here A(X) = E(h(X,Y,00) | X), B(Y) is defined similarly and” is found
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by subtraction. We hav&(C(X,Y) | X) = E(C(X,Y) | Y) = 0, and
B(A(X)) = E(B(X)) = 0. Leto% = BE(A(X)?), 0% = E(B(X)?), and
02 = E(C(X,Y)?). These components are uncorrelatedAB) = E(AC) =
E(BC) = 0.

Now

a. — %ZZAiJrBjnLCU

i=1 j=1
has mear® and variance

2 2 2
4 , 9B oc
-4+ =4+ —=.
n m nm

The expected value dP is

and the expected value &f is
E(K) = J_A_'_é_’_ai—ﬁ-oé—ﬁ-?a%.
n m mn
Under mild moment condition® and K approach their expectations with small
relative errors, ag, n — oo, and so

(4D —3KD™?)V (H..)

2 2 2 2 2 2 2 2 2 2\ 2
. (O o o o o 045 + 0% + 20 o o
:<_A+_B+_C) (_A_A'__B_?)M) (_A+_B>
n m nm n m mn n m

— 1,

asmin(n,m) — oo. This final limit also relies on the condition that at least one
of 04 ando? is positive. Ifc4 = 0% = 0, thenE(h(X,Y,6,)) = 0 follows, as
remarked above, from the independenc&afindY’.

From this it follows that empirical likelihood on two independent samples has
an asymptoticx?l) distribution, for inferences ofidefined byE' (h(X,Y,0)) = 0.
We needed to haveiin(n, m) — oo, but there was no need to have them grow
at the same rate. Also, the second momg(tt(X, Y, #)%) must be finite to allow
the ANOVA decomposition, and positive to get a central limit theorenidgy.

11.5 Bibliographic notes

The proof of the vector ELT is taken from Owen (18)0The triangular array
ELT is from Owen (1991). A univariate ELT was proved in Owen (198®r
the mean, as well as for somd-estimates and statistics defined asé(ffet)
differentiable functions of".
The basic strategy of forcingto be small and then making Taylor expansions
is also used by Jing Qin in his dissertation (Qin 1992) and in subsequent papers.
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For smooth estimating equations Qin (1992) assumes|thét, 0)||*> < M (x)
uniformly in a neighborhood df, with E(M (X)) < oo. Along with a few other
conditions, having- log R(#) smaller than a certain multiple af'/* forces||6 —
60| < n~'/3. Then Taylor expansions of the log likelihood can be made\jr)
around(0, 6y) jointly.
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CHAPTER 12

Algorithms

This chapter describes how to approach the optimization problems posed by em-
pirical likelihood. The emphasis is on computing the empirical likelihood, for
statistics defined through estimating equations, with nuisance parameters and side
constraints. Much of the discussion carries over to other nonparametric likeli-
hoods.

Several optimization methods are presented. Choosing a method entails some
trade-offs. The Newton-Lagrange algorithm appears to be fastest. A nested search
algorithm is slower but more reliable. The most reliable algorithm tried so far is
sequential quadratic programming, using the NPSOL code (see Chapter 12.7).
It also handles censoring and truncation in a direct way. But NPSOL is slower
than special purpose code could be, because for problems without censoring or
truncation, the Hessian is very sparse and NPSOL does not exploit that sparsity.
Sequential linearization methods appear to be both fast and reliable, but they only
compute an approximation to the desired likelihood. An approach based on range
space methods has the potential to be as reliable as sequential quadratic program-
ming, but much faster.

There is also a choice of which likelihood to use. The empirical likelihood re-
spects range restrictions on parameters and is transformation invariant, but only
provides positive likelihood if) is in the convex hull ofn(X;, ). This convex
hull constraint may be unduly restrictive wheiis small, or the number of param-
eters is large. Alternatives such as the Euclidean likelihood can escape the convex
hull, but do not obey range constraints. The empirical likelihood-t approach from
Chapter 10.4 has some attractive properties, but it has not as yet been thoroughly
explored. Empirical entropy methods do not escape the convex hull, but they do
allow distributions with weight on one or more data points to contribute to the
confidence region.

Numerical searches typically require starting values in order to succeed. Usu-
ally the MLE  corresponds to solving the estimating equations with equal weight
on every observation, and for most statistics of interest we cardfioyl some
pre-existing algorithm. The profiles and hypothesis tests of interest are best found
through a sequence of optimization problems starting,. athere can also be a
need to rescale the problem. A cubic regressioy’ ain X /1000 may succeed
where a cubic regression on fails. Similarly, a B-spline basis is a better choice
than the truncated power spline basis when one wants a spline.

For this text, it was desired to use exact likelihood computations instead of the
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approximate ones, and NPSOL was used, except for some problems with quantiles
that allow special methods. In the author’s experience NPSOL has never failed to
compute the empirical likelihood, if has been available, though sometimes the
problem must be rescaled. NPSOL often succeeds withdtdr smalkn it is best

to use NPSOL directly, while for larger, speed considerations lead to the use of
NPSOL in the outer problem of the nested algorithm described in Chapter 12.3.
While NPSOL was reliable without using explicit second derivatives, an algo-
rithm using those derivatives might be faster or might be less sensitive to starting
values and scaling.

12.1 Statistical tasks

The inferential problems to be addressed are testing hypotheses, computing max-
imum empirical likelihood estimates (MELE's), profiling likelihood ratio func-
tions, and finding confidence sets.

The basic chore in all of these tasks is to maximizg”) = Y., log(nw;)
subject to constraints

w; > 0,
iwi =1,
i=1

S wim(Xi,0.1) = 0
- C(8,n,v,9) =0.

The second last equation describes the estimating equations, defined in terms of
observationsX;, the parameter vect®y, and another parameter vecipnot pre-
viously discussed. For autoregressive models described in Chapten &f3o
depends on the indexbut we suppress that dependence here for simplicity of ex-
position. There are also side constraint¥andn expressed through the vector-
valued function”' of ¢, n, and two new parameter vectoysands.

It is assumed that the estimating functiencan be differentiated at least once
with respect to the components éfbut not necessarily with respect#o Opti-
mization with respect to components éiay then be approached by standard
smooth function optimization methods, but components afe either not to be
optimized over, or must be optimized over by other means, such as grid searches.
For example, a tail probability could be a partpfvhile the corresponding quan-
tile would be part ofy. As a more complicated example, a conditional quantile
may be expressed through

m(X,0,m) = 1(Xy, = n2)(I( Xy, <ma) = 61),

where to avoid deeply nested subscriftg, has been written ag(A). Condi-
tionally on component); of X € R? taking the value),, component); of X
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has quantiley, with corresponding tail probabilit§; . We might optimize ovef,
with 7 fixed, or optimize over), with §; and the rest of; fixed. For a given data
set there may not be a need to optimize aygror especially over the indiceg
andns.

The functionC' describes constraints on the parameteedn, introducing
two new parameter vectorsandd. We assume that' is differentiable at least
once with respect te (and#), but not necessarily with respectddor ). The
reason to keepy’ separate fromn is that it does not depend oX;. The function
C has to be computed only once whetéhas to be computedtimes. Ifn is large
or C is expensive, the time saving can be large. An example of a side constraint
is that a linear combination @fvalues takes a particular value:

p
C= Zeﬂj —Yp+1 = 0.

Jj=1

If vp+1 Is supposed to be a response variable for observatiben we can use
V1,57 andd; = i, and encode the constraint B3 _, 0,7, — Y5,.

A hypothesis test may be conducted by solving the problem above with some
part of the list(8, 7, v, d) fixed at defining values and the rest of it free to vary.
The same problem arises in computing an MELE. To profile one or more members
of the list(6,n, v, d), we conduct a sequence of hypothesis tests, in which some
parameter components are frozen permanently at defining values, others change
as we step through the sequence of hypothesis tests but are fixed in any one test,
while the remainder are optimized over in each hypothesis test.

A confidence region is most easily found by computing a profile, and observing
where the profile likelihood ratio function is above a threshold used for the con-
fidence region. For a confidence interval the problem may also be approached by
alternately maximizing and minimizing (or ~;) subject to constraints including
> iz log(nw;) > log(ro).

To compute a univariate profile @, n;, v;, or §;, we start at the MLE (or
MELE) and solve a sequence of problems in which the parameter increases by
steps. Then we return to the starting point and solve a sequence of problems in
which the parameter decreases in a sequence of steps. The steps continue until
either the desired range is covered, or the likelihood has fallen below a threshold.

Suppose that; has been profiled by maximizing empirical likelihood with
fixed at value#, (¢) foragridindexed by = 1,. .., G. The profile trace contains
the record of concomitant values

(0(9):m(9),7(9),0(9),R(9)), g=1,...,G,

and possibly other quantities of interest, as computed during the optimizations.
For some parameterg andd;, such as observation component indices, a pro-

file is not statistically meaningful. In other settings a profile can be used to gen-

erate the MLE of a curve. For example fif is a tail probability corresponding

to a quantilen; then profilingn; generates the empirical CDF in the profile trace
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(61(g9),m1(g)). Of course, the CDF is easy to compute directly. But if we seek a
CDF subject to some other estimating equation constraints, then computing it by
profiling the quantile is attractive.

A bivariate profile may be computed by a sequence of problems in which the
point (6;,0;) varies over a grid in the plane. The boundaries of this grid may
be chosen after inspecting the two uni-parameter profiles to find the ranges of
interest. It is advantageous to use a grid that contains the (\@H?k), which
we take as the origin of the grid. Starting at the origin, we compute the empirical
likelihood function outward in each of the four axis directions, with the solution
at each grid point supplying starting values for the next one out. For every other
cell in the grid define its predecessor as the cell that is one unit towards the MLE
in the 5 direction and one unit towards the MLE in thedirection. These other
cells can be visited in any order at all, so long as each cell is visited after its
predecessor has been visited. This iteration allows starting values to be taken from
the predecessors. If we anticipate a unimodal likelihood, then some speed can be
gained by not computing at a cell whose predecessor had a very small likelihood.

The iteration above is how the bivariate profiles for this text were computed.
Profiles of (v;,vx) or (8;,~x) are similar to the ones described above. Profiles
involving statistically meaningful quantitieg; or §;, might be approached this
same way. Having computed the empirical log likelihood on a grid, the resulting
values can be used in contour plots and perspective plots.

Some other strategies may be necessary to follow very twisty or narrow con-
fidence regions, especially those from undetermined parameter vectors. It might
also be faster to find and follow the contours of interest directly.

12.2 Smooth optimization

This section surveys numerical optimization of smooth functions. The texts cited
in the bibliographic notes of Chapter 12.7 provide more detail. Parameters like
ando are assumed to be fixed during any smooth optimization. Accordingly, we
absorbn andé into the definitions ofn andC.

Basic smooth optimization methods are variations of Newton’s method. They
typically converge to local minima. If, however, the function is known to be con-
vex, then a local minimum is a global one, and if the function is strictly convex,
then a local minimum is the unique global minimum.

Let f(z) be a real-valued function over € R?, and suppose that is twice
continuously differentiable. The gradient pis

o(2) = 5 (@),

interpreted here as a column vector, and the Hessigriof

82
= mf(@»

ap by p matrix of second order partial derivatives fof
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The basic method for optimizing is Newton’s method. Starting with a value
g, the Newton iteration takes

Tpi1 = xn — H(xr) tg(zr), k>0.

To simplify the notation, writefl;, = H(x) andg, = g(zx). The typical be-
havior for Newton’s method is quadratic convergence to a solutignof the
equationgy(x) = 0, if z¢ is close enough te.,. Quadratic convergence means
thatlim supy,_, o [|Zk+1 — Zoo||/]|Zk — Too||* € (0, 00). Roughly speaking, the
number of correct bits or digits iy, is twice the number iny. It is not un-
common for Newton’s method to require only four or five iterations to converge
in double precision.

The simplest version of Newton's method is not reliable. One problem is that
Newton’s method converges quadratically to a solutignthat could be a local
minimum, a local maximum, or a saddlepoint Af A second problem is that if
Hy, is nearly singular, then a very large step can be taken and the algorithm might
never recover.

The simplest usable versions of Newton's method apply some checks to the
valuex; — Hk_lgk before accepting it as;.1. A step-halving approach takes
Thtl = Tkl = xk—2*”H,glgk wherer is the smallest nonnegative integer for
which f(zx41.,) < f(zx). Avariantis to takery 1, = g — [Hi + A\-Di] L gx,
where)\, is an increasing sequence of nonnegative numberspaisca positive
definite matrix such as the identity or perhaps the diagon&l,ofThis general-
izes the Levenberg-Marquardt method, familiar in nonlinear least squares. As
increases, the stépl, + A\, Dy] g, becomes shorter, andi# = I it becomes
more nearly parallel to the steepest descent directign

More sophisticated step reduction approaches insist on a sufficient decrease in
f. The decrease iff must be comparable to that predicted through a quadratic
Taylor approximationf = fi, + (v — xx) gx + (z — xx) He(z — x)/2. If the
decrease is not comparable, then the Taylor approximation is called into question
for the vectorry; -, and a shorter vectary 41 ,11iS tried.

When the Hessian is expensive to compute or difficult to program, then quasi-
Newton methods are often used. Quasi-Newton methods do not compute the Hes-
sian, but approximate it instead by using the computed valugg.df =1 is
close toxy thengy.1 — gx is approximately;  , (vx41 — ). Starting with an
approximationH, such as the identity matrix, each new gradient vafuge that
is observed is used to make an updatéfia ; so that

(Tr41 — ) Hpyq (g1 — o) = (Thg1 — 21) (Grs1 — 1),

making H1 consistent with the gradient information from step- 1.

In some cases the Hessian is simply too large to store, whether exactly or ap-
proximately. If sparse methods are not available, then the method of conjugate
gradients is a candidate.

Constrained optimization is a much deeper topic than unconstrained optimiza-
tion. A brief sketch of the subject is given below. The reader may consult refer-
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ences in Chapter 12.7 for more details. We only consider general smooth nonlin-
ear equality constraints, as these are the kind that arise in most empirical likeli-
hood problems. Special methods exist to exploit simpler cases such as bounds on
parameters or linear constraints. Other specialized methods have been developed
for inequality constraints.

Minimization of f(x) subject to nonlinear equality constraints) = 0, is
usually organized around the Lagrangian

G(z,\) = f(x) + Ne(z).

The constrained optimum is described by valuesnd A with 0G/0x = 0 and
OG /OX = 0. If we knew the Lagrange multipliex, then the solution would be a
stationary point: with 9G(x, \)/0x = 0. The stationary point is not necessarily
a minimum ofG(-, A).

Augmented Lagrangian methods replaedy G, = G + (p/2)c(x) c(x) for
somep > 0. Some versions use a differgntfor each constraint in(x). For large
enoughp, the constrained optimum is a local minimum@f,. The augmented
Lagrangian works better than simplistic penalty methods that seek to minimize
P, = f(x)+(p/2)c(x) c(x), because these latter require~ co and the Hessian
of P, becomes badly conditioned for large

Sequential quadratic programming (SQP) methods may be applied to the aug-
mented Lagrangian function. In SQP, givemandp, the functionG ,(x, ) is ap-
proximated by a quadratic in, and the constrain{x) is approximated as a linear
function inz. A solution is sought minimizing the quadratic function subject to
linear constraints.

Practical implementations of SQP must have means for detecting defective sub-
problems, such as those that are unbounded below due to an indefinite Hessian.
Augmented Lagrangian methods must also have methods for upgasing .

The convergence rate faris limited by that ofA.

The NPSOL software uses sequential quadratic programming with an aug-
mented Lagrangian. The user of the code needs to provide starting values, rou-
tines to computg’ and¢, and ideally, routines to compute gradientsfofndc
with respect tac.

12.3 Estimating equation methods

Here we consider optimization of empirical likelihood subject to a constraint fix-
ing some but not all of the parameters in the estimating equation. This formulation
is the most commonly used one in this text. The parameters that are free to vary
in the optimization may be nuisance parameters that had to be introduced in order
to define the parameters of interest. Other times all the parameters are of interest,
but each one becomes free to vary when one or more others are being profiled.
Suppose that the data alg € R<, fori = 1,...,n. Suppose that the esti-
mating equation of interest iE(m(X,#,v)) = 0. The nonsmooth parameter
from Chapter 12.1 has been absorbed into the definitiomn.ofhe parametef
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from there has been split into two pieces. The parameters fixed for the inference
have remained i € R?, while the freely varying parameters are now taken to
be components of € R?. Assume thatn(X, 6, ) € RPH4,

We wish to compute

R(0) = maxR(0,v).
where
R(O,v) = maX{Hnwi | Zwim(Xi,O,V) =0,w; > O,Zwi = 1} .

=1 =1 =1

The value ofR (6, v) can be found by solving the numerical problem for simple
hypotheses, by iterated least squares as described in Chapter 3.14. The convex
dual representation from that chapter allows us to write

log R() = max m}%n L.\ 6,v), (12.1)
where
- !
Le(A 0,v) = = log,(1+ Nm(X;,0,v)), (12.2)
i=1
and
_ [ log(2), if z>e
log, (2) = { log (6) — 1.5+ 22/e — 22/(2e%), if z<e, (12.3)

for some smalk > 0.

The point of replacindog by log, is that it frees us from imposing the con-
straintsw; > 0. The functionL is twice continuously differentiable ik, and for
eachy, it is convex in\. If we know thatmax; nw; < A at the solution, then we
can choose = A~! and get the same solution usilg, without constraints on
as we would get usingg with constraintsv; = (1/n)(1+X'm(X;,0,v))~! > 0.

In Chapter 3.14 we used= 1/n, becausev; < 1 at the solution. Larger values
of e might improve the condition of the Hessian with respechk tf L., without
affecting the asymptotic validity of the empirical likelihood inferences. See the
discussion around equati@d.39)

A nested algorithm uses a literal interpretation of the maximin formulation
(12.1). The inner stage is to minimide, (X, 6, v) over \ for fixed values ofd
andv. Let A\(9, v) be the minimizing value ok. The outer stage is to maximize

M, (v,0) = L. (\(6,v),0,v)

overv. The parametef remains fixed.
At the inner stage of the nested algorithm we may required the first and second
partial derivatives:

2
L) = EL* and LM = 4

0N T ONON L
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At the outer stage, we may need

MY (v,0) = %L*(A(Q,I/),Q,V), and
82
MZV (V, 9) = WL*(A<9, I/), g7 I/).

Expressions for all of these patrtial derivatives are given in Chapter 12.4.

Ideally M¥¥ should be negative definite, or at least negative semidefinite. This
indeed holds for large enough well-posed estimating equations, and values of
v andf that are not extreme. BMI, can fail to have a negative definite Hessian
in practice. The outer optimization in the nested algorithm is more difficult than
the inner one because of this feature.

Sophisticated optimization code takes account of the possibility that the Hes-
sian might not be definite. For minimization problems, such as minimizihg,,
the target function should have positive curvature along all linear paths. Direc-
tions of negative curvature tend to be promising because they may lead further
downhill. For empirical likelihood problems we do not have to worry about the
objective function—M, being unbounded below, so the situation is simpler than
for some other optimization problems.

Figure 121 illustrates this problem The exampk is taken from Huber's robust
location and scale estimator as applied to the passage time of light data in Chap-
ter 3.12. Suppose thétis the scale parameter ands the location parameter. As
6 is reduced from the MLE it becomes harder to find the optimizinggnagine a
hiker startirg at the MLE in Figure 121 on ahill with contous equé to the em-
pirical likelihood function. In each step in the profiling@fthe hiker is instructed
to step one meter south, and then move to the highest point possible on the present
line of latitude. At first there is a local maximum inat each¥. The hiker can
follow a ridge. Eventually, however, the hiker encounteésfar which there is a
local minimum ofv between two local maxima corresponding to two ridges.

The profile trace in Figure 12.1 was found by NPSOL For smal values of
the scale parametérthere are two ridges in. NPSOL found the higher ridge,
though perhaps it overstepped before finding it. The ideal path may be one where
the profile trace/(#) has a discontinuity in it. For very small valuestothere are
a great many ridges, but these correspond to exceedingly &nallues that are
not in any reasonable confidence set.

The expressiorg12.5) for M¥” is a sum of two terms, one negative definite,
and one not. For problems of maximizing a Gaussian log likelihood for nonlinear
least squares, a similar phenomenon occurs. The Gauss-Newton algorithm for
nonnegative least squares simply uses the definite term and ignores the other one.
A similar algorithm may improve the outer loop in the nested algorithm, but there
will still be a difficulty if the gradientMY is zero at a non-optimal value of For
this reason, a sophisticated algorithm like NPSOL is recommended for the outer
optimization.
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Figure 12.1The contours are for the empirical likelihood@andlog o for Huber’s robust
location andscale estimates applied to the passage time of light data. This example was
discussed in Chapter 3.12. Contour levels correspond td¢g, o) from —1 to —7 by

steps of—1. The solid point is atji, logs). The dotted path contains points of the form
(u(0),logo) whereu(ao) maximizes empirical likelihood subjectdo= oy.

A non-nested approach is to solve the equations
]Li\ — p+q
(15 )=oer

jointly for A andv. HerelLY is the partial derivative df., with respect ta/, given
in Chapter 12.4.

The Newton-Lagrange algorithm is to apply Newton’s method for solving these
equations. This algorithm will converge quadratically, if started close enough to
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the solution. The advantage in this approach is that it can be faster than a nested
method. A nested method may expend a lot of effort optimi2irfgr values of
v that are not nearly optimal. When quadratic convergence holds, it is typical to
require4 or 5 iterations of a non-nested algorithm. By comparison, a nested al-
gorithm would requirel or 5 outer iterations and6 to 25 inner iterations. The
speed advantage is smaller than this argument would suggest because the estimat-
ing equationsn(X;, 8, v) and their derivatives do not need to be recomputed at
each inner iteration.

The Hessian matrix for this Newton-Lagrange approach is

A Av
< %z/)\ %;U ) )
once again using partial derivatives from Chapter 12.4.

Step reduction for the Newton-Lagrange method is quite difficult. It is harder to
measure progress towards a constrained optimum than towards an unconstrained
one. A step that improves the objective function might also increase the violation
of one or more constraints. A hybrid algorithm can give good results. The hybrid

starts with Newton-like methods to solve the equations above, and then if the
problem appears ill conditioned, it switches over to the nested algorithm.

12.4 Partial derivatives

Here we present the partial derivatives required by the optimization algorithms of
Chapter 12.3 withL, (A, 8, v) defined a{12.2) Some optimization software does
not require second derivatives. The second derivatives have more complicated
expressions than the first derivatives. They are presented here because analytic
second derivatives can lead to more reliable optimization.

The partial derivatives dt.,. (A, 8, v) require derivatives of the functidng, (2).
The first two derivatives dfog, (z) are

1/z, if z2>¢

d
W a
log,” (2) = —~log,(2) = { 2/e —z/e2, it z<e,
and

d2 —1/2%, if z>¢
@ (- - ’ -
log,” (2) = —— log.(2) {_Ué,ﬁ s<e.

Forw; < e !/n,we have; =1+ XNm(X;,0,v) > ¢/n, and

log\V () = nw;
log? (z;) = — (nw;)?.

To make some expressions shorter and more intuitive we define w, (0, v)
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andw; = w;(6,v) through
log{" (1 + N'm(X;,6,v)) = ni; (12.4)
1og'? (1 + Nm(X;,0,v)) = —(ni;)>.

Ordinarilyw; < e~!/n, and thenw; = w; = w;.
The partial derivatives df., that we need are:

=g L,(\0,v), L} = 82L()\6y)
L)Y T oNON D
LV—QL()\QV) LY = > ]L()\HV)
*_87/*777 *_ayayl*y,y
and
32
vA
* a)\ay/L*(A’a’y).

These are of dimension p x p, ¢, ¢ X ¢, andq x p, respectively. Of course,
L} is the transpose df%*. By straightforward calculus,

= - Z logil) (1 + )‘/m(Xia 0; V))m(le 93 V)

i=1

= — zn: mﬁim(Xi, 9, l/)

i=1

and

Li\k = Z logu(kz)(l + )‘lm(Xia 97 V))m(Xi7 9) V)m(Xi7 0, V)/
i=1

Z (n;)* m(Xi, 0, v)m(X;,0,v).
=1

This Hessian is positive semidefinite and grows proportionally,tassuming
thatw; is roughly1/n. It is typical for the curvature in a parametric log likeli-
hood ratio to grow proportionally ta. Here\ is a Lagrange multiplier and does
not correspond to a tangible parameter of the data distribution. It is however the
parameter in the dual likelihood. The fact that the curvature grows proportion-
ally to n is a consequence of the scaling chosen when the problem was set up in
equation(3.32)

For derivatives with respect towe introduce thép + ¢) x ¢ matrix

my(X;,0,v) = %m(Xi,H,y)
of partial derivatives of the + ¢ estimating equations with respect to th&ee
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parameters. Now

= TlogM (1 + N'm(X;, 0, v))m,, (X:,0,v)' A

=— Z nw;m, (X;,0,v)'\,
i=1

and

L = =3 " log) (1 + N'm(X;, 0, v))m, (X, 0,v)
- Zlogg)(l + Nm(X;,0,v))m, (X;,0,v) dm(X;,0,v)
i=1

=— i nw;m, (X;,0,v)

=1

n
+ Z (n@7)2 mV(X’ia 97 V)/)‘m(Xi7 07 V)/'
=1
Differentiating twice with respect to requires second derivatives of with
respect tar. There is dp+q) x g x q array of such derivatives. To keep within the
usual matrix notation, we introduce an indgx 1,... ,p + ¢ for the estimating
equations. That is,

pt+q
Nm(X;,0,v) = Z)\jmj(Xi,Q, V).
j=1
Introduce

2

. o . , 0 ;
J = e i = i(xX,
my, = oo (X;,0,v), ml, = o™ (X;,0,v),

of dimensiong; andq x ¢, respectively. Now

pta
Ly = — Zlog<1>1+x (X,0,v)) Zm (Xi,0,v)

p+q p+q
—Zlogg)(l—i—)\’ (X4,0,v)) (ZAmJ>(ZAm]>
i=1

r+q
= _anZz/\ ml (X;,0,v)
+ Z (na;)* m/ A\'m,,.

=1
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Next we develop expressions for the derivative®Bf We need

oA 0
o EA(GJ/%

a(p+ ¢) x g matrix of partial derivatives. The chain rule gives

ox\’
MY == | L} +LY =LY
(00 = () 12 L =L
becausé.} = 0 at the minimizer\(6, v). Similarly,
122 oA ' A O\ oA ' Av vv

From a local quadratic approximationltq we may find that

OA AN Lo
% = (L* ) ]L* )
so that
MY (v,0) = LY — L (L) T L. (12.5)

Optimization overv is easier ifMY” is negative definite. The second term in
(12.5) is negative semidefinite, but the first tefrlf” might not be. ForA =
O, (n~'/?) andnw; andnw, both nearl, we expectLy” = O,(n~'/?), and
LY* = L} = O(n). ThenM¥” is O(n) and dominated by a negative semidefi-
nite term.

12.5 Primal problem

The primal problem is to maximiz&_"_, log(nw;), subject to the constraints

w; > 0,50 w; =1,and)." , wym(X;,0,v) = 0, without first encoding the
dimensional vector of weights through a Lagrange multiplier. The free variables in
the primal problem are; = nw;, i =1,... ,n, andv € R%. We work withu; =

nw; because they are of ordeasn increases. As with the dual problem, we can
replacelog(u;) by log, (u;) instead of or in addition to imposing the constraints
u; > 0. The Lagrangian is

Py (u,0,v, A7) = Z log, (u;) + N Z um(X;,0,v) + 7(2 U — n)7
i=1 i=1 i=1

foru e R", A € R", withr = p+ ¢, 6 € RP fixed,v € R?, andy € R. Now
instead of expressing; in terms of\, we work directly withn + r + g + 1 free
variables inu, A, v, and~.
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The gradient and Hessian may be written in obvious notation as

]P)Z: Pgu ]PﬂiA ]Pw;w Pg’Y
P} and | B OB B OPY
Py pr IP’Z’\ Py Py
P Py PPN P PYY
of dimensions
nx1 nxXn nxr nxqg nxl
rx1 and rxn rXxXr rxq rxl
gx1 gxn qxr qgxq qgx1
1x1 I1xn 1xr 1xqg 1x1

In most problems: is much larger tham + ¢ + 1, and so the componenig"*
comprise most of the Hessian.
The derivatives with respect tg are

%F’* =log\" (u;) + N'm(X;,0,v) + v
= _ai + A/m (Xi797 V) + Y
whereu; = nw;, defined a(12.4) and
82
(91,%8@6]'
whereu; = nw;, also defined gtL2.4) Notice particularly that the by n Hessian
matrix P»* is diagonal and negative definite. Therefore, the Hessi@ of very

sparse whem > g+ r + 1.
The derivatives with respect toare

P, =log® (ui)lizj = —7 iy,

P} = wm(X;,0,v) and P} =0.
=1
The derivatives with respect toare

PY = (Z uimy(Xi,G,V)/> A

=1
and
n ptaq

P = ui Y Ami, (X, 0,v).

i=1  j=1

The derivatives with respect tpare

P} =) u;—n and P} =0.

i=1
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The cross partial derivative®”, andP’” are zero. Also

1 m(Xy,0,v) Nmy,(X1,0,v)

1 m(Xs,0,v) ANmy,(Xs,0,v)
Py = , P = : , PV = : ,

1 m(X,,0,v) Nmy, (X, 0,v)
and finally,

n
Pi"’ = Zuim,,(Xi7 0,v).
i=1
The disadvantage of the primal formulation is that it requires a much larger
Hessian matrix. Direct approaches based on computing and solving this matrix
requireO(n?) time per iteration and(n?) storage. Methods that exploit sparsity
can remove both issues at the expense of some additional algorithmic complexity.
The primal formulation has the advantage of simpler expressions for required
partial derivatives. It may also be possible for a primal problem to find a path
through the space af; variables that goes around some difficult point in the
space ofs and\ values.
The Hessian in the primal formulation is sparse because the upperbgfi
submatrix in it is diagonal. Partition the HessiarPgfas

puw puv
]PJ:’U, I[D:’Ij )
wherev denotes the variables other thapnamely), v, and~. Similarly, letP?

contain the gradient P, with respect to all variables other than Then the
Newton step solves

puv  puv u\_ [P}
pve  puv v ) P
for vectorsu andv. Becaus@®'" is diagonal, it is advantageous to rewrite the first
row as
Pty = — (P} + Pyv).

Thus, oncev is found, it is easy to find.. To find v, write out the second row of
equations, and substitute for obtaining

(Pr — Py @) P ) v = — (P — P2 (BT PY)

The equations to solve farare not usually sparse, but there are aplyr + 1 =

p + 2q + 1 of them. This approach to factoring sparse Hessians is known as the
range space technique. Of course, step reduction strategies are required, as is a
merit function trading off likelihood optimization and constraint satisfaction.
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12.6 Sequential linearization

Since the optimization problem for a mean is so simple, a strategy based on ap-
proximating the statistic of interest by a mean can be effective. This approach
is available for statistics not conveniently expressed in terms of estimating equa-
tions, such a¢/-statistics. Let us suppose that a statigtis defined through a
function® = T(F'), for the distributionF’ putting weightw; on observationX;.

We will suppose at first that any process for maximizing over nuisance parameters
is embedded int@'(F'). We will use the same symb@l to denote the function of

wy, ... ,w, defined by

T(wiy... ,wy)=T (Zwidxi> .
i=1
The NPMLE isf = T(F’). Suppose thdf is smooth, so that we may write

T(wla"' 7wn) :éJFZUhTz(F)»

where

(12.6)

measures the effect of small increases in the weight
With linearization, we write

RL(0) = max{ﬁnwi | iw, (é—l—TZ(F) —49) =0,w; > O,iwi = 1}.
i=1 i=1

i=1

This linearized profile empirical likelihood ratio function can be computed using
the algorithm for the vector mean described in Chapter 3.14. Empirical likelihood
inferences based on profilif@; () use the sam@;(F) quantities as are used
in the infinitesimal jackknife (1J) described in Chapter 9.9. The difference is that
the 13 simply uses them to construct a variance estimate. Turning the I1J variance
estimate into a confidence ellipsoid amounts to using the Euclidean likelihood for
the mean off;(F).

Having computed the optimizing, we can evaluat&(ws, ... ,w,). In gen-
eral T'(wy, ... ,w,) # 6, because the linearization was only an approximation.
We can however re-linearize around these vatugand repeat the process. Sup-
pose thatul(k) are the weights after linearizations have been done, starting with

w®” = 1/n. The weightav* " are found by maximizing]""_, nw!**") subject
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to

0=3w™ (6, + Ty(F®) - 0),
i=1
0<w®™™,  and

1= Z U’Ek“)»

i=1

where F'®) uses weightso!*), andd, = T(F*)). The resulting maximum is
denoted byR 1, 1.4+1(6).

Itis tempting to UsR 1, . (0) = lim,_.oc R1 1 (), but very often the sequence
does not converge, especially for valueg dér from 6. Fortunately, good results
can be obtained from a fixed numbkrof iterations. Letp € RP be a fixed
vector and define,, = n~'/2¢. Then, under smoothness conditions, including
existence ok + 2 continuous derivatives fdF (w1, . . ., w,),

—210g Ry k(00 + pn) = —21og R(0o + ©n) (1 + O, (n~*/2)), (12.7)

wheref is the true value of. The two log likelihood ratios agree within a relative
error of O, (n="*/2), over the region where the likelihood is not negligible. For
k > 1, there is an asymptotig? calibration for—2log Ry, x(6p). Whenk >

2, the result is qualitatively different from the simple linearization used in the
infinitesimal jackknife. When the empirical likelihood is Bartlett correctable, then
soisRy j for k > 4. See Chapter 12.7.

Now consider the problem of finding the derivativESF'). When F' has an
explicit representation in terms of;, it may be possible to compufg (F') by an-
alytic differentiation Otherwise divided difference of the form (12.6) for small
¢ > 0 may be used. This requirest 1 function evaluations per iteration, or fewer
if there are ties among th¥;. A central divided difference approximation

Ty(F) = T(14¢e)F —eiox,) —T((1 —e)F +€idx,) , (12.8)
25‘1‘
should provide more accurdlg at the expense of nearly doubling the cost of dif-
ferentiation. IfT" is not defined for negative observation weights, then we require

< (1 —-F{X;})"'F({X;}) in order to use (12.8).

For some complicated statistic®(F) is only available for weightsy; =
ni/N, wheren; are integers andV. = "' , n,;. This corresponds to making
an artificial data set in which observatiofy appears:; times. At least fokk = 0
itis straightforward to find; (F*)). One can defin&; using equatiori12.6)with
e = —1/n, orwithe = 1/(n + 1), by deleting observatioX;, or by including
it twice, respectively. Fok > 1, the distribution(*) may not correspond to one
with an integern; copies ofX;, and a large value oV may be required for a
good approximation.

Now consider applying linearization to a statisficc RP, defined through
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estimating equations involving a nuisance parameterR?. Let §(wy, ... ,w,)
andv(wy, ... ,w,) be jointly defined by

Z wym(X;,0,v) =0,
i=1

wherem(X, 6,v) is continuously differentiable i, v). The linearization of
aboutw® = (w¥,... ,wk) is written

O(w) = O(w") + szﬂ(wk)7
i=1
with (12.6)expressed in weight notation as

Tj(w") = lim T((1 = e)w* +edx;) = T(wk).

e—0 9

Letw™® = (1—e)wk +¢el;—;, and let¥* andv® be defined through these weights.
Let mg andm,, be the(p + ¢) x p and(p + ¢q) x ¢ matrices of partial derivatives
of m with respect t& andv. Then, ignoring terms of ordef and higher,

k m(X;,0°,v°)

o

i
-

g

s
Il
-

-V

II-

Il
_

whe [m(Xi,H,uH-( mo(Xi, 8,v) my(X;,6,v) ) ( s ﬂ

K3

=em(X;,0,v) Zw ( mo(X;,0,v) my(X;,0,v) )] ( f:‘z )
from which
( ]7\;3](&‘;2)) > — (") m(X;,0,v), (12.9)
where
J(w") :iwéf( me(Xy,0,v) my,(X;,0,v)) (12.10)

i=1

and N; (w*) is the linearization term for, which we need not compute. Notice
that the matrix/ in (12.10) does not depend gnThus it only needs to be factored
once for each set ab¥. The matrix is invertible under the assumption that the
estimating equations defieandv.

For parameters defined through estimating equations with nuisance parameters,
sequential linearization can be carried out for some numbef iterations as
described above. The linearization (12.9) is recomputed at each iteration.
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12.7 Bibliographic notes

Standard references on numerical optimization include Gill et al. (1981) and
Fletcher (1987). Gill et al. (1981) include a very comprehensive discussion of con-
strained optimization. NPSOL is described in Gill, Murray, Saunders & Wright
(1999). Coleman (1984) describes large sparse optimization problems, including
range space methods.

Owen (1990) describes how to compute empirical likelihood for a vector
mean, corresponding to the inner loop of the nested algorithm. See Chapter 3.14.
The nested algorithm was presented in Owen (229nd Owen (1990) New-
ton’s method was proposed by Hall & La Scala (1990). The primal problem was
solved using NPSOL by Owen (1991), for regression problems, and by Kolaczyk
(1994), for generalized linear models. Computation of profile empirical likelihood
ratios for constraints was discussed in Owen (1992). Owen {d9@ports that
iterated linearizations can fail to converge. Wood et al. (1996) consider lineariza-
tion inferences and were the first to point out the value of stopping after a fixed
numbe of iterations Equation (12.7) isbas& on atheoran in Wood et al. (1996).

Semi-infinite programming is a technique for handling optimizations with an
infinite number of constraints, only a finite number of which are binding. Les-
perance & Kalbfleisch (1992), use semi-infinite programming on a nonparametric
likelihood ratio problem arising from mixture sampling.

Owen (1988) describes an approach to profiling a pair of parameters by fol-
lowing a spiral path along a grid of points, starting at the MLE. Bates & Watts
(1988) describe an approach to profiling a sum of squares function in a parame-
ter (61,602) € R? using profile traces. The two profile traces intersect a desired
contour at four points. The contour is also normal to the profile trace at the in-
tersections. Thus the traces provide eight pieces of information on the desired
contour, four locations and four slopes. They use a spline that agrees with these
eight pieces of information.
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CHAPTER 13

Higher order asymptotics

This chapter covers some theory of higher order asymptotics. The results de-
scribed here show how to adjust empirical likelihood confidence intervals to have
good one-sided coverage errors for one-dimensional parameters, and how to ob-
tain similar effects for multidimensional parameters. Bartlett corrections are also
presented, as are some large deviations results.

13.1 Bartlett correction

The profile empirical likelihood ratio statistic commonly has an asymptotic chi-
squared distribution=-21log R(6y) — Xfp) in distribution asn — oo, wherep
is the dimension of. A Bartlett correction is made by replacing the threshold
X(,) by ascale multiplgl + an~")x{:)~". In parametric settings the valae
can often be chosen to make the mean of minus twice the log likelihood ratio more
nearly equal tg. Surprisingly, one Bartlett correctianimproves the asymptotic
error rate for all coverage levels— a.

A Bartlett-corrected empirical likelihood confidence region takes either of the
following asymptotically equivalent forms

{01 -210gR(0) < (1+ %) Xy b o

a\~1 o
{9—2logR(9)§(1—E) i) }

The appropriate value af is typically unknown. We will considef € RP
obtained as a smooth functidify) of the mean of a random variablé € R,
whered > p. For smooth functions of means, the valuean be expressed in
terms of moments ofX and derivatives of. Plugging in sample versions of
the moments and evaluating the derivatives at sample moments leads 16 a
consistent estimatdr. This value can be substituted f@rgiving regions such as

a 21—«
{6 | —2logR(f) < (1 + ﬁ) X },

with the same asymptotic order of coverage accuracy as those based on
The proof of Bartlett correctability requires Cran's condition

lim sup |E (exp (it'X))| < oo, (13.1)

lIt[|—o0
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which rules out some distributions supported on lattices like the integers. It also
requires finiteness of some momentsXgfand the existence of sufficiently many
derivatives ofh. These conditions are used to justify Edgeworth expansions, from
which the Bartlett correctability follows. Under these conditions, Bartlett-corrected
confidence regions have coverage o + O(n~2), instead ofl — a + O(n™1),
as holds for uncorrected regions.

The Bartlett correction for a univariate me@ns- E(X) is

lps 1p3 k43 97

2p5  3py 2 3
wherey, = E((X — E(X))*), forintegersk > 2. The skewness and kurtosis:
are defined on page 3. The natural sample estimateguse(1/n) > | (X; —
X)*. As a point of references = 1.5 for univariate normal distributions. For
heavy tailed distributions having > 0, a larger Bartlett correction is applied,
while nonzero skewness reduces the Bartlett correctior. dkists, thens >
42 — 2, from which we know that, > 1/2 +~2/6 > 1/2.

A vector meanf = E(X) € R?, hasp = d. LetY = V, /*(X — ),
whereuy = [zdFy(z), andVy = [(z — po)(x — po)'dFy(x) is assumed to be
nonsingular. Introduce component superscripts (Y'!,... Y?), and define

tive = E (YIY*YY), and pjge, = E (YIYFY'Y™). (13.2)

Then the Bartlett correction is given by

P P P 1 2
Mjké)Q_QZZZMjﬂMkW 522 Hjjkk:
/=1

j=1k=1¢ j=1k=1¢=1 j=1k=1

For a normally distributed vectak, the vectorY” has the standard normal dis-
tribution with all y;5,; = 0, and k. = 1, so thata = p(p — 1) + 3p/2 =
p> +p/2=d?+d)2.

The Bartlett correction for the mean can be compute@(nd?) time. If 6 is
defined through estimating equationg(m(X, 6)) = 0, then we may apply the
Bartlett correction for the mean &; = m(X,, 0) in order to determine whether
0 should be in the confidence region.

13.2 Bartlett correction and smooth functions of means

Now consider Bartlett correction for a smooth function of a vector mean. As be-
fore, letY be a standardized version &f, and define the momenis;;; and
Wikim through (13.2). Suppose thét= h(p) = (hi(p),...,hp(p)) € RP,
wherey = E(X). Now fori = 1,...,p, letyi(v) = hy(Vy/?v), and define the
partial derivatives

i I ()

JiseesJr J1 . 7
ovit ... Quir =V 1/2 1o
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Let U be thep x d matrix with elementsp;'- and define the matrices
Q=WV) "', M=vQV and N=VQ.
Then the Bartlett correction is

1<5 1 1 )
a=—-|-a1—2a2+ a3 —as+ —as |,

p \3 2 4
where
j k 74
a; = Z ,U'jk'('umnoMij "M,
7,k l,m,mn,o
ik At
az = Z ,uij,UfmnoM] M mMno7
J.k.t,m,n,0
— . Mjk:MZm
az = Hikem )
Ji.k.tm

ag= Y pgreNT g, (= M)™(T - M),

Jik.&mn,u

as = > QUp, [(I— MM — M)™ +2(I — MY“(I = M)*™],
g,k

m,u,v

indicating the elements a¥/, N, and@ with superscripts, and summing every
index over its entire range.

The moments required by the Bartlett correction for a smooth function of means
are dominated by thg;,, in theas term. These také® (nd*) time to compute.
The cost of the six-fold summations used in the Bartlett correction does not grow
with n, but assuming that < d, this cost isO(d®). Ford as large ad0 or 20
this cost could be significant. For the vector mean itself, the cost is of the lower
orderO(nd?), suggesting that there may be a practical computational savings to
Bartlett correcting estimating equations instead of smooth functions of means.

13.3 Pseudo-likelihood theory

Empirical likelihood provides a data-determined shape for confidence regions.

For statistics that are smooth functions of means, this shape is asymptotically

ellipsoidal. For a fixed sample size and confidence level, the confidence regions

are not exactly ellipsoidal, and in some instances are far from ellipsoidal. For a

mean, the confidence regions are elongated in the directions of greater skewness.
The coverage errors in empirical likelihood are typicallyn—!), and this rate

can also be achieved by ellipsoidal confidence regions. Pseudo-likelihood theory

shows that the shape of the empirical likelihood confidence regions is informative.

The contours of the profile empirical likelihood ratio fdlare close to contours

of the probability density function of an approximate pivotal statistic.
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The casep = 1 is simplest. Let) = h(u), whereh is a smooth function
fromR?YtoR andp = [xdF(z). The true value igy = h(uo), estimated by

0 = h(X). Let

wheres? is an'/? consistent estimator of> = Var(n'/2(6 — 6,)). Let f, be
the probability density function of,. For a properly chosen constafitiescribed
below, the set

Ol-a — {9 +pon~! | —2log R(0) < Xf’l_“}

n

closely matches the set

By = {9 | fn(—*/ﬁ(i_ 9)> > vl‘“}

wherev! —@ satisfies

/ fa(z)dz =1—q.
Py

BothC}—« andPnl*a are asymptotically intervals, and their endpoints differ only

by O(n=3/2). If one shifts the contours (here endpoints) of the empirical likeli-
hood function byyon=!, then to high accuracy they match the contours of the
density offj.

For9 e R?, with p > 1, let V denote an'/? consistent estimator df =
Var(n'/2(0 — 6,)), and let

. 1/2 .
io = /i (VI2V=IVI2) v (- ). (13.4)
Definition (13.4) reduces to (13.3) when= 1. Now let

Cre = {0+ 0Vt | 2105 R(0) <30}

for a properly chosen vectar (see Chapter 13.6), and let

pi-a — {e | fa (ﬁ (virzy-ryz) Py (g e)) > vl—a},

with v'~ chosen as before. Then the boundarie€'$f* and P~ agree to
O(n=3/?).

The interpretation is that empirical likelihood contours are very close to those
we would construct if we knew the density @f. They have the same shape, size,
and orientation as the contours of the densityjgfbut they need to be shifted
by a bias correction of orddr/n to make the match accurate. The term pseudo-
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likelihood is used because it is the density of an observed statistic that is being
studied, as opposed to the probability or density of the data.
For a multivariate mean; = (¢1, ... ,v¢,) where

1 p
1/]]' = _5 Z/errv
r=1

and ;.. is defined at (13.2). For more general location adjustments, see Chap-
ter 13.6.

Pseudo-likelihood arguments suggest shifting the confidence regiofishfor
an amount of ordet/n. The resulting confidence regions can also be Bartlett cor-
rected, although a different Bartlett constant is required than for unshifted confi-
dence regions.

13.4 Signed root corrections

Here we consider parameters defined as smooth function of m&ans:R?,

uw= E(X),andd = 0(u) € RP, for p < d. The random vectoX is assumed to
satisfy Craner’s condition, to have sufficiently many finite moments, and to have
a variance matrix of full rankl. The functiord(u) is assumed to have sufficiently
many derivatives, and to have a gradient of full rarét the true meap,.

For smooth functions of means, the coverage error is typically—!) for
empirical likelihood confidence regions. For a scalar-valued paramietdis
O(n~') coverage error arises as two one-sided coverage errors abgize'/?)
that nearly cancel each other. Bartlett correction reduces the two-sided error to
O(n~?), but leaves the one-sided error@tn—'/2). In some applications it is
desirable to get smaller one-sided coverage errors, even if this means that some
excluded parameter values have higher likelihood than some that are included.

This same phenomenon holds in parametric likelihood. Confidence intervals
found by thresholding the likelihood function typically have coverage errors of
orderO(n~1) for two-sided inferences bud(n~'/2) for one-sided inferences.
Bartlett correction improves the two-sided error rate but not the one-sided one.
Whenp = 1, one solution in both parametric and empirical likelihoods is to
consider the signed root of the log likelihood ratio statistic. For an empirical like-
lihood, let

Ro = n~Y2%sign(d — 6y)/—21log R(6y),

so that the standarg?,, calibration is based on!/?R, ~ N(0,1). Sharper in-
ferences can be obtained by comparing

n'/2(Ry — a/n)
1+b/(2n)

to N(0,1), wherea andb are mean and variance adjustments to the signed root
Ry. The adjusted signed root (13.5) has #ig, 1) distribution toO(n~3/2), and

(13.5)
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so it can be used to construct one-sided confidence intervals with coverage error

O(n=3/?).
For a univariate mean, the signed root correction uses sample analogs of
y 5 31 5, 3
=——, and b=-k— — -
“T7e 6" 367 T2

wherev andx are the skewness and kurtosis)of Corrections for more general
smooth scalar functions of means are known to exist, but formulas for them have
not been developed. The proper formula&as likely to be awkward. It may be
possible to use a form of bootstrap calibration to finahdb.

For generap > 1, the signed root is constructed as a vedtgre RP such that

2
R6R0 = _E log R(eo)

The vectorn'/2R, has theN (0, I,,) distribution to orderO(n~'/2), but after a
mean shift the approximation improves@gn —1). ComputingR, and the mean
correction is awkward. A simpler computation with the same order of accuracy is
to take the confidence region

{o | —210gR(8) + C(6) < X%} “}, (13.6)

whereC is described below. The region (13.6) has coverage €rfar '), just as
ordinary empirical likelihood does, but when specializeg te 1 it has one-sided
errors of ordeO(n1). '

Suppose that théth data point isX; with componentsX; for j = 1,...,d,
and that? = 6(n) has component$* for uw = 1,...,p. The expression for the
adjustment quantit@ depends on moments

n

1 S 1 S _
:—§ X/, 0F = 23 (X] - X9)(xF - XF), and
TI/‘ (s ( 7 )( () )7

n
i=1

ajkl Z Z 1/2 ]r 1/2)ks(Q 1/2)

i=1r,s,t=1

x (X7 = X")(X] — X°)(X] = X)),
where() is thed x d matrix of 7% values, on the partial derivatives
R Qu - 20u
ga(u)’ g =0 (w)

U u

7 ow B opiopt |, _x

and on the related matrices
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The dimension o is q % d. In terms of these quantities, we may write

coy= > ( %aﬁklﬂjkﬁlu — QU (1 - My*) (7- 9)“ . (137)

Jik,lu,v

Equation (13.7) requires a summatiom over five variables Exercige 132 shows

that for avector mean, as one might use in conjunction with estimating equations,
that the sum is simpler and only over three variables. For a scalar @igay) =
(1/3)(X — uo)jr3/ 13 for sample second and third central momeintsandis.

13.5 Large deviations

The power of tests that = 6, € R? is usually investigated for Pitman alterna-
tives of the formd, + n~1/27. This is a critical distance. Alternatives that are
o(n~'/?) cannot be distinguished frof in large samples, the power to reject
Pitman alternatives usually tends to a limit (dependingprand for alternatives
that are notO(n~'/2) away from the null, the power typically approachieas

n — oQ.

The asymptotic power at Pitman alternatives is usually the same for empirical,
Euclidean, and the other likelihoods. A sharper distinction between tests can be
drawn by considering a fixed alternatide # 6,. For such alternatives, tests
can be constructed at the lewe), = exp(—nn) with powerl — 35, = 1 —
exp(—n+y). That is, both type | and type Il errors converge to zero exponentially
fast inn. Because the errors are so small, they correspond to large deviations of
the underlying test statistics.

For multinomial samplesXy,... , X, € {z,...,z;} the likelihood ratio
test is optimal under the generalized Neyman-Pearson (GNP) criterion. Among
tests that satisfYim sup,, , ., n~!log(ay,) < —n for somen > 0, it minimizes
lim sup,,_, ., n~ ! log(3,). This property is referred to as universal optimality, be-
cause it holds for very general hypotheses and for very general alternatifes to

For samples from a possibly continuous distributionRsh the original argu-
ment establishing the GNP for multinomial likelihood breaks down. But other
arguments can be used to show a kind of GNP optimality for empirical likelihood
based tests of composite hypotheses under sampling from continuous distribu-
tions.

Here we quote the large deviations optimality result for empirical likelihood.
This discussion leaves out measure theoretic details. For those, see the reference
in Chapter 13.6.

Suppose thak, ..., X,, € R? are independent random vectors with common
distribution F'. Forf € © C RP, letm : R? x R? — R? be an estimating
function placing the constrait(m (X, 0)) = [m(X,0)dF(X)=0o0nF.

For the rest of this sectiofi,is a freely varying nuisance parameter, and the rest
of the hypothesis is specified in. As a concrete example, to test the hypothesis

©2001 CRC PressLLC



thatX € R has varianc&.2, we take

m(X,0) = ( x _Xe);‘g_m ) €R?, 9cOCR

Let F be the set of probability distributions @®f’. Let

Fo = {F € F| /m(X, 0)dF(X) = o}, and Ho = | %o
0ce
The empirical likelihood test of the hypothedis e H,, which specifies that
E(m(X,0)) =0 for somed € O, is based on

R(Ho) = supmax{Hnwi | Zwim(Xi,Q) =0,w; > O,Zwi = 1} )
[dSC) i=1 i=1 i=1

The empirical likelihood test reject if and only if R(H,) is small. Because
this test depends on the data only through the empirical distribution fungtion
we may write the rejection region itself as a set= A,, C F of distributions.
The empirical likelihood test rejects, if and only if ' € A,,.

LetQ = Q,, C F be the rejection region for some other test. We introduce
the concept of a &vy-ball around a set of distributions, to define a regularity
condition onQ2. For distributionsF’ andG, let 1 be a vector ofi ones. Then the
Lévy distance betweeR andG is

prG = inf{e > 0] F((—00, X —€l]) — e < G(X) < F((—00, X +¢l]) + e}.

Suppose thak ~ F and thaty” = Y (X). Forpr ¢ to be small, it must hold that
Y (X) — X|| is small with probability close té underX ~ F.We can keeft+
within a small Levy distance of” by making large changés(X) — X to a small
(underF) fraction of theX values, and/or small changes to a large fraction of the
X values.

The rejection regionf2,, is a set of empirical distributions. Theglky ball of
radiuso > 0 arounds is

0= {G | prc < 6}.
FeQ
The test sequende,, is regular forH, if
1 - 1 .
lim sup limsup —logPr(F € Q°; F) < sup limsup — log Pr(F € Q,,; F).
5—0 FeHy n—oo N FeHy n—oo T

For example, the te$t,, that rejectsH, if and only if R (H,) is a rational number
is not regular.

Theorem 13.1 Suppose that
A: Forall F' € Hy, Pr(supgee ||m(X, 0)|| = c0; F) =0,
B: m(x,0) is continuous ird for all z,
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C: andletA = {F' | LlogR(Ho) < —n} for somey > 0.
Then

1 N
sup limsup —logPr(F € A; F) < —. (13.8)
FeHyg n—oo n

If (13.8)holds withA replaced by any regular (fok,) test(2, then for allF' € F,

lim sup 1 log Pr(ﬁ‘ & Q,; F) > limsup 1 log Pr(ﬁ Z A, F). (13.9)
n—oo n n—oo n
Equation(13.9)also holds for a tesf2, not necessarily regular fok, if that test
satisfieg13.8)with A replaced by’ for somes > 0.

Proof. Kitamura (2001). [

In this theorem, the empirical likelihood test rejetts if and only if R(Hy) <
exp(—nn). Result (13.8) compares the type | ersgrto exp(—nn). Result (13.9)
shows that any regular test fdf, that also meets condition (13.8) has, asymptot-
ically, a type Il error at least as large as the empirical likelihood test has. Result
(13.9) is universal, applying to any sampling distributibnany regular tesf,
and very general hypothesgs.

Condition A requires a bound thonm(X, 8) to hold with probabilityl. Such
a bound may requirer to be a bounded function, & to be a bounded domain.

13.6 Bibliographic notes
Adjustments

Most of the results on higher order asymptotics presented here were based on
Edgeworth expansions for smooth functions of means. Bhattacharya & Ghosh
(1978) established the validity of these expansions assumingé&Csaoondition

and that certain moments are finite.

The first Bartlett correction for empirical likelihood was published by DiCiccio
et al. (1991) for smooth functions of means. The material on Bartlett correction
for the mean is based on Hall & La Scala (1990).

Zhang (1996) showed that the Bartlett correction for the univariate mean can
be applied fod € R defined through the estimating functior( X, ) € R. Lazar
& Mykland (1999) showed that Bartlett correctability does not hold for empirical
profile likelihoods obtained by maximizing over some nuisance parameters. This
is the principle way in which empirical likelihood shows different behavior from
parametric likelihoods. Mykland (1999) traces the discrepancy to a condition on
the fifth moment of the signed square root of the empirical log likelihood.

Chen & Hall (1993) studied Bartlett correction of quantiles, and Chen (1993)
established a Bartlett correction for regression with nonrandom predictors. Jing
& Wood (1996) show that exponential empirical likelihood (empirical entropy)
is not Bartlett correctable. Baggerly (1998) shows that empirical likelihood is
the only member of the Cressie-Read family to be Bartlett correctable. Corcoran
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(1998) constructed other Bartlett correctable nonparametric likelihoods given by
(3.39)

The pseudo-likelihood theory for empirical likelihood was established by Hall
(1990). The presentation here also makes use of the account in Hall & La Scala
(1990).

Signed root corrections to empirical likelihood were established by DiCiccio &
Romano (1989). Signed root corrections for parametric likelihoods are given by
DiCiccio (1984) and by Barndorff-Nielsen (1986). The additive correctich?)
is from DiCiccio & Romano (1989). McCullagh (1984) presents a similar cor-
rection for parametric likelihood. DiCiccio & Monti (2001) present adjustments
for a scalar parameter based on third and fourth derivatives of the empirical log
likelihood.

Large deviations

Dembo & Zeitouni (1998) is a monograph on large deviations. The generalized
Neyman-Pearson result for finite multinomials, established by Hoeffding (1965),
is of large deviations type. Tuady (1977) extends Hoeffding's idea to more gen-
eral distributions, by using finite partitions of the sample space that get finer as
n increases. He finds that a likelihood ratio test on the partitions is asymptoti-
cally optimal (in Bahadur’s sense). No construction is given for the partition. His
methods require that the partition haxg/ log(n)) elements.

Kitamura (2007 proves Theoren 13.1 He repors sone simulatiors compa-
ing empirical likelihood and three versions of generalized method of moments:
2-step, 10-step, and continuous updating (Euclidean likelihood). The problem
hadn = 200 observations an@ parameters. A simulation at the null hypoth-
esis showed that every method gave confidence regions that undercovered the
true parameter. After an adjustment to make covet#ge, the power was com-
pared in simulations that varied the parametei% glaces along line segments
through the null. OB2 simulations empirical likelihood had the greatest po2&r
times, 2-step updating did thistimes, 10-step updatingtimes, and continuous
updating never had the greatest power. There were two cases in which empiri-
cal likelihood and 2-step updating tied at powed. As might be expected for a
large deviations resut like Theorem 13.lempirical likelihoods power ranking
was best at hypotheses farther from the null. Where any of simulated methods
achieved power ove30%, empirical likelihood had the greatest power.

13.7 Exercises

Exercise 13.1The Bartlett constant for a normal distributiond$ + d/2. An
alternative to the scalel critical value

- __ d(n B 1) 11—«
F - n—d d,n—d

©2001 CRC PressLLC



is to employ the normal theory Bartlett correction

—c d’>+d/2 —a
rNBL = {1 + } X?&%
or

. 2+d2)" ol
TJIVB,z = {1 - X(:i) o

As n increases, the Bartlett correction becomes smaller and so empirical like-
lihood with a normal theory Bartlett correction is asymptotically properly cali-
brated. For smalh, the Bartlett correction appropriate to a normal distribution
might be competitive with thé” calibration. Fora: € {0.5,0.1,0.05,0.01} and

d e {1,2,,5,10, 20, 50,100, 200, 500} find the values of. for which the scaled

F critical value is larger than the first normal theory Bartlett correction. Find those
values ofn > d? + d/2 for which the scaled- critical value is larger than the
second normal theory Bartlett correction.

Exercise 13.2Show that for a vector meah= p, formula(13.7)simplifies to

~ 1 .. ~ u
_ —~jjlplu
C(0) = a"'B (9—9) , (13.10)

whereB = S~Y/2for S = (1/n) .1 (X — X)(X; — X)".
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Appendix

This appendix presents some background on parametric likelihood inference and
bootstrap methods. Both methods appeal to asymptotic characterizations of errors
and other quantities, and so some asymptotic notions are reviewed first.

A.1 Order and stochastic order notation

The notationsO(-), o(-), O,(-) ando,(-) are used to describe the asymptotic
magnitude of statistical quantities.

Consider two sequences of real numbegsandb,, wheren ranges through
integers larger thah. We say that,, = O(b,,) if there existsB < oo with

lim sup 2] <B. (A.1)

n— 00 n‘

Put another way, for soma, there are only finitely many with a,, > Bb,,.

The expressiop,, = g, +O(b,,) means thap,, —gq,, = O(b,,). Similarly, when
o(+), Op(-), orop(-) as defined below, are added to the right side of an equation,
it means that the right side minus the left side is of that order. Here we consider
limits indexed byn tending tooo, but these notions also apply in other limits,
such as quantities indexed by 0.

For (A.1), it is sufficient to havéim,, . |a,|/|bn| < B. The more general
expression (A.1) also covers cases wherg/b,| is eventually bounded without
converging to a limit.

As an example, suppose that = v2n~! + xkn=2 + n=3, wherey and x
are finite. Them,, = O(n™!). Herey andx are unknowns, such as population
skewness and kurtosis, that could vary from one problem instance to another.
Suppose that sometimes= 0. Then it is still true that., = O(n~1!), but now
it is also true that,, = O(n~2). It is important to remember that a quantity of
one order could also be of a smaller ordery K= x = 0, thena,, = O(n=3), but
there are noy and« values for whichz,, = O(n™?).

As a second example, considey = 1% + no? wherep ando are finite. Now
an, = O(n), and whero = 0, thena,, = O(1). In this exampleg,, is not going
to infinity faster tham, if at all, whereas in the previous examplg is going to
zero no slower than—1.
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The notatioru,, = o(b,,) means

lim sup 2] =0. (A.2)

n—oo |bn|

The quantityy?n=! 4+ kn=2 + n=2 is o(n~'/?) and alsoO(n~!), but it is not
o(n~1) unlessy = 0.

The o, and O, notations are used to describe bounds on a quantity whose
magnitude is random. Suppose, for example, ¥jadre independent exponential
random variables with mean The quantityZ,, = n~'Y,, seems to be tending
to zero likel/n, but Z,, is notO(1/n). There is no finiteB such that quantity
Z./(1/n) =Y, is larger thanB at most a finite number of times.

We say thatX,, = O,(Y,,) if for any e > 0 there is aB = B, < oo such that

lim sup Pr(|X,| > B|Y,]) <e. (A.3)
Condition (A.3) allowsPr(| X,,| > B|Y,|) > eto hold for at most a finite number
of n. In the previous example it is indeed true tt#t = O,(1/n). The order
O,(-) applies to quantities that at@(-) apart from exceptions that we can make
as improbable as we please for large
Finally, X,, = 0,(Y,,) if forany e > 0

lim Pr(|X,| > €|Y,]) =0. (A.4)
n—oo
For example, letX,, = Y,,/n'*™® for § > 0 andY,, independent exponential

random variables with mean ThenX,, = o,(n™!).

A.2 Parametric models

When we make some calculations on data, we usually know that there is some
uncertainty in our answer. The data could have come out differently, and then our
answer almost certainly would have been different. But we also usually feel that
there are reasonable limits to how different the answer might have been.

Probability models are widely used to provide a notion of the true value of a
guantity that can be different from the value we have computed. Such models
also allow us to quantify the uncertainty in our answers, help us to decide what to
compute from the data, and even help us decide how to gather our data.

In a probability model we suppose that our data are the observed values, say
x1,...,2, € R? of corresponding random variablés;,..., X,, € R% In a
parametric probability model, the joint distribution &f, . . . , X,, takes a known
form, involving the data and a parameter vedtor © C RP. By contrast non-
parametric models do not assume that a finite dimensional parameter indexes the
distribution of the data.

Here we will consider only models in whicki; are independent and identically
distributed and the sample sizds not random. Then specifying the distribution
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of X, specifies the distribution of the whole sample. Parametric models and like-
lihood methods extend to more general settings.

As an example, ifX; take nonnegative integer values, then one such model, the
Poisson distribution, has

e—@em

p(x;0) =Pr(X = x;0) = =

, x=0,1,... (A.5)

for 6 > 0, while for X; taking nonnegative real values, the exponential distribu-
tion has

| 1—exp(—x0), 0<z<oo

Pr(XSx,H)—{O, 2 <0,
for 6 > 0, so the probability density function of is f(x;0) = 0 exp(—z0)1,>0.

When we compute a value from the sample, we can usually identify it with a
corresponding feature of the distribution &f. Perhaps that feature is the value
we would get as — oo, or perhaps it is the average of the values we would get
in a large number of independently generated samples ofisiZais feature is
necessarily a function é¢fand so interest switches to learnhffom X, ..., X,,.

Any function of X, ..., X,, that we compute is also a random variable with a
distribution parameterized [ This allows us to quantify the uncertainty of our
estimates within the parametric model. We may then seek a method of estimation
that minimizes some measure of this uncertainty.

A good model can be a wonderfully effective tool for organizing statistical in-
ference, but choosing a parametric model for applied work is a subtle task. Some-
times a parametric model is thought to be a faithful description of the mechanism
generating the data. More often, a model is adopted because it is mathematically
convenient and is thought to capture the important features of the problem.

One of the most vexing issues with parametric models is testing whether a given
model is compatible with our data. When a goodness of fit test fails to reject our
model, it may simply mean that the test was not powerful enough, perhaps because
the sample size was too small. Conversely, when a test does reject our model, it
may have identified a flaw with a negligible effect on the conclusions we would
have drawn using the model. Finally, there are those cases in which a test shows
that our model fits badly in a way that affects our answers. Then we may have to
seek a correction term, or look for a new model.

One of the best blessings of nonparametric methods is that they reduce the need
for goodness of fit testing. There can be a cost in using a nonparametric model for
a problem that fits a parametric description. Some nonparametric methods make
less efficient use of the data than do parametric methods. When using a nonpara-
metric estimator or test, we should consider its efficiency or power, respectively.
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A.3 Likelihood

Given a parametric model and some data, the likelihood function is the probability
of getting the observed values from the assumed model, taken as a function of the
parameter. The likelihood is thus

L(6;21,...,2n) = L(0) = [ [ p(@:;6)
for discrete data and

L(O;21,...,2n) = L(0) = [ ] f(@i;0)da
=1
for continuous data, wher&; has been observed to lie in a small set of volume
dz; near the valuer;. We also writeL(6; X, ..., X,,) for a random likelihood
taking the value above wheXj; = ;.
In Bayesian analysis, our model také$o be a random variable with a prior
distributiony, and then the posterior distribution &fs

7T1(9 | Xl, . ,Xn) 0.8 L(e)ﬂ'o(G)

Specialized numerical and sampling techniques are available to compute conclu-
sions fromL(6)mo(#). Just as with parametric probability models for the data,
judgment is required to make a good choicergf

A frequentist analysis postulates an unknown true valug &¥hen we need
to distinguish a generic value from the true value, we denote the lati&y. e
method of maximum likelihood estimatég by finding the value (or sometimes
set of valuesﬁ that maximizel:

0= argrgleagL(Q;Xl, o Xn).

A maximizerd is called a maximum likelihood estimate (MLE) &f. Intuitively,
it gives the best explanation of the data we got, by making that data most probable.
Usually it is easier to work with the log likelihood function

(0) =c+ > log f(xi;0),
i=1
wherec depends on théz; but not, we assume, ah We will use the notation
of the continuous data case; the discrete data case is very similar, starting with
£0) = > logp(x;;0). For the most widely applied likelihoods, is found
by solving the score equatiaw/(6)/00 = 0, which may be written as solving
estimating equations_"_, m(z;,6) = 0, where

2 f(x;0)
f(z;0)

For the Poissm distribution (A.5),  equas X, so the sampé mean is used

m(x,0) =
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to estimate the population mean. For the double exponential distribution, with
density f(z;0) = exp(—|z — 6|)/2, the population mean and median coincide
at 0, and we find that the median df; is the MLE of §. Maximum likelihood
estimation is also widely used to construct estimates of quantities that we might
otherwise not know how to estimate. ~

1~'he valued is unlikely to matchd, exactly, and furthermore, a valdewith
L(0) very close toL(#) would seem to be nearly as good tasWe define the
likelihood ratio function byR(#) = L(#)/L(6). One way to separate reasonable
from unreasonable values éfis to order them byR(6) and consider” = {6 |
R(#) > r} tofit the data better than other valuegof

The usual way to pick is to aim for a given probability thal, € C. Wilks’s
theorem has that2log R(6y) — X?p) in distribution asn — oo, wherep is
the dimension of. This result holds in considerable generality, though there
are some exceptions. When it holds, we can@$e® = {0 | R(¢ ) > ro} as
an approximatd — « confidence region fof, with ro = exp(— X( 1) “/2). A

Bartlett correction replaces by exp(—(1 +a/n) P 1 “/2), where ajudiciously

chosen scalag can improve the rate at whldhr(ﬁo e C17%) tends tol — « as
n — oQ0.

Computational shortcuts t6' ~ are widely used. For large the log likeli-
hood ratio is very nearly quadratic aroufidinder regularity conditions. A Taylor
approximation gives$(6) = ¢(d) — (1/2)( — 6)'1(6 — ) neard, wherel is the
Hessian of até. This approximation motivates the use of the ellipsoid

{e (0010 0) <x%)” a} (A.6)

as a confidence region, and under standard assumptions, the set (A.6) has asymp-
totic probabilityl — « of containingd,.

Equation (A.6) is one form of the Wald confidence region. The Fisher informa-
tion in X is defined as

100) = [ (5108 @30) (1 Yow £(0:0)) fa:0)da

Asn — oo we usually haver 1 — I (6,), and another version of the Wald re-
gion usesﬂl(é) instead off. Another important large sample confidence region
due to Rao works with a Taylor approximation around a hypothesized valje of
not the MLE.

Sometimes we are interested in some, but not all of the parameters. Let us retain
0 for the parameters of interest, and suppose that there is an additional parameter
v, possibly a vector, used to complete the definition of the probability of the data.
Then the likelihood id.(6, ) involving 6 and the nuisance parametehe MLE
of 6 is found by maximizingL overé andv jointly yielding 6 and®.

Likelihood ratios ford alone are complicated by the presence .df we knew
the true values, then it would be natural to usk,, (8) = L(6,v)/L(0, ) as
a likelihood ratio function. There is no practical difference between a likelihood
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with a known nuisance parameter and a likelihood without a nuisance parameter.
But the idea of a known nuisance parameter suggests the following: we could plug
in © for 11 and useR; (6) = L(60,0)/L(0, ) as a likelihood ratio function fof.

To see the problem with plugging in a value likeconsider a parameter paﬁ, V)

with L(6, 7) just slightly smaller thari(6, ), and for whichL (6, ) < L(6, »).

A confidence region based dty, might fail to included even though it belongs

to a parameter pair that fits the data nearly as well as the MLE does. The profile
likelihood function

remedies this flaw irR;, and is the most widely used way to construct a likeli-
hood ratio function for an individual parameter in the presence of nuisance pa-
rameters. Letting’(9) = arg max, L(6,v), we may write the profile likelihood
asRp:o(0) = L(0,0(0)). A version of Wilks’s theorem holds for profile likeli-
hoods.

For well-behaved parametric models, the MLE is a particularly good estimator.
Typically there is an information inequality, one form of which shows that any
unbiased estimatdr of # has a variance matrix at least as large as the €ram
Rao boundnI;(#))~!. Under the usual assumptiorgn(d — 6y) has asymptotic
distributionN (0, (.11 (6))~"). The MLE® typically achieves the lower bound on
variance, with an asymptotically negligible bias of ordi¢n.

A.4 The bootstrap idea

The bootstrap is a powerful method for estimating statistical uncertainties. Sup-
pose that we have computed a statigtie: 7'(F,,) for which the corresponding
true value isT'(Fy). The variance of) is yet another property of the unknown
distributionFj. Call it VT (Fp). If we knewFy, then we might comput&T (Fyp),

by calculus, or by a numerical method such as Monte Carlo simulation.

Of course, if we knewF, we might instead use simulations to fifi 7y ), so
the interesting case is what to do when we do not krigw The bootstrap is
based on a plug-in principle: make your best guédsr Fy, and plug it in, using
VT(F) as the estimate of T(F,). Very often, the guess we use féj is the
ECDF F,,. Because this ECDF is a nonparametric maximum likelihood estimate
(NPMLE), we find that the bootstrap estimate\dt is the NPMLEVT.

To computeVT(F,,) by simulation, we sample with replacement, as follows.
Let J(i,b) be independent uniform random draws from the{dee, ..., n}, for
i=1,...,nandb=1,...,B.Then putX;® = X, ), let F;:* be the empirical
distribution of X7°, ..., X*, and takeT** = T(F*), the statisticI” applied to

n
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resampled datX;?, ..., X *. Now

B
VT(F,) = % > (T T (A.7)
b=1

whereT* = (1/B) Y., T**. This computation may well be easier than that
required to findv'T(F) for an arbitrary known distributiod.

It is quite surprising that we can sample our original data over and over and
obtain a useful error estimate. The reason that the bootstrap can work is that, for
large enoughn, F,, becomes close td, and, if VT is continuous neafy, then
VT(F,) is close toVT(Fp). The flatterVT is, as a function of", the better we
could expect the bootstrap to work. As an extreme caséTifwere constant in
F we could compute the variance @&xactly.

The approximation in (A.7) converges Y0I'(F,,) asB — oo, by the law of
large numbers, under the very mild assumption W& F,,) is finite. If, under
sampling fromF,,, the fourth moment of" is finite, then the error in (A.7) is
Op(B‘l/Z). In practice, we might také large enough that we feel safe that the
error in (A.7) is negligible, either absolutely, or relativeMd'(F,,) — VT(Fp).

A.5 Bootstrap confidence intervals

Consider a scalar statistit(F),,) € R used to estimaté'(Fp). A 100(1 — a)%
confidence interval fofl” is a pair of random numbers = L(F,) andU =
U(F,) such that

Pr(L(F,) < T(Fy) <U(F,)) =1 —a. (A.8)

Notice that equation (A.8) describes the probability that a random intgryéal]
contains a nonrandom vald& F}). By contrast, in a prediction interval, a random
guantity lies between two fixed endpoints with a given probability.

Equation (A.8) is supposed to hold for &l). Exact nonparametric confidence
intervals do not exist outside of a few special cases. In particular, they do not exist
for the mean. In practice, we use asymptotic confidence intervals with

Pr(L(F,) < T(Fy) < U(F,)) =1 - a+ o(1) (A.9)

asn — oQ.

In Section A.4 an unknown variance under sampling frBgnwas estimated
by the corresponding variance under sampling frBm Bootstrap confidence
intervals can be constructed by estimating the distribution of an approximately
pivotal quantity unde#y, by its distribution undef’,.

Let us write L(T'(F,,) | Fy) for the distribution ofT'(F,,) when Xy, ..., X,
have distributionF}. Similarly let L(T'(F) | F;,) be the common distribution of
eachT*’ drawn on bootstrap samples fraff).

The percentile method takes the resampled statistics at face value, using the
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approximation
L(T(F,) | Fo) = L(T(F,) | Fn).
Let us order the resampléd® values getting™*(1) < 7*(2) < ... < T7*(B) For
large B essentially 95% of the resampled values are betwegn = 7+(:0255)
andUpe,e = T*(975) where for noninteger valugs025B and0.9758, some
rounding or interpolation is applied.
Having seen that

Pr(Lperc < T(F;) < Uperc | Fr) =0.95 (A.10)
we could estimate that
Pr(Lperc < T(Fy) < Uperc | Fo) = 0.95. (A.12)

In equation (A.10) we have found by simulation a prediction interval¥aF*) in
sampling fronil’(F,,). Equation (A.11) uses this prediction interval as an estimate
of a prediction interval foff'( F,,) when sampling fronfy.

Because the endpoinis,... andUp... are computed from the data, they are
indead random And it turns out tha in reasonatd generaliy equatian (A.9) holds
for Lpere and Upere, SO that the percentile interval can be used for confidence
statements. We return to this point below.

The bias-corrected percentile method is based on the approximation

L(T(F,) = T(Fo) | Fo) = L(T(Fy) = T(Fy) | Fn). (A12)

Equation (A.12) describes an unknown quanfiy#,,) — T'(Fp) whose distribu-
tion we can approximate through simulation of known quantifieg;*) —T'(F},).
Quantities containing the unknown, but having a known distribution, are called
pivots. Where the distribution is approximately known, the quantities are approx-
imate pivots.

The0.025 and0.975 quantiles of'(F*) — T(F,) are, of course]*(:0255) _
T(F,) andT**7>B) _ T(F,). Therefore, the probability is approximatelyd5
that

T*0%8) _T(F,) < T(F,) - T(Fy) < T*™8) — 1(F,), (A.13)
and rearranging to gét(Fy) in the middle, we get that
2T (F,) — T*95B) < T(F,) < 2T(F,) — T*(0%5) (A.14)

holds with approximate probabilit§.95. The bias-corrected method has end-
points Ly, = 2T(F,,) — Upere @andUp = 2T(F,,) — Lperc- It is the percentile
interval flipped around’(F,,).

We can use the bias-corrected interval to provide an explanation of the per-
centile interval. It commonly happens that for largethe approximate pivot
T(F,)—T(Fo) has a nearly symmetric distribution. Then the bias-corrected con-
fidence interval is nearly unchanged by flipping it arodr(d,). The percentile
interval was derived using a more general symmetry assumption. Suppose that
L(p(T(F)) — ¢(T(Fy)) | Fo) has a symmetric distribution, for some possibly
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unknown monotone transformatign Then the plug-in idea yields the percentile
interval.
There are other choices for the pivot. In some settings it may be more natural

to use
T(F:) L (TED
or
T(E) “ T | Y - p (T — T
. (W | FO) =L < S(F7) | Fn) , (A.16)
whereS(F;,) is an estimate, such as a standard error, of how [B(d&,) — T'(F)
might be.

Inverting the pivot in equation (A.16) gives the bootstrap-t (or percentile-t)
method. The bootstrap-t method provides especially accurate confidence intervals
for the univariate mean. In that contéRtF,) = E(X), T(F,) = X,

S(F.)? = 3 (X, X)?, and
=1

S(F;)? = 13 (X7 - X
=1

The explanation is that Student'sstatistic has a distribution that depends rela-
tively weakly onF’', making it a good approximate pivot.

The bootstrap-t interval can be applied in other settings, but the limiting factor
is the availability of a good denominator statis$iclf one can afford to bootstrap
the bootstrap, thely(F,,) can be estimated as the square rooVaf(F,,) and
eachS(F?) can be estimated as a bootstrap variavid F;*).

Bootstrap calibration of empirical log likelihood ratios works so well because
the distribution of those ratios is only weakly dependent on the underlying data
distribution.

A.6 Better bootstrap confidence intervals

A major focus of bootstrap research has been the construction of confidence in-
tervals with one-sided coverage errors that@te —!). The percentile and bias-
corrected percentile methods are typicallyn—'/2) accurate on one-sided infer-
ences, though their two-sided inferences giM@ ') errors.

The bootstrap-t intervals are this accurate, but they do not respect transforma-
tions. The endpoints of the interval fexp(6) do not equal exponentiated end-
points for the bootstrap-t interval fér

Thel00(1 — )% bias-corrected accelerated, or B@iterval is approximately
transformation respecting and has one-sided coverage errors tlitarg). The
derivation is based on a complicated approximately normal pivot. See the ref-
erences in Section A.7. The BGnterval has endpoint&,., = 7*(15) and
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Upea = T*(@2B) where

. 2o+ 20/2
= e —— T A.l7
“ (ZO T aGe+ z&/?)) (A1)
. 2o+ 2172
= A.18
(6%) <ZO + 1 7&4(204»2170[/2) 9 ( )

whereinZy anda are the bias correction and acceleration constant (defined below),
® is the standard normal cumulative distribution function, ahe= ®~*(p). For
a 95% confidence interval/? = —1.96 andz'~*/2 = 1.96.

The bias correction factor is

B

. (1

Z():q) 1<B E 1T*b<T(Fn))'
b=1

It vanishes if exactly half of the bootstrap samples were smaller 1@, ),
otherwise it shifts the interval.

To define the acceleration constant, consider datafsgts consisting of the
n — 1 original observations other than observatiohet 7_; = T'(F,, _,;) and
T_.=(1/n) Y7, T—;. Then the acceleration constant is

Z?:l (T*i — T*-)S 7
6 [Z?:l (T—i - T—-)z} e

which makes a skewness adjustment.

The ABC method constructs approximate endpoints forRBldg, method. In-
stead of resampling, it makes a Taylor expansion based on the beha¥i0F df
for distributionsF' that are close td’,, and put all their probability on the sample.
Fore € (—1/n,1), let F; . be the distributior{l — €) F}, 4+ €6 x, . The« confidence
limit is

d:

3 n
T =T(Fy+ —2% S kiby ), Al
ABC ( + (1 —az. ) ;k 5X1,> (A.19)

as described below. It is the value Bfat a specially chosen reweighting of the
data. For an asymptotitd0(1 — «)% central confidence interval, tale\gc =

T2 andUnsc = Tage!*. The necessary quantities are defined through

d d? 1 =
l; = T T(F)l—g> = a2 T(Fie)l—g, vr= ﬁ;liv
1 Z?:1 l? 1 ¢ -2, —1/2
a=c—— =5 bz—zth‘u ki =n""v; "7l
0 (Zi:l 112) / 2n i=1
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and

~ ~1/2 1 a2
Za—Za+CL+C—bUL y C_WET(F’”—FEI{:HG:O’

taking F, + ek as a shorthand foF,, + ¢ | k;dx,. The derivatives may be

computed numerically as divided differences, apds defined throughiPr(Z <

2o) = afor Z ~ N(0,1). Itis possible forF,, + kz, /(1 — aZ,)? to put negative

probability weight on some observations.

Both the BG, and ABC methods achieve one-sided coverage errors that are
O(n~1). The formulas are less intuitive than those based on simple pivoting ar-
guments. Similarly, adjustments to empirical or parametric likelihoods to attain
O(n~') one-sided coverage errors give rise to more complicated expressions than
for the corresponding unadjusted versions.

A.7 Bibliographic notes

The stochastic order notatio@,, ando,, is due to Mann & Wald (1943).

Cox & Hinkley (1974) and Bickel & Doksum (2000) provide good coverage
of the mathematics of parametric likelihood models. In higher order asymptotics,
the profile likelihood ratio function does not have all the properties of an ordinary
log likelihood function. There has been considerable work on modifying profile
likelihoods to be more like likelihoods, starting with Barndorff-Nielsen (1983)
and surveyed in Mukerjee & Reid (1999).

Standard references on the bootstrap are Efron & Tibshirani (1993), Hall (1992),
and Davison & Hinkley (1997). The first two, as their titles indicate, are introduc-
tory and mathematical, respectively. The third has good coverage of computa-
tional issues. The discussion of the Bfethod is based on Efron & Tibshirani
(1993), while that of the ABC method is based on Davison & Hinkley (1997).
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