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Preface

Empirical likelihood is a nonparametric method of inference based on a data-
driven likelihood ratio function. Like the bootstrap and jackknife, empirical likeli-
hood inference does not require us to specify a family of distributions for the data.
Like parametric likelihood methods, empirical likelihood makes an automatic de-
termination of the shape of confidence regions; it straightforwardly incorporates
side information expressed through constraints or prior distributions; it extends to
biased sampling and censored data, and it has very favorable asymptotic power
properties. Empirical likelihood can be thought of as a bootstrap that does not
resample, and as a likelihood without parametric assumptions.

This book describes and illustrates empirical likelihood inference, a subject that
is ready for a book although it is still undergoing active development. Most of the
published literature has emphasized mathematical study of asymptotics and simu-
lations of coverage properties. This book emphasizes analyzing data in ways that
illustrate the power and flexibility of empirical likelihood inference. The presen-
tation is aimed primarily at students and at practitioners looking for new ways to
handle their data. It is also aimed at researchers looking for new challenges.

The first four chapters form the core of the book. Chapters 5 through 8 extend
the ideas to problems such as smoothing, biased sampling, censored and trun-
cated data, confidence bands, time series, and finite populations. Chapter 9 relates
empirical likelihood to other methods, and presents some hybrids. Chapter 10 de-
scribes some challenges and results near the research frontier. Chapters 11 through
13 contain proofs, computational details, and more advanced theory, respectively.
An appendix collects some background material. A course in empirical likelihood
could be designed around Chapters 1 through 4, supplemented with those other
topics of most interest to the instructor and students.

Much more could have been written about some aspects of empirical likeli-
hood. Applications and theory relevant to survival analysis and to econometrics
come to mind, as do recent developments in kernel smoothing and finite popula-
tion sampling.

The mathematical level of the text is geared towards students and practitioners,
and where possible, the presentation stays close to the data. In particular, measure
theoretic subtleties are ignored. Some very short and simple proofs are embedded
in the text. Longer or more technical theoretical discussions are confined to their
own chapters. Finally, the most difficult results are only outlined, and the reader
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is referred to the literature for the details. A parallel triage has been applied to
computational issues.

The worked examples in the text all use real data, instead of simulated, syn-
thetic, or hypothetical data. I believe that all of the statistical problems illustrated
are important ones, although in some examples the method illustrated is not one
for which the data were gathered. The reader is asked to indulge some statistical
license here, and to imagine his or her own data in the place of the illustrating
data.

There is an empirical likelihood home page. At the time of writing the URL for
that page is:

http://www.stanford.edu / ∼owen/empirical

The web site is for software, images, and other information related to empirical
likelihood.

As an undergraduate, I studied statistics and computer science at the University
of Waterloo. The statistics professors there instilled in me a habit of turning first
to the likelihood function, whenever an inference problem appeared. I arrived at
Stanford University for graduate study at a time when there was a lot of excite-
ment about nonparametric methods. Empirical likelihood is a way of remaining
in both traditions.

The idea for empirical likelihood arose when Rupert Miller assigned a prob-
lem in survival analysis from Kalbfleisch & Prentice (1980). The problem was
to work out the nonparametric likelihood ratio inferences for the survival func-
tion as described in Thomas & Grunkemeier (1975). Around that time, there was
a debate among some statistics students as to whether nonparametric confidence
intervals for a univariate mean should point in the direction that the data seemed
to be skewed, or in the opposite direction. There were intuitive arguments and
existing methods to support either choice. I looked into empirical likelihood to
see if it might point the way, and was surprised to find a nonparametric analog of
Wilks’s theorem, with the same distribution as in parametric settings. I now call
these ELTs (empirical likelihood theorems) after a referee remarked that they are
not Wilks’s theorem.

Empirical likelihood has been developed by many researchers, as is evident
from the bibliographic notes in this text. It is hard to identify only a few contribu-
tions from the many, and leave some others out. But it would be harder still not to
list the following: Peter Hall, Tom DiCiccio, and Joe Romano obtained some very
difficult and significant results on higher order asymptotics. These include Bartlett
correctability, signed root corrections, pseudo-likelihood theory, bootstrap cali-
bration, and connections to least favorable families. Jing Qin is responsible for
many very creative problem formulations mixing empirical and parametric like-
lihood, combining multiple biased samples, and with Jerry Lawless, establish-
ing results on using empirical likelihood with side information. Per Mykland has
shown how to handle dependent data in a martingale setting. Empirical likelihood
for censored and truncated data has been investigated by Gang Li, Susan Murphy,
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and Aad van der Vaart. Yuichi Kitamura developed connections between empir-
ical likelihood and modern econometrics, and has studied the large deviations
properties of empirical likelihood.

I would like to thank Kirsty Stroud, Naomi Lynch, Hawk Denno, and Evelyn
Meany of Chapman & Hall/CRC Press for watching over this book through the
production process. It is a pleasure to acknowledge the National Science Founda-
tion for supporting, in part, the writing of this book. I also thank the referees and
editors who handled the early empirical likelihood papers. They were construc-
tive and generous with their comments. I thank Dan Bloch, Richard Gill, Ker-Ai
Lee, Gang Li, Hal Stern, and Thomas Yee, who sent me some data; Judi Davis
for entering some data; Ingram Olkin for some tips on indexing; Tomas Rokicki,
Eric Sampson, Rob Tibshirani, and C. L. Tondo for some pointers on LaTeX and
related topics; Philip Gill, Michael Saunders, and Walter Murray for discussions
over the years on nonlinear optimization; George Judge for conversations about
econometrics; and Balasubramanian Narasimhan, who kept the computers hum-
ming and always seemed to know what software tool I should learn next. I owe a
debt to Jiahua Chen, David Cox, Nancy Glenn, Fred Hickernell, David Hinkley,
Kristopher Jennings, Li-Zhi Liao, Terry Therneau, and Thomas Yee for help in
proofreading. Of course, I am responsible for any flaws that remain. Finally, and
most of all, I thank my wife, Patrizia, and my sons, Gregory and Elliot, for their
patience, understanding, and encouragement while this book was being written.

Art Owen
Stanford, CA, U.S.A.

May 2001
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CHAPTER 1

Introduction

Empirical likelihood is a nonparametric method of statistical inference. It allows
the data analyst to use likelihood methods, without having to assume that the data
come from a known family of distributions.

Likelihood methods are very effective. They can be used to find efficient esti-
mators, and to construct tests with good power properties. Those tests can in turn
be used to construct short confidence intervals or small confidence regions.

Likelihood is also very flexible, as will be seen in examples in this text. When
the data are incompletely observed, or distorted, or sampled with a bias, likelihood
methods can be used to offset or even correct for these problems. Likelihood can
be used to pool information from different data sources. Knowledge arising from
outside of the data can be incorporated, too. This knowledge may take the form
of constraints that restrict the domain of the likelihood function, or it may be in
the form of a prior distribution to be multiplied by the likelihood function.

In parametric likelihood methods, we suppose that the joint distribution of all
available data has a known form, apart from one or more unknown quantities.
In a very simple example, there might only be one observed data valueX from
a Poisson distribution. ThenPr(X = x) = exp(−θ)θx/x! for integersx ≥ 0,
whereθ ≥ 0 is unknown. The unknownθ, called the parameter, is commonly a
vector of values, and of course there is usually more than a single number in the
data set.

A problem with parametric likelihood inferences is that we might not know
which parametric family to use. Indeed there is no reason to suppose that a newly
encountered set of data belongs to any of the well studied parametric families.
Such misspecification can cause likelihood-based estimates to be inefficient. What
may be worse is that the corresponding confidence intervals and tests can fail
completely.

Many statisticians have turned to nonparametric inferences to avoid having to
specify a parametric family for the data. In addition to empirical likelihood, these
methods include the jackknife, the infinitesimal jackknife, and especially, several
versions of the bootstrap. These nonparametric methods give confidence intervals
and tests with validity not depending on strong distributional assumptions.

Each method has its advantages, as outlined in Chapter 1.2. For now, we note
that the advantages of empirical likelihood arise because it combines the relia-
bility of the nonparametric methods with the flexibility and effectiveness of the
likelihood approach.
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This first chapter begins by looking at some data, and then describes the advan-
tages offered by empirical likelihood. Subsequent chapters develop the method,
and explore numerous aspects of empirical likelihood. Some subchapters focus
on theory, others on computation, and others on data analysis by empirical likeli-
hood.

The name “empirical likelihood” was adopted because the empirical distribu-
tion of the data plays a central role. It was not called nonparametric likelihood, so
as not to assume that it would be the only way to extend nonparametric maximum
likelihoods to likelihood ratio functions. Alternative nonparametric likelihood ra-
tio functions have indeed been developed. Some of these are discussed at various
points throughout the text. In hindsight, the other methods also give a central role
to the empirical distribution function, but they are not true likelihoods. Thus the
empirical likelihood presented here is distinguished more by being a likelihood
than by being empirical.

1.1 Earthworm segments, skewness and kurtosis

The common garden earthworm has a segmented body. The segments are known
as somites. As a worm grows, both the number and length of its somites increase.
Figure 1.1 shows a histogram of the number of somites on each of 487 worms

80 100 120 140 160
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0
8

0

Number of Somites

Figure 1.1Shown are the number of somites on each of 487 earthworms, as reported by
Pearl & Fuller (1905).
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gathered near Ann Arbor, Michigan, in the autumn of 1902. It is visually apparent
from Figure1.1 that wormswith many fewer segments than theaveragearemore
common than worms with many more segments. We say that the distribution has
a heavier tail to the left than it has to the right. Such a mismatch between the tails
of a distribution is known as skewness.

Having observed a feature in some data, a valuable next step is to measure it
numerically. The alternative is to use terms like “mildly skewed”, “very skewed”,
or “extremely skewed”, which may mean different things to different people. The
usual way to quantify the skewness of a random variableX is through the coeffi-
cient of skewness

γ =
E((X − E(X))3)

E((X − E(X))2)3/2
. (1.1)

As a reference, normally distributed data hasγ = 0, as has any symmetric distri-
bution for whichE(|X|3) exists.

We can estimateγ for the somite distribution by replacing each expectation in
(1.1) by the corresponding average over the487 observed values. The result is
γ̂ = −2.18. The estimatêγ is the skewness of the empirical distribution, which
places probability1/487 on each of the487 observed values.

The skewness is often accompanied by the kurtosis

κ =
E((X − E(X))4)
E((X − E(X))2)2

− 3. (1.2)

The 3 in (1.2) is there to makeκ = 0 for normally distributed data. A positive
value of the kurtosis describes a distribution with heavier (or fatter) tails than
normal distributions have. A negative value describes lighter tails than normal.
Later in the text, we will see that skewness and kurtosis play prominent roles in
theoretical analysis of confidence intervals

The sample version of the kurtosis for the worm data isκ̂ = 5.86. Because
γ̂ < 0 andκ̂ > 0, these values describe a distribution with tails heavier than the
normal distribution on average, and a left tail heavier than the right one.

The actual skewness and kurtosis of the somite distribution are unlikely to
match their samplevalues. Figure1.2 showsjoint empirical likelihood confidence
regions forγ andκ from these data. The computation and theoretical justification
of such confidence regions are deferred to later chapters, and are in fact the main
topics of this text. In brief, the empirical likelihood is a multinomial with support
on all487 observed values, and the confidence regions are determined by contours
of that likelihood function.

The confidence regions in Figure 1.2 make it particularly clear that the true
skewness and kurtosis could not plausibly be0, though this was perhaps obvious
from Figure 1.1. They also show that there is considerable uncertainty in these
values, especially the kurtosis. Further, they show that the plausible values ofγ
extend farther beloŵγ than they do above it. The plausible values ofκ extend
farther abovêκ than below it.
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Figure 1.2Shown are empirical likelihood confidence regions for the skewness and kurto-
sis of the somite data. The contours correspond to confidence levels of 50%, 90%, 95%,
99%, 99.9%, and 99.99%.

Notice also that Figure 1.2 displays a dependency between the skewness and
kurtosis. The true(γ, κ) could reasonably be different distances from(γ̂, κ̂) in
different directions. The true point can differ more from the sample point on an
approximately northwest to southeast axis than it can along an approximately
northeast to southwest axis. In hindsight, this is very reasonable. The relative
frequency of worms with small somite counts could be lower (or higher) than in
the sample, making bothγ andκ closer to (or, respectively, farther from) zero
than the sample values.

1.2 Empirical likelihood, parametric likelihood, and the bootstrap

The data analysis in Chapter 1.1 would be hard to match with the parametric
likelihood methods described in the Appendix. The most popular parametric like-
lihood methods begin by assuming a normal distributionN(µ, σ2) for the data. A
normal distribution hasγ = κ = 0 and so cannot be used to draw inferences on
the skewness and kurtosis, as was done for the worm data.

When data are not normally distributed, methods based on the normal distri-
bution do give asymptotically reliable inferences for the meanµ, because of the
central limit theorem, if the data distribution has a finite variance. The true vari-
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ance of the sample mean isσ2/n, the estimated value ofσ2 approaches the true
one, and then confidence intervals with width based on the estimated variance are
asymptotically reliable.
The behavior of normal theorymethods for the varianceσ2 = E((X−E(X))2)

for X ∈ R is more subtle. Unlike skewness and kurtosis, the normal distribution
has a parameterσ2 for the variance. The variance is usually estimated by an un-
biased quantitys2 = S/(n − 1) or by the maximum likelihood estimate (MLE)
σ̂2 = S/nwhereS =

∑n
i=1(Xi−X̄)2 andX̄ = (1/n)

∑n
i=1Xi. Bothσ̂2 ands2

converge toσ2 asn→ ∞. It can be shown thatVar(s2) = σ4(2/(n− 1)+κ/n).
The normal distribution forcesκ = 0. If the sampling distribution hasκ �= 0,
then the normal theory model does not use an asymptotically correct estimate of
nVar(s2), or of nVar(σ̂2), and the resulting confidence intervals forσ2 do not
approach their nominal coverage levels asn increases.
If thenormal distribution is inadequate, perhapssomeother distribution isbet-

ter. It would be hard enough to come up with a parametric family that fit the data
and allowed both skewness and kurtosis to vary freely. It would be harder still to
find a parametric family in which inferences for the skewness and kurtosis would
be reliable, even if the data did not come from amember of that parametric family.
The use of nonparametric methods is in line with John Tukey’s quote “It is

better to be approximately right, than exactly wrong”. But when we contemplate
replacing a parametric method by a nonparametric one, we need to consider that
sometimes the improved generality comes at a cost of reduced power. Simula-
tions and theory presented in this text suggest that empirical likelihood tests have
especially good power properties.
Bootstrap analysis of thedata in Chapter 1.1 could bemore reliable than para-

metric likelihood analysis. The bootstrap is described in the Appendix. We could
resample the worm data, computing the skewness and kurtosis each time, and
plot the results. We would obtain a point cloud of approximately the shape of
the regions in Figure 1.2. But there would still be a difficult task in picking out
a confidence region from that cloud. Given1000 points in the plane, we might
try to identify the central950 of them. We could select a rectangle or an ellipse
containing950 of the points. Each of these choices requires us to impose a shape
for the region, and still requires us to choose a center, aspect ratio, and possibly an
orientation for the region. This problem has also been approached by constructing
polygons with vertices at resampled points, and through density estimation of the
points (seeChapter 1.3) but so far themethodsarenot satisfactory.
The main advantages of empirical likelihood, relative to the bootstrap, stem

from its use of a likelihood function. Not only does empirical likelihood pro-
vide data-determined shapes for confidence regions, it can also easily incorporate
known constraints on parameters, and adjust for biased sampling schemes. Unlike
the bootstrap, empirical likelihood can be Bartlett corrected, improving the accu-
racy of inferences. Likelihoods also make it easier to combine data from multiple
sources, with possibly different sampling schemes.
The main disadvantage of empirical likelihood relative to the bootstrap is also
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due to its use of a likelihood function. It can be computationally challenging to
optimize a likelihood, be it empirical or parametric, over some nuisance param-
eters, with other parameters held fixed at test values. In parametric settings this
issue is often avoided by making a quadratic approximation to the log likelihood
function around the MLE. That option is also available for empirical likelihood.
With parametric likelihoods it is usually not difficult to compute the likelihood

itself, even when it is hard to maximize over some nuisance parameters. Most of
the statistics considered in this text are defined through estimating equations. In
this setting the empirical likelihood is also easy to compute, reducing to a convex
optimization for which the unique global optimum can be easily found by iterated
least squares.
The bootstrap and empirical likelihood can be combined effectively. One way

is to use empirical likelihood to determine a nested family of confidence regions,
and the bootstrap to pick out which one to use for a given level of confidence. An-
other combination is to resample from a distribution that maximizes the empirical
likelihood subject to some constraints. Parametric and empirical likelihoods can
also be combined to good effect on some problems.

1.3 Bibliographic notes

Owen (1988b) proposed empirical likelihood for the univariate mean and some
other statistics, extending earlier work of Thomas & Grunkemeier (1975) who
employ a nonparametric likelihood ratio idea to construct confidence intervals
for the survival function. That work in turn builds on nonparametric maximum
likelihood estimation which has a long history in survival analysis (see Chapter 6).
Empirical likelihood has much in common with some other statistical methods,

as described in more detail throughout this text. In particular, the Bayesian boot-
strap of Rubin (1981) (see Chapter 9.5), the nonparametric tilting bootstrap of
Efron (1981) (Chapter 9.6), a survey sampling estimator of Hartley & Rao (1968)
(Chapter 8.10), and the method of sieves of Grenander (1981) (Chapter 9.10) are
all closely related to empirical likelihood.
The earthworm data were taken from Pearl & Fuller (1905). In addition to

counting somites, they also measured the lengths of the worms, and found that
there was very little correlation between the length of a worm and the number of
its somites.
Hall (1987) proposes bootstrap confidence regions formed through a kernel

density estimate applied to the resampled points. He finds that some oversmooth-
ing is required to get convex contours. Owen (1990b) constructs some polygonal
regions based on ideas from Stahel (1981) and Donoho (1982). For every boot-
strap point, find the largest rank it ever attains in a linear projection of all bootstrap
points. Then sort theB bootstrap points by this rank, and find the(1−α)B points
having the smallest rank. The smallest polygon containing those points (their con-
vex hull) is the100(1 − α)% confidence region. It appears that a very largeB is
required to get smooth region boundaries.
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CHAPTER 2

Empirical likelihood

This chapter develops empirical likelihood inference through a nonparametric
likelihood ratio function. The result is an approach using a parametric family that
is a multinomial distribution on alln observed data values. The focus is on set-
ting confidence intervals for the mean of a scalar random variable. Later chapters
extend theapproach to other tasks.

2.1 Nonparametric maximum likelihood

We begin by defining the empirical cumulative distribution function, and showing
that it is a nonparametric maximum likelihood estimate (NPMLE).
For a random variableX ∈ R, the cumulative distribution function (CDF) is

the functionF (x) = Pr(X ≤ x), for −∞ < x < ∞. We useF (x−) to denote
Pr(X < x) and soPr(X = x) = F (x)− F (x−). The notation1A(x) represents
the value1 if the assertionA(x) is true, and0 otherwise.

Definition 2.1 LetX1, . . . ,Xn ∈ R. The empirical cumulative distribution func-
tion (ECDF) ofX1, . . . ,Xn is

Fn(x) =
1
n

n∑
i=1

1Xi≤x

for −∞ < x <∞.

Definition 2.2 GivenX1, . . . ,Xn ∈ R, assumed independent with commonCDF
F0, thenonparametric likelihood of theCDF F is

L(F ) =
n∏

i=1

(F (Xi)− F (Xi−)) .

Definition 2.2 reflects a very literal interpretation of the notion of likelihood.
The valueL(F ) is the probability of getting exactly the observed sample values
X1, . . . ,Xn from the CDFF . One consequence is thatL(F ) = 0 if F is a con-
tinuous distribution. To have a positive nonparametric likelihood, a distributionF
must place positive probability on every one of the observed data values.
Theorem 2.1 proves that the nonparametric likelihood is maximized by the

ECDF. Thus the ECDF is the NPMLE ofF .
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Figure 2.1These histograms display the velocities of 3932 stars, from Hoffleit & Warren
(1991), as described in the text.

Theorem 2.1 Let X1, . . . ,Xn ∈ R be independent random variables with a
common CDFF0. Let Fn be their ECDF and letF be any CDF. IfF �= Fn,
thenL(F ) < L(Fn).

Proof. Let z1 < z2 < · · · < zm be the distinct values in{X1, . . . ,Xn}, and let
nj ≥ 1 be the number of Xi that are equal tozj . Let pj = F (zj) − F (zj−) and
put p̂j = nj/n. If pj = 0 for anyj = 1, . . . ,m, thenL(F ) = 0 < L(Fn), so we
suppose that allpj > 0, and that for at least onej, pj �= p̂j . Now log(x) ≤ x− 1
for all x > 0 with equality only whenx = 1. Therefore

log
(
L (F )
L (Fn)

)
=

m∑
j=1

nj log
(
pj

p̂j

)

= n
m∑

j=1

p̂j log
(
pj

p̂j

)

< n
m∑

j=1

p̂j

(
pj

p̂j
− 1

)
≤ 0,

and soL(F ) < L(Fn).

Figure2.1 showshistogramsof theradial and rotational velocitiesof somestars
from the bright star catalogue. Stars rotate around the center of our galaxy, with
a velocity that depends in part, upon their distance from the center. The radial
velocity of a star is the speed with which it appears to be moving away from us,
with negative values for stars getting closer. The rotational velocity of a star is its
velocity, perpendicular to the line connecting it to the sun.
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Figure 2.2Each plot compares an empirical (solid) and parametric (dashed) CDF for the
velocities of 50 stars. Radial velocities are compared to a normal distribution on the left.
Rotational velocities are compared to a scaled square root of aχ2

(2) distribution on the
right.

The step functions in Figure 2.2 shows the NPMLE Fn(x), for velocities of
the first 50 stars in the data set. This sample size reduction was made so that
the bumpy nature of the NPMLE would be visually apparent. The left plot of
Figure2.2 showsasmooth curvebased on theparametric model Xi ∼ N(µ, σ2),
for radial velocitiesXi. Under this model

F (x) = F (x;µ, σ) =
∫ x

−∞

1√
2πσ

exp
(−(z − µ)2

2σ2

)
dz,

and the curves shown areF (x; µ̂, σ̂) for parametric MLE’sµ̂ andσ̂.
It may be surprising to find that radial velocities are nearly normally distributed.

This would happen if the velocities of the stars relative to the sun had a spherical
Gaussian distribution. In that case the rotational velocities would be the square
roots of scaledχ2

(2) distributions. The right plot in Figure 2.2 shows that such a
model fits the data poorly. The parametric CDF in that plot is that of the square
root of aχ2

(2) distribution scaled to have mean equal to the sample mean squared
rotational velocity.
In parametric models, when̂η is the MLE of η, and we are interested inη

through some functionθ(η), the MLE of θ is θ̂ = θ(η̂). In the nonparametric
setting, we suppose that we are interested inF throughθ = T (F ), whereT is a
real-valued function of distributions. The true unknown parameter isθ0 = T (F0).
Proceeding by analogy, we take the NPMLE ofθ to be θ̂ = T (Fn). Thus if we
are interested in the meanθ0 =

∫
xdF0(x) of X whenX has the distribution

F0, then by analogy, the NPMLE ofθ0 is the mean ofFn. This mean is of course
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X̄ = (1/n)
∑n

i=1Xi. For a subsetA ⊂ R, the NPMLE ofPr(X ∈ A) is the
sample fraction ofXi in A.
For the radial velocities, the parametric MLE leads to an estimate of0.589 for

Pr(X < 0), while the nonparametric one gives an estimate of0.560, in close
agreement. Both parametric and nonparametric MLE’s estimateE(X) as−2.42.
It is visually apparent that the parametric and nonparametric MLE’s of tail prob-
abilities for the rotational velocities differ sharply.
Either the parametric or nonparametric MLE can be best, depending on our

goals and some assumptions on the data. If we are interested primarily in the
probability thatX < x0 then the parametric MLE is likely to be best when the true
distribution is close to the parametric distribution. If the underlying distribution
does not follow the parametric one, then the NPMLE will ordinarily be better, at
least for large enoughn.
For this data set, the parametric model gives a reasonable fit for the radial veloc-

ities, but not for the rotational ones. Empirical CDFs are not very good at showing
differences in the tails of a distribution. A QQ plot of all3932 radial velocities
shows a nearly normal distribution, but with heavier than normal tails.

2.2 Nonparametric likelihood ratios

In parametric inference we may base hypothesis tests and confidence regions on
the likelihood ratio. IfL(η) is much smaller thanL(η̂), then we reject the hypothe-
sis thatη0 = η, and excludeη from our confidence region forη0. Wilks’s theorem
provides that−2 log(L(η0)/L(η̂)) tends to a chisquared distribution asn → ∞,
under mild regularity conditions, allowing us to decide just how smallL(η)must
be in order forη to get rejected. The degrees of freedom in the chisquared distri-
bution are usually equal to the dimension of the set ofη values. When we want a
confidence region forθ we take the image of a confidence region forη. That is

{θ(η) | L (η) ≥ cL (η̂)} ,
where the thresholdc is chosen using Wilks’s theorem, with degrees of freedom
equal to the dimension of the set ofθ values.
Wemay also use ratios of the nonparametric likelihood as a basis for hypothesis

tests and confidence intervals. For a distributionF , define

R (F ) =
L (F )
L (Fn)

,

through thenonparametric likelihoodL(F ) of Definition2.2.Weproceed by anal-
ogy with parametric likelihood. Suppose that we are interested in a parameter
θ = T (F ) for some functionT of distributions. ThisF is a member of a setF
of distributions. In some cases we may takeF to be the set of all distributions on
R. More often, we use a smaller set of distributions. Define the profile likelihood
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ratio function:

R (θ) = sup {R (F ) | T (F ) = θ, F ∈ F} . (2.1)

Empirical likelihood hypothesis tests rejectH0 : T (F0) = θ0, whenR(θ0) <
r0 for some threshold valuer0. Empirical likelihood confidence regions are of the
form

{θ | R (θ) ≥ r0} . (2.2)

In many settings, the thresholdr0 may be chosen using an empirical likelihood
theorem (ELT), a nonparametric analogue of Wilks’s theorem.

2.3 Ties in the data

If Xi = Xj for i �= j, we say thatXi andXj are tied. Let us first consider
data having no ties. If the distributionF places probabilitypi ≥ 0 on the value
Xi ∈ R, then

∑n
i=1 pi ≤ 1, andL(F ) =

∏n
i=1 pi and so

R (F ) =
L (F )
L (Fn)

=
n∏

i=1

npi. (2.3)

For data possibly containing some ties, suppose that the distinct valuezj arises
nj ≥ 1 times in the sample, and has probabilitypj underF . Let k be the number
of distinct values in the data. Then instead of (2.3) we find

R (F ) =
k∏

j=1

(
pj

p̂j

)nj

=
k∏

j=1

(
npj

nj

)nj

. (2.4)

The theory of empirical likelihood is much simpler through equation (2.3) than
equation (2.4). The computation can also be simpler with equation (2.3), though
when the number of ties is enormous, so thatk � n, equation (2.4) might lead to
faster algorithms. Fortunately, we have the choice. If we use (2.3) instead of the
true likelihood ratio (2.4) we get the same profile likelihood ratio functionR(θ).
This holds for any familyF of distributions and for whatever functionT (F ) is
used to defineθ.
To see this, we may apportion the probabilitiespj for a distributionF into

observation specific weightswi ≥ 0 for i = 1, . . . , n. Choose the weights so that
pj is the sum ofwi over alli withXi = zj . Then a distribution putting weightwi

on observationXi reproducesF , and hence anyT (F ).
We define the likelihood ofF in terms of these weights as

∏n
i=1 wi. When

there are ties, this likelihood value is not unique. The valueθ enters a confidence
region if and only if for someF havingT (F ) = θ, the largest value of

∏n
i=1 wi

exceeds a threshold. So we only need to consider the maximum of
∏n

i=1 wi over
weights generating thepj . This maximum arises whenwi = pj(i)/nj(i), with j(i)
determined byXi = zj(i).
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The maximum of
∏n

i=1 wi for a givenF is

k∏
j=1

(
pj

nj

)nj

= L(F )×
k∏

j=1

n
−nj

j .

When we use nonparametric likelihoods through ratios such asL(F )/L(Fn) the
factor

∏k
j=1 n

−nj

j cancels. Thus we may proceed computationally and theoreti-
cally as if there were no ties, writing

R (F ) =
n∏

i=1

nwi, (2.5)

wherewi ≥ 0,
∑n

i=1 wi ≤ 1, andF puts probability
∑

j:Xi=Xj
wj onXi. Equa-

tions (2.5) and(2.3) are, of course, equivalent.
Equation (2.5) describes a function on then-dimensional set of weights

Sn−1 =
{
(w1, . . . , wn) | wi ≥ 0,

n∑
i=1

wi = 1
}
. (2.6)

The setSn−1 is called the probability simplex, or simply the simplex. Because
w1 + · · ·+ wn = 1, the weight set is actuallyn− 1 dimensional and so the sub-
script isn − 1 notn. Forn = 3 the allowable points(w1, w2, w3) are interior to
the equilateral trianglewith corners at (1, 0, 0), (0, 1, 0) and (0, 0, 1). Figure 2.3
shows contours ofR(F ) within this triangle. Empirical likelihood confidence re-
gions are usually constructed as the image under a statistical functionT (F ), of
the interior of ann− 1 dimensional contour ofR(F ).
There is nothing special about one-dimensional data in the arguments above.

Ties can be ignored forXi ∈ R
d, for anyd ≥ 1. In settings more complicated

thann IID observations, where we wish to prove that ties can be ignored, we
return to this approach of putting probabilitiespj on the distinct observed values
and weightswi on the data points.
It is intuitively reasonable that we should ignore ties. Suppose that we generate

tie-breaker random variablesUi ∼ U(0, 1) independently of each other and of
theXi. Now form the observations(Xi, Ui) ∈ R

d+1. Because theUi have a
continuous distribution, there will be no ties among theUi, and hence none among
the (Xi, Ui). Now consider a functionT on the distribution of(Xi, Ui) pairs,
whereT completely ignores theU values. Because empirical likelihood ignores
ties, we get the same confidence regions forT on the(Xi, Ui) pairs as we do on
theXi data alone. Any other answer would be unreasonable. We know that theUi

contain no information and so their presence should not change our answer.

2.4 Multinomial on the sample

A natural starting point for nonparametric inference is the mean of a scalar ran-
dom variable, which we take up here. Developing empirical likelihood confi-

©2001 CRC Press LLC



 

Figure 2.3Shown are contours of the empirical likelihood ratio functionR(F ) for the
case ofn = 3 observations. The likelihood ratio values plotted are 0.1 to 0.9 by steps of
0.1. The bounding triangle hasR(F ) = 0, and the maximum value ofR(F ) is 1.0 at the
center of the triangle.

dence intervals by analogy with parametric likelihood methods gives a degen-
erate confidence interval for the mean. To see this, consider the distributionF =
(1−ε)Fn+εδx whereδx is a distribution taking the valuex with probability one,
andx is not one of the observedXi values. The likelihood ratio for thisF is

R (F ) =
∏n

i=1 (1− ε) /n∏n
i=1 1/n

= (1− ε)n ,

and the mean is(1− ε)X̄ + εx. For any thresholdr0 < 1, taking a small enough
εmakesR(F ) > r0. Then sendingx to±∞ causes the empirical likelihood ratio
confidence interval for the mean to have infinite length.
We can eliminate this problem by changing the setF of candidate distributions.

If X is known to be a bounded random variable, with−∞ < A ≤ X ≤ B <∞
then by takingF to be the set of all distributions for whichX satisfies these
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bounds, a nondegenerate confidence interval results. The practical difficulty is
that even if we know thatX is bounded, we might not know a good bound to use
in practice. For example, we might be convinced that the height of a human being
is a bounded random variable, yet it might not be easy to specify an upper bound
to use in practice.
If we are sampling a bounded random variable, then the sample minimum

An = min1≤i≤nXi and maximumBn = max1≤i≤nXi will approach the tight-
est possible boundsA andB, asn increases. We may obtain finite length confi-
dence intervals by takingF = Fn to be the set of distributions of random vari-
ablesX for whichAn ≤ X ≤ Bn.
Now suppose thatF ∈ Fn and

∫
xdF (x) = µ. Let wi be the weight that

F places on observationXi. When constructing the profile empirical likelihood
function for the mean, we may suppose that

∑n
i=1 wi = 1. If instead, we have∑n

i=1 wi < 1, thenF puts probability1−∑n
i=1 wi > 0 on the interval(An, Bn)

exclusive of sample points there. This probability can be “reassigned” to data
points in such a way that the new distributioñF has the same mean asF but has
L(F̃ ) > L(F ). This reassignment can, for example, be done by increasing the
weightswi for the largest and smallest sample values. The result is that we get
the same profile empirical likelihood ratio function for the mean by takingFn to
be the distributions with

∑n
i=1 wi = 1 as we do takingFn to be all distributions

over the interval[An, Bn].
Using the distributions with

∑n
i=1 wi = 1, we may write the profile empirical

likelihood ratio function for the mean as

R (µ) = max

{
n∏

i=1

nwi |
n∑

i=1

wiXi = µ,wi ≥ 0,
n∑

i=1

wi = 1

}
and the resulting empirical likelihood confidence region for the mean as

{µ | R (µ) ≥ r0} =
{

n∑
i=1

wiXi |
n∏

i=1

nwi ≥ r0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

This region is an interval, as shown in Chapter 2.5.
Empirical likelihood inferences for the mean may be recognized as parametric

likelihood inferences for the mean, using a data-determined parametric family.
The parametric family involved is the multinomial distribution on the observed
values ofXi.
For continuousF , this parametric family will haven parametersw1, . . . , wn.

Since they sum to1, we can reduce this ton − 1 parameters. Most asymptotic
results for parametric likelihood are framed in a setting where there are a finite
number of parameters and a sample sizen tending to infinity. When the number
of parameters grows withn, the parametric MLE might not even approach the
true parameter value. By having the number of parameters grow as quickly as
the sample size, empirical likelihood appears to be very different from parametric
likelihoods.
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WhenF is discrete, the empirical likelihood ratio function is that of a multi-
nomial, but on the observed values only. If there are a finite number of possible
values ofX, then asn increases, eventually all the distinct values have been seen
at least once, and empirical likelihood reduces to a parametric likelihood. IfF
is a discrete distribution for which infinitely many values have positive proba-
bility, then the empirical likelihood will be based on a random data-determined
multinomial with an ever-increasing number of parameters.
Simply requiring a modestly large likelihood ratio forces all but a vanishingly

small amount of theprobability to beplaced on thesample. Lemma2.1 quantifies
this effect.

Lemma 2.1 Suppose that distributionF places probabilityp0 = 1−∑n
i=1 wi on

the setR−{x1, . . . , xn}, and thatR(F ) ≥ r0 > 0. Thenp0 ≤ (1/n) log(1/r0).

Proof. The largest possible value forR(F ), under the problem constraints, arises
with all weights equal to(1− p0)/n. Thusr0 ≤ R(F ) ≤ (1− p0)n, from which

p0 ≤ 1− r1/n
0

= 1− exp(n−1 log r0)

≤ 1− (1 + n−1 log r0)

=
1
n
log

(
1
r0

)
.

Anticipating that a 95% confidence interval corresponds to−2 log(r0) close
to χ2,.95

(1) = 3.84, we considerlog(1/r0)/n = 1.92/n. To contribute a point
to the 95% confidence interval, a distribution has to put more than1 − 1.92/n
probability on the sample. Our restriction to distributions that reweight the data
might push about2/n more probability onto the sample than would otherwise
have been there. Thus the empirical profile likelihood ratio function itself does
most of the work in reducing the class of functions to those supported on the
sample.
We have seen that the restriction to distributions that reweight the sample only

changesO(1/n) of the probability. This probability is small because confidence
regions typically have diameter of ordern−1/2. But changes toO(1/n) of the
probability ofF can have arbitrarily large effects on nonrobust statistics like the
mean, so some clipping of the range ofF is necessary. Clipping to the sample is
perhaps the simplest choice.
In most settings, empirical likelihood is amultinomial likelihood on the sample.

There are some exceptions, such as those where boundedness arises naturally in
the structure of the problem and need not be imposed. For example, when we are
interested in the mean of a bounded function ofX such as1X≥0 or sin(X), then
F can be the set of all distributions onR. Similarly, inferences for the median of
X do not require us to restrict the family of distributions.
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2.5 EL for a univariate mean

Nondegenerate intervals still need to be calibrated, so that we can approximate
a desired level of confidence such as95%. The following univariate empirical
likelihood theorem (ELT) is the basis for such calibration.

Theorem 2.2 (Univariate ELT) LetX1, . . . ,Xn be independent random vari-
ables with common distributionF0. Let µ0 = E(Xi), and suppose that0 <
Var(Xi) <∞. Then−2 log(R(µ0)) converges in distribution toχ2

(1) asn→ ∞.
Proof. SeeExercises2.4 and2.5 for asketch, Chapter 11.2 for a proof.

Two features of Theorem 2.2 are noteworthy. First, the chisquared limit is the
same as we typically find for parametric likelihood models with one parameter.
Second, there is no assumption thatXi are bounded random variables. They need
only have a bounded variance, which constrains how fast the sample maximum
and minimum can grow asn increases.
Theorem 2.2 provides an asymptotic justification for tests that reject the value

µ0 at theα level, when−2 logR(µ0) > χ
2,1−α
(1) . The unrejected values ofµ0 form

a100(1−α)% confidence region, with the same asymptotic justification. Details
of the proof and some simulations both suggest that theχ2,1−α

(1) threshold should

perhaps be replaced byF 1−α
1,n−1. TheF1,n−1 distribution is the square of at(n−1)

distribution while theχ2
(1) distribution is the square of aN(0, 1) distribution. As

n→ ∞, we havet(n−1) → N(0, 1) in distribution, and soF 1−α
1,n−1−χ2,1−α

(1) → 0.
Thus, asn increases, the difference between the two calibrations disappears. The
F calibration usually gives better results in simulations.
It is easy to see that the empirical likelihood confidence region for a mean is al-

ways an interval. Ifµ1 andµ2 are in the confidence region, then there are weights
wij ≥ 0, i = 1, . . . , n, j = 1, 2, with

∑n
i=1 wijXi = µj and

∑n
i=1 wij = 1, and

−2∑n
i=1 log(nwij) ≤ χ2,1−α

(1) . Now for 0 < τ < 1, let µτ = µ1τ + µ2(1 − τ).
The nonnegative weightswi = wi1τ+wi2(1−τ) sum to1, satisfy

∑n
i=1 wiXi =

µτ , and

−2
n∑

i=1

log(nwi) = −2
n∑

i=1

log
(
τnwi1 + (1− τ)nwi2

)
≤ −2

[
τ

n∑
i=1

log(nwi1) + (1− τ)
n∑

i=1

log(nwi2)
]

≤ χ2,1−α
(1) .

It follows that the empirical likelihood confidence region for the mean contains
the line segment connecting any two of its points, and so it is an interval.
Figure 2.4 shows 29 determinations of the mean density of the earth, relative

to water. These were made by Cavendish in 1798 and appear in Stigler (1977).
The mean of Cavendish’s values is5.420, somewhat below the presently accepted
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Figure 2.4Shown are 29 of Cavendish’s measurements of the mean density of Earth, rela-
tive to water. Source: Stigler (1977).

value of 5.517. Figure 2.5 shows the empirical likelihood ratio function for the
mean of these data, with the modern value for the density of the earth marked. The
modern value lies just inside the 95% empirical likelihood confidence interval,
which extends from5.256 to 5.521.

2.6 Coverage accuracy

A 100(1−α)% empirical likelihood confidence interval is formed by taking those
valuesµ for which −2 logR(µ) ≤ χ2,1−α

(1) , that isR(µ) ≥ exp(−χ2,1−α
(1) /2).

The probability thatµ0 is in this interval approaches the nominal value1 − α as
n→ ∞. That is, the coverage error

Pr
(−2 logR(µ0) ≤ χ2,1−α

(1)

) − (
1− α) → 0

asn → ∞. The mathematical analysis of coverage error is presented in some
works described in the bibliographic notes at the end of this chapter. This section
outlines the findings of those works.
Ideally, a confidence interval should have exactly the coverage1− α for anyn

and any sampling distributionF0. As discussed in Chapter 2.11, no exact nonpara-
metric confidence intervals exist for the sample mean. As a result nonparametric
confidence intervals are asymptotic confidence intervals, as indeed are most para-
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Figure 2.5The solid curve shows the empirical likelihood ratio function for the mean
of Cavendish’s measurements of the density of the earth, relative to water. The modern
value of 5.517 is shown as a solid reference point. Two short dotted reference bars delimit
the 95% interval and a solid bar shows the sample mean. The points where empirical
likelihood was computed are shown as small solid circles connected by interpolation as
described in Chapter 2.9.

metric confidence intervals. The convention used here is that any confidence state-
ment is an asymptotic one, unless explicitly stated otherwise.
Under mild moment conditions, the coverage error for empirical likelihood

confidence intervals decreases to zero at the rate1/n asn→ ∞. This is the same
rate that typically holds for confidence intervals based on parametric likelihoods,
the jackknife, and the simpler bootstrap methods. Even the standard confidence
intervals, meaninḡX ± Z1−α/2s wheres2 = (n − 1)−1

∑n
i=1(Xi − X̄)2 and

Pr(N(0, 1) ≤ Z1−α) = 1 − α, have this rate of coverage error. The coverage
error in a nonparametric confidence interval for a univariate mean typically takes
the form

1
n
ϕ
(
Z1−α/2

)
exp

[
A+Bγ2 + Cκ

]
+O

( 1
n2

)
whereϕ is the standard normal density function. The quantitiesγ andκ are the
skewness and kurtosis ofX, introduced in Chapter 1.1. The constantsA,B,C dif-
fer for the various confidence interval methods. Byn = 20, this formula usually
predicts the coverage error of a95% confidence interval for the mean, to within1
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percentage point of its actual coverage error. The exceptions arise for very heavy
tailed distributions, where the theory tends to greatly underestimate the coverage
level.
For parametric likelihood intervals, the coverage error is typicallyO(1/n) if

the model is true, though it need not converge to0 asn increases, if the model is
not true. A Bartlett correction can be used to reduce parametric coverage errors
toO(n−2). A Bartlett correction also applies for empirical likelihood. Jackknife,
bootstrap, and standard intervals are not Bartlett correctable.

2.7 One-sided coverage levels

For some applications a one-sided confidence interval, corresponding to a one-
tailed test, is desired. We may know thatµ ≥ µ′ and so be interested in testing
µ = µ′ versusµ > µ′. Or, when the consequences of smallµ are benign while
those of largeµ are serious we might want a one-sided confidence interval of the
form (−∞, U) for µ.
If (L,U) is a two-sided100(1− α)% empirical likelihood confidence interval

for µ, then we might consider using(−∞, U) and(L,∞) as one-sided100(1 −
α/2)% confidence intervals for the mean. The coverage error in these one-sided
intervals decreases to zero, but only at the relatively slow raten−1/2 asn → ∞.
Chapter 13 presents methods to modify empirical likelihood, to achieveO(n−1)
coverage errors for one-sided confidence intervals. The modifications result in
shifts of size∆L and∆R at the left and right endpoints of the interval, respec-
tively, where∆L and∆R are data determined and equal or very nearly equal to
each other.
Confidence intervals based on thresholding a parametric likelihood also typ-

ically haveO(n−1) two-sided coverage errors andO(n−1/2) one-sided errors.
They also can be modified to haveO(n−1) coverage errors for one-sided infer-
ence.
Every point inside a likelihood interval, parametric or empirical, is deemed to

be more likely than every point outside it. When such intervals are modified to
equalize coverage errors in the two tails, the result is that some points inside the
new interval have lower likelihood than some other points outside of it.
Thus there is a trade-off between separating more likely from less likely param-

eter values, and equalizing tail errors. We can achieve one goal with high accuracy
asn → ∞, but then the other is attained at a slower rate. The examples in this
book use confidence regions based on thresholding the empirical likelihood with-
out employing any of the tail area equalization methods described in Chapter 13.
In multi-parameter problems, the goal of equalizing coverage errors between

the tails becomes more challenging. Then the shape of the confidence region is
more complicated than just a left and right distance fromµ̂. Noncoverage events
can happen in a continuum of directions, not just two. There is a sense in which
empirical likelihood confidence regions have the right shape in higher dimen-
sional problems. There again a shift is required. We must shift the whole set of
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contours by some vector∆. See the discussion of pseudo-likelihood in Chap-
ter 13.3.

2.8 Power and efficiency

It is very important to have approximately the right coverage in a confidence in-
terval, or hypothesis test, for otherwise the resulting inferences are not reliable.
But there is also a need for efficiency. If a test does not have good power, or a con-
fidence interval is too long, then the data have not been fully utilized. Accuracy
and efficiency trade off in confidence interval problems, just as bias and variance
often trade off in parameter estimation problems. An interval with nearly the right
coverage but highly variable length is not useful. In the extreme case, consider
an interval that is equal to all ofR with probability 0.95 and has length0 with
probability0.05. It has exactly the right coverage but the corresponding test has
only 5% power against any alternative.
One way to assess the power of empirical likelihood is through the curvature

ofR at the NPMLEX̄. For large sample sizes,log(R(µ)) .= −nσ−2
0 (µ− X̄)2/2

for µ nearX̄, whereσ2
0 = Var(Xi). The greater the (absolute) curvature in this

quadratic, the shorter the confidence intervals for a given level of coverage, and
hence the greater the power. It can be shown that

−2 logR(
µ0 + τσ0n

−1/2
) → χ2

(1)(τ
2), (2.7)

in distribution, whereτ2 is a noncentrality parameter. This means that empirical
likelihood inferences will have roughly the same power as parametric inferences,
in a family with Fisher information equal to1/σ2

0 .
Asymptotic comparisons described in Chapter 3.17 show that, to first order,

empirical likelihood has the same power as the bootstrapt against alternatives
that areO(n−1/2) distance from the null hypothesis. Surprisingly, empirical like-
lihood usually matches the power of parametric likelihood ratio tests to second
order, as described in Chapter 3.17.
We might have expected good power properties for empirical likelihood, be-

cause likelihood ratio tests are known to be the most powerful tests in multinomial
settings, with considerable generality regarding the hypothesis being tested, the
alternative of interest, and the competing method under consideration. As Hoeff-
ding (1965) writes:

If a given test of sizeαn is “sufficiently different” from a likelihood ratio test then
there is a likelihood ratio test of size≤ αn that is considerably more powerful than the
given test at “most” points in the set of alternatives whenn is large enough, provided
thatαn → 0 at a suitable rate.

The empirical likelihood setting is not as simple as a multinomial because the
support set is random and may increase in cardinality withn. But a version of the
universal power optimality of likelihood ratio tests has been established for empir-
ical likelihood. These power results are of the large deviations kind, though they
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do not necessarily require large sample sizes to be evident. They are described in
Chapter 13.5.

Some simulation evidence exists to support these asymptotic results. Simu-
lations can compare power of methods directly, or indirectly by measuring the
length of confidence intervals. It has been observed empirically and theoreti-
cally that nonparametric confidence intervals tend to undercover, approaching
their nominal coverage levels from below asn → ∞. Simulations that ignore
this phenomenon can assess coverage but are inconclusive regarding power and
its trade-off with coverage. Comparisons of coverage alone favor methods with
longer intervals (less power) while comparisons of interval length alone favor
methods with more severe undercoverage.

Some simulations cited in Chapter 13.6 compare power after first doing a simu-
lation to calibrate coverage levels. These found that empirical likelihood has bet-
ter power than the other methods considered at most of the alternative hypotheses
simulated. Another simulation, described in Chapter 2.11, compared methods by
forcing them to use the same confidence interval length in each Monte Carlo sam-
ple. Empirical likelihood obtained competitive coverage whether it or the other
method chose the interval length.

2.9 Computing EL for a univariate mean

Empirical likelihood inferences for the univariate mean require the following
computational chores: To test whetherµ = µ0, we need to computeR(µ0). To
set confidence limits forµ, we need to find the two values ofµ that solve the
equationR(µ) = r0, given a threshold valuer0. To plot the curveR(µ), we need
to computeR(µ) at numerous points over the range of interest and then interpo-
late them. The computations are described at a high level, but with some practical
details to ease the job of implementing them.

We begin by describing how to computeR(µ). Let the ordered sample values
beX(1) ≤ . . . ≤ X(n). First we eliminate the trivial cases. Ifµ < X(1) or µ >
X(n) then there are no weightswi ≥ 0 summing to1 for which

∑
i wiXi = µ. In

such cases we takelogR(µ) = −∞, andR(µ) = 0 by convention. Similarly if
µ = X(1) < X(n) or µ = X(n) > X(1) we takeR(µ) = 0, but ifX(1) = X(n) =
µ, we takeR(µ) = 1.
Now consider the nontrivial case, withX(1) < µ < X(n). We seek to max-

imize
∏

i nwi, or equivalently
∑n

i=1 log(nwi) overwi ≥ 0 subject to the con-
straints that

∑n
i=1 wi = 1 and

∑n
i=1 wiXi = µ. We write the latter constraint

as
∑n

i=1 wi(Xi − µ) = 0. The objective function
∑n

i=1 log(nwi) is a strictly
concave function on a convex set of weight vectors. Accordingly a unique global
maximum exists. We also know that the maximum does not have anywi = 0, so
it is an interior point of the domain.
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We may proceed by the method of Lagrange multipliers. Write

G =
n∑

i=1

log (nwi)− nλ
n∑

i=1

wi (Xi − µ) + γ
( n∑

i=1

wi − 1
)
,

whereλ andγ are Lagrange multipliers. Setting to zero the partial derivative of
G with respect towi gives

∂G

∂wi
=

1
wi

− nλ (Xi − µ) + γ = 0.

So

0 =
n∑

i=1

wi
∂G

∂wi
= n+ γ,

from whichγ = −n. We may therefore write

wi =
1
n

1
1 + λ (Xi − µ) .

The value ofλ may be found by numerical search. We know thatλ = λ(µ)
solves

1
n

n∑
i=1

Xi − µ
1 + λ(Xi − µ) = 0. (2.8)

The left side of (2.8) equals̄X − µ atλ = 0. It is strictly decreasing inλ, as may
be found by differentiation. Monotonicity of (2.8) makes a bisection approach
workable, but bisection is slow. Safeguarded search methods, like Brent’s method
or some versions of Newton’s method, are preferable. They combine the reliability
of bisection, with a superlinear rate of convergence to the solution.
To begin the search forλ(µ) we need an interval known to containλ(µ). We

know that everywi > 0, and so everywi < 1. A bracketing interval may be found
by alternately setting to1 the weight on theminimum andmaximum observations.
Thus we may start the search knowing that

1− n−1

µ−X(n)
< λ(µ) <

1− n−1

µ−X(1)
. (2.9)

The algorithm then successively refines the interval forλ given by (2.9) until
the endpoints agree to a user-specified tolerance. For example, the user might be
satisfied if the two values oflog(R(µ)) from the endpoints of the interval forλ(µ)
agree to within10−6.
To set a confidence interval forµ, we need to locate upper and lower limitsµ+

andµ− for whichR(µ±) = r0 ∈ (0, 1). We know that

X(1) ≤ µ− ≤ X̄ ≤ µ+ ≤ X(n), (2.10)

and these bounds can be used in two separate safeguarded searches. We could
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search for theµ solvingR(µ) = r0 using a search to findR(µ) at each candi-
dateµ.
Such a nested search forµ is slower than necessary, though not necessarily slow

in an absolute sense. A faster approach is to reformulate the problem as optimiz-
ing

∑n
i=1 wiXi subject to the constraints

∑n
i=1 wi = 1 and

∑n
i=1 log(nwi) =

log(r0). In this formulation we take the Lagrangian to be

G =
n∑

i=1

wiXi − η
( n∑

i=1

log(nwi)− log(r0)
)
− γ

( n∑
i=1

wi − 1
)
.

Some calculus, like that above, shows thatwi = η/(Xi − γ) and so

wi = wi(γ) =
(Xi − γ)−1∑n

j=1(Xj − γ)−1
.

To findµ− we solve
∑

i=1 log(nwi(γ)) = log(r0), searching forγ between−∞
andX(1). To findµ+ we search forγ betweenX(n) and∞.
The endpoints in the search forγ are more delicate than in the search forλ.

One endpoint is infinite and the other gives an infinite value forR. In practice we
have to search first for endpoints near the ones given above before beginning the
safeguarded search.
To displayR(µ) we need to compute it at several values. Letµ(i) = X̄ + iδ

for someδ > 0 and integeri ≥ 0. A good strategy to compute the right side of
the empirical likelihood ratio curve is to computeR(µ(i)) for i increasing from
0, whereR(µ(0)) = 1, until log(R(µ(i)) is too small to be of interest, but in
any case stopping beforeµ(i) > X(n). For example a limit oflog(R) = −25.0
corresponds to a nominalχ2

(1) value of−2 × 25 = 50. Such aχ2 value in turn

corresponds to ap-value of about1.5 × 10−12, and we seldom need to consider
p-values smaller than this. When searching forλ(µ(i)), a good starting value is
λ(µ(i−1)), and we may begin withλ(µ0) = 0. To compute the left side of the
empirical likelihood ratio curve, we repeat the process above fori decreasing
from 0 untilR(µ(i)) is very small.
If δ is too small then too many steps are required to compute the curve. Ifδ is

too large, then not enough points appear in the curve. The value ofδ can be found
by trial and error. It is usually satisfactory to have about20 of the profile points
between the 95% confidence interval endpoints. Those endpoints are roughly
4sn−1/2 apart wheres is the sample standard deviation. Soδ = 0.2 × sn−1/2

is usually reasonable. Whenn is small or the sample is very skewed it may be
necessary to use a smaller value ofδ.
Most plotting systems will connect the points(µ(i),R(µ(i))) by straight lines.

This can give an unsatisfactory appearance to the curve, often with a prominent
triangular peak at the MLE. The functionlog(R(µ)) is approximately quadratic
aroundµ̂ = X̄. A better looking curve is obtained by fitting an interpolating spline
through(µ(i), log(R(µ))). If the spline curve has values(xj , yj) on a fine grid of
xj values, then a plot linearly interpolating the(xj , exp(yj)) points usually gives
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a reasonable version ofR(µ) versusµ. On rare occasions with badly spacedµi

or unusual behavior inR(µi) the spline can show a Gibbs effect in which the
exponentiated spline produces likelihood ratios over1.0. The remedy is to insert
more likelihood evaluations, or to resort to linear interpolation.

2.10 Empirical discovery of parametric families

Suppose thatF0 is in fact inside a known parametric family. It is natural to wonder
whether the empirical likelihood function can discover this fact and match the
parametric inferences. It cannot. There is no unique parametric family throughF0

to discover.
Suppose, for example, thatXi are normally distributed with meanµ0 = 1 and

varianceσ2
0 = 1. ThenF0 belongs to the following families among others:

N(µ, 1), µ ∈ R,
N(µ, µ2), µ ∈ (0,∞),
N(µ, e1−µ), µ ∈ R,
N(1, σ2), σ ∈ (0, 10).

No sample fromN(1, 1), however large, can identify one of these models as the
true parametric family. They are all equally true, and they have different conse-
quences for how hard it is to learnµ from data. These parametric families are
illustrated in Figure2.6.
A choice of a parametric family requires knowledge from outside of the sam-

ple. Such prior information may specify a set of distributions known to include
F0, perhaps based on experience with previous data thought to be similar to the
present data. Different investigators could reasonably have different prior infor-
mation, select different parametric families, and so obtain different answers.
If side information is available, then it can often be used in empirical likelihood.

If, for example, we know thatVar(X) = E(X)2 or thatκ = 0, then these facts
can be imposed directly as side constraints. It is not necessary to find a parametric
family with those constraints built in. See Chapter 3.10.
With empirical likelihood, we ordinarily assume no knowledge outside of the

data. Therefore we expect empirical likelihood confidence intervals to be asymp-
totically at least as long as those for any reasonable parametric family contain-
ing F0. We would like empirical likelihood inferences to behave like parametric
inferences in a least favorable family: one in which inference is not artificially
easy. Chapters 9.6 and 9.11 discuss connections between empirical likelihood and
Stein’s concept of least favorable families of distributions.
While empirical likelihood is expected to provide confidence intervals no nar-

rower than a parametric family containing the true distributionF0, it is possible
to find that empirical likelihood confidence intervals are sometimes narrower than
parametric ones. This can easily happen if the parametric family is incorrect. For
example, ifκ < 0, then the normal theory confidence intervals for the variance
will be longer than the empirical ones, for large enoughn.
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Figure 2.6The curves depict four single parameter families through the distribution
N(1, 1), shown as a point. For each family, the variance is plotted versus the mean. The
families are given in the text. Only the portions for which 0≤ µ ≤ 3 and 0≤ σ2 ≤ 5 are
shown.

2.11 Bibliographic notes

Nonparametric maximum likelihood

The fact that the ECDF is an NPMLE was first noticed by Kiefer & Wolfowitz
(1956). The NPMLE idea was used by Kaplan & Meier (1958) to derive the
product-limit estimator for the CDF from censored data. Johansen (1978) shows
that product-limit estimators are NPMLE’s for transition probabilities of contin-
uous time Markov chains. Grenander (1956) constructs an NPMLE for a distri-
bution known to have a monotone decreasing density over[0,∞). Hartley & Rao
(1968) show how to construct the NPMLE from a simple random sample of a
finite population.

The star velocities are from the bright star catalogue of Hoffleit & Warren
(1991). These data are also available on the Internet. Only those stars for which
both velocities are recorded were used. These tend to be the stars nearest the sun.
Binney & Merrifield (1998) provide information on stars and their movements.
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Likelihood ratios

Theorem 2.2 on empirical likelihood was proved by Owen (1988b), who shows
how ties may be ignored, and also presents an ELT for (Fréchet) differentiable sta-
tistical functions. An ELT for the mean of bounded scalar random random vari-
able appears in Owen (1985). The discussion of computing is based on Owen
(1988b), as is the noncentralχ2 result at(2.7). Brent’s method and other safe-
guarded searches are described in Press, Flannery, Teukolsky & Vetterling (1993).
Neyman & Scott (1948) provide a famous example of the adverse consequences

to likelihood methods when the number of parameters goes to infinity with the
sample size. They haveXij ∼ N(µj , σ

2) for j = 1, 2 andi = 1, . . . , n. Then as
n→ ∞ the MLE σ̂2 → σ2/2 and so is not consistent.
The earliest known use of an empirical likelihood ratio function is Thomas &

Grunkemeier (1975). They consider the problem of forming a confidence inter-
val for the survival function based on censored data. The Kaplan-Meier estimate
gives the NPMLE, and nonparametric likelihood arguments can be used to form
a confidence interval.
Cavendish’s data appear in Stigler (1977). That article compares methods of

estimating a parameter from data in cases where we now know the true value.
Stigler’s motivation was to assess whether robust estimators would have helped.
One particularly delicate issue is that each scientist’s instruments had built-in bi-
ases.

Coverage levels

Bahadur & Savage (1956, Corollary 2) show that no nontrivial confidence interval
can be computed for the mean if the familyF of possible distributions is suffi-
ciently rich. Their results rule out the existence of exact or even of conservative
nonparametric confidence intervals for the mean. They letF be any set of distri-
butions forX ∈ R, satisfying three conditions:

1.
∫ |x|dF (x) <∞ for all F ∈ F ,

2. for eachm ∈ R there is anF ∈ F with
∫
xdF (x) = m, and

3. if F,G ∈ F , thenλF + (1− λ)G ∈ F for 0 ≤ λ ≤ 1.
Now suppose that a confidence interval method has probability at least1 − α of
covering the mean ofF , with this holding for allF ∈ F . Then for everyF ∈ F
and everym ∈ R, that method has probability at least1− α of coveringm when
sampling fromF . This failure cannot be escaped by taking random endpoints for
the interval, or by taking a random (but always finite) number of observations.
The problem is thatF can place a very small probabilityp on a very large value
X0. The probabilityp can be small enough thatX0 is unlikely to be seen in a
sample of sizen. ButX0 can be large enough thatpX0 is not small compared to
E(X).
Nonparametric confidence intervals typically approach their asymptotic cov-

erage levels from below. For finiten, the true coverage level is usually, though
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not always, below the nominal level. This has been observed for empirical like-
lihood by Owen (1988b), Owen (1990a), and others, for generalized method of
moments by Imbens, Spady & Johnson (1998) and others cited therein, and for
the bootstrap by Schenker (1985) and others. Kauermann & Carroll (2000) give
explicit undercoverage formulas for some confidence intervals based on sandwich
estimators of variance. Undercoverage can also arise for asymptotically justified
confidence intervals in parametric problems.
As Efron (1988) shows, practically significant errors in coverage levels can

correspond to very minor-looking errors in the endpoints of confidence intervals;
the noncoverage events are typically near misses. Asymptotic confidence regions
give a realistic separation between more and less plausible parameter values, but
if we see a special valueθ∗ just barely outside an asymptotic confidence region,
we cannot be sure of thep-value for rejectingθ∗. It is a good practice to plot the
confidence interval or region, and then annotate the plot with any values that are
special in the context of the data. Still, undercoverage is to be avoided where pos-
sible, and it can be greatly alleviated by using bootstrap calibration as described
in Chapter 3.3.
Hall (1986) establishes formulas for the coverage error of nonparametric confi-

dence interval methods for themean. Owen (1990a) provides extensive simulation
of various sample sizes and distributions, and finds that byn = 20, Hall’s formu-
las are within roughly1% of the true coverage errors, except for very heavy tailed
distributions.
The bibliographic notes for Bartlett correction, signed root corrections and bias

shifting of empirical likelihood appear on page 257 at the end of Chapter 13.
Very general power optimality was shown for likelihood ratio tests by Hoeff-

ding (1965). A version for empirical likelihood, discussed in Chapter 13.5. is
due to Kitamura (2001), who also presents some simulations. The simulations in
Owen (1990a) showed that the bootstrap-t produced the best confidence intervals
for the univariate mean. The hardest problem turned out to be covering the mean
of the lognormal distribution. In each simulated data set, every competing method
constructed a confidence interval. The lengths of these intervals were recorded.
Then each method constructed a set of intervals, using the interval lengths chosen
by every other method. Empirical likelihood intervals often achieved better cover-
age when using an interval of a given length than did the method whose nominal
95% interval was of that length.

2.12 Exercises

Exercise 2.1Another approach to breaking ties is to perturbXi ∈ R
d intoXε

i =
Xi + εZi, whereZi ∼ N(0, Id) are independent of each other and theXi.
Let T be a function of the distribution ofXi. LetR(θ, ε) = max{∏n

i=1 nwi |
T (

∑n
i=1 wiδXi

) = θ, wi ≥ 0,
∑n

i=1 wi = 1}. Doeslimε→0 R(θ, ε) always equal
the unperturbed empirical likelihood ratioR(θ, 0)?
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Exercise 2.2The empirical likelihood ratio is
∏n

i=1 nwi = nn × ∏n
i=1 wi. The

disadvantage of the second expression is that it is a product of one very large
factor and one very small factor. A computer might end up trying to multiply an
overflowing number by an underflowing one. For one specific computer, find out
how largen has to be fornn to overflow its floating point representation. Find out
how largen must be for(1/n)n to underflow. In practice accuracy can be lost at
values ofn smaller than those causing underflow or overflow, and it is better to
work with the log likelihood ratio.

Exercise 2.3Exact confidence intervals are possible for the meanµ in the family
N(µ, 1), and forµ in the familyN(µ, σ2), assumingn ≥ 1 in the first case and
n ≥ 2 in the second. Explain why this does not contradict the result of Bahadur
& Savage (1956) quoted in Chapter 2.11.

Exercise 2.4This exercise and the next provide a nonrigorous sketch of the proof
of Theorem 2.2. Expand equation (2.8) in aTaylor seriesaboutλ = 0. Using the
leading terms show thatλ

.= (X̄−µ)/S(µ)whereS(µ) = (1/n)
∑n

i=1(Xi−µ)2.

Exercise2.5 Substituteλ = (X̄−µ)/S(µ) fromExercise2.4 into an expression
for −2 logR(µ0) and show, after a Taylor approximation, that the result is nearly
equal ton(X̄ − µ0)2/S(µ0). A χ2

(1) limit is then reasonable when
√
n(X̄ − µ0)

is asymptotically normal with a variance estimated byS(µ0).
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CHAPTER 3

EL for random vectors

3.1 NPMLE for IID vectors

In this chapter we consider independent random vectorsXi ∈ R
d for somed ≥ 1,

assuming that they have a common distributionF0. It is no longer convenient
to describeF0 by a cumulative distribution function, there beingd dimensions
along which to cumulate. Instead we describe distributions by the probabilities
that they attach to sets. ThusF (A) meansPr(X ∈ A) for X ∼ F andA ⊆ R

d.
We let δx denote the distribution under whichX = x with probability 1. Thus
δx(A) = 1x∈A.
We still find that the distribution placing probability1/n on each observation

is an NPMLE, under mild changes of notation.

Definition 3.1 LetX1, . . . ,Xn ∈ R
d. The empirical distribution function (EDF)

ofX1, . . . ,Xn is

Fn =
1
n

n∑
i=1

δXi
.

Definition 3.2 GivenX1, . . . ,Xn ∈ R
d, assumed independent with common DF

F0, the nonparametric likelihood of the DFF is

L (F ) =
n∏

i=1

F ({Xi}) .

HereF ({Xi}) is the probability of getting the valueXi in a sample from F .
Like theunivariateDefinition 2.2 this isavery literal interpretation of likelihood.

Theorem 3.1 LetX1, . . . ,Xn ∈ R
d be independent random variables with a

common DFF0. Let Fn be their EDF and letF be any DF. IfF �= Fn, then
L(F ) < L(Fn).

Proof. The proof is essentially the same as that of Theorem 2.1, except that the
distinct valueszj cannot be ordered. That proof made no use of this ordering and
so the same argument applies here, too.
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3.2 EL for a multivariate mean

The ideas of Chapter 2 extend naturally to the multivariate mean. As before, the
profile empirical likelihood ratio function is

R (µ) = max

{
n∏

i=1

nwi |
n∑

i=1

wiXi = µ,wi ≥ 0,
n∑

i=1

wi = 1

}
, (3.1)

except that it is now defined onRd. The confidence region may still be written

Cr,n =

{
n∑

i=1

wiXi |
n∏

i=1

nwi ≥ r, wi ≥ 0,
n∑

i=1

wi = 1

}
(3.2)

only now it isasubset of R
d. TheunivariateELT (Theorem 2.2) generalizes to:

Theorem 3.2 (Vector ELT) LetX1, . . . ,Xn be independent random vectors in
R

d with common distributionF0 having meanµ0 and finite variance covariance
matrixV0 of rankq > 0. ThenCr,n is a convex set and−2 logR(µ0) converges
in distribution to aχ2

(q) random variable asn→ ∞.

The proof of Theorem 3.2 is given in Chapter 11. UsuallyV0 has full rank
q = d, but if theXi are confined to aq-dimensional subspace then we need only
adjust the degrees of freedom to account for it. In practice, we can use the rank of
the sample variance matrix, assuming thatn� d.
Theorem 3.2 suggests that we taker = exp(−χ2,1−α

(q) /2) in order to get a
100(1 − α)% confidence region for the mean. Details of the proof suggest that
we might do better by replacing theχ2

(q) distribution by(n − 1)q/(n − q) times
anFq,n−q distribution. Asn → ∞ these are equivalent. The superiority ofF -
based calibration has also been observed for parametric likelihoods. In the case
q = 1, it is like the difference between using the normal distribution and the
t(n−1) distribution.
Dippers (Cinclus cinclus) are birds that prey on small aquatic creatures. Fig-

ure 3.1 shows the numbers of various types of prey (Caddis fly larvae, Stonefly
larvae, Mayfly larvae, and other invertebrates) found at22 different sites along the
riverWye and its tributaries inWales. The average counts for these prey categories
are92.6, 222.8, 387.0, and127.6, respectively.
We cannot easily display a four-dimensional confidence region for this mean,

but Figure 3.1 does show confidence regions for two pairs of the variables. The
normal theory likelihood regions are simply ellipses, while the empirical likeli-
hood regions appear to take on some of the shape of the data points. The normal
theory regions shown were computed using the Euclidean likelihood of Chap-
ter 3.15.
For small confidence levels, the empirical likelihood regions are nearly ellipses

centered on the sample mean̄X. At the highest confidence levels, the empirical
likelihood regions approach the convex hull of the data.
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Figure 3.1Shown are four sets of confidence regions for a bivariate mean, at nominal
levels 50, 90, 95, and 99 percent, based on aχ2

(2) calibration. The top two panels show
empirical likelihood contours, the bottom two panels show contours from a normal distri-
bution likelihood. The left two panels are for the mean counts of Stonefly and Caddis fly
larvae. The right two panels are for the mean counts of Mayfly larvae and other inverte-
brates. The original data points are shown in each plot. Data source: Iles (1993).

3.3 Fisher, Bartlett, and bootstrap calibration

Theorem 3.2 suggests that the critical value for −2 logR(µ) should be χ2,1−α
(d) ,

when the data have a variance of full rank, at least for large enoughn. Alternative
calibrations can be based on Fisher’sF distribution, on a Bartlett correction, or
on a bootstrap sample.
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Closer inspection of the proof of that theorem gives a lead term of

−2 logR (µ0)
.= n(X̄ − µ0)′V̂ −1(X̄ − µ0)

where

V̂ =
1
n

n∑
i=1

(Xi − µ0) (Xi − µ0)
′
.

This is similar to Hotelling’sT 2, defined as

T 2 = n(X̄ − µ0)′S−1(X̄ − µ0),

where

S =
1

n− 1

n∑
i=1

(Xi − X̄)(Xi − X̄)′,

is the usual unbiased estimate ofV0 = Var(X). The relationship is, after some
algebra

n(X̄ − µ0)′V̂ −1(X̄ − µ0) = T 2

(
1 +

T 2 − 1
n

)−1

= T 2 +Op

(
1
n

)
.

For normally distributedXi, we could usen(X̄−µ0)′V −1
0 (X̄−µ0) ∼ χ2

(d), if

we knewV0. Not knowingV0 wemight use the distribution of Hotelling’sT 2, that
is (n−d)T 2/((n− 1)d) ∼ Fd,n−d. This is also the asymptotic distribution ofT 2

when a central limit theorem applies tōX. Based on this asymptotic equivalence
to T 2, it would seem appropriate to calibrate empirical likelihood with a critical
value of

d(n− 1)
n− d F 1−α

d,n−d. (3.3)

As n → ∞, the two calibrations become equivalent. TheF -based calibration is
larger than the one based on theχ2 and in simulations usually has better coverage.
An F calibration can be seen as an adjustment for sampling uncertainty inV̂ .
Another calibration method for empirical likelihood is to employ a Bartlett

correction, as described in Chapter 13.1. A Bartlett correction replacesχ2,1−α
(d) by

either (
1− a

n

)−1

χ2,1−α
(d) , or,

(
1 +

a

n

)
χ2,1−α

(d) (3.4)

for a judiciously chosen constanta. The coverage error in empirical likelihood us-
ing theχ2 or F calibrations is typically of order1/n. Bartlett correction reduces
the coverage error toO(1/n2). The appropriate value fora depends on higher mo-
ments ofXi, which are generally unknown. If we plug sample versions of those
moments into the formula fora obtainingâ, then the asymptotic rateO(1/n2)
also applies to the coverage error using this sample Bartlett correction.
A particularly effective means of calibration is to use the bootstrap. Forb =
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Figure 3.2Each figure shows a QQ plot of bootstrap resampled values of−2 logR(X̄)
plotted againstχ2 quantiles. From left to right, the plots are for the bivariate mean of
Caddis fly and Stonefly larvae counts, the bivariate mean of Mayfly and other invertebrate
counts, and the quadrivariate mean of all four counts. Theχ2 degrees of freedom are 4
in the rightmost plot and 2 in the others. A 45◦ line is included in each plot. Points are
marked on it corresponding to nominal 90, 95, and 99 percent coveragelevels. Figure3.13
shows corresponding results for two other nonparametric likelihoods.

1, . . . , B, and i = 1, . . . , n, let X∗b
i be independent random vectors sampled

from the EDFFn of the Xi. This resampling can be implemented by draw-
ing nB random integersJ(i, b) independently from the uniform distribution on
{1, . . . , n}, and settingX∗b

i = XJ(i,b). Now letC∗b = −2 log(R∗b(X̄)) where

R∗b(X̄) = max

{
n∏

i=1

nwi |
n∑

i=1

wi(X∗b
i − X̄) = 0, wi ≥ 0,

n∑
i=1

wi = 1

}
,

and define the order statisticsC(1) ≤ C(2) ≤ · · · ≤ C(B). For example, to
get a95% bootstrap calibration we might takeB = 1000 and then use{θ| −
2 logR(θ) ≤ C(950)} as the bootstrap-calibrated95% confidence region.
Figure3.2hasQQplotsthat comparethebootstraporder statisticsC(b) withχ2

quantiles, for the dipper data. The bootstrap empirical likelihood values strongly
indicate that aχ2 calibration is not very reasonable for this small data set. The
largest values of−2 logR including some infinite ones do not fit on the plot.
Chapter 3.16 shows corresponding QQ plots for some other nonparametric likeli-
hoods.
It is clear that for data such as these a Bartlett correction will not make much of

an improvement. The Bartlett correction multiplies theχ2 threshold by a constant,
corresponding to a reference line through the origin with slope1+a/n instead of
1. The bootstrap-resampled empirical log likelihoods for the dipper survey data
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have a QQ plot that is nearly linear close to the origin, but it bends sharply upward
between there and theχ2 quantiles of interest.
The theoretical interest in Bartlett correction is that it shows that a higher order

and subtle property of parametric log likelihood ratio functions carries over to
the empirical log likelihood. In practice bootstrap calibration is likely to be much
more reliable than a Bartlett-correctedχ2 calibration for moderaten, though the
two methods can be combined as described further below.
Figure 3.3 shows bootstrap-calibrated empirical likelihood and normal like-

lihood regions for the dipper data. Bootstrap calibration makes all the regions
larger. The bootstrap-calibrated normal theory regions are always ellipsoidal, and
they include some negative values for the mean number of other invertebrates.
There were5 (of 1000) bootstrap samples for which the Caddis Fly–Stonefly

sample mean was outside the convex hull of the resampled Caddis Fly–Stonefly
data. There were4 such cases for the Mayfly–other sample mean, and23 cases
in which the original four-dimensional mean was outside the convex hull of the
resampled data. The true value of−2 logR for such cases is−∞. The computed
value was about−1000 in these cases.
For continuously distributedXi, there is always a hyperplane separatingX̄

from at least half of the data. The probability ofX̄ lying outside the convex hull
Hb of X∗b

1 , . . . , X
∗b
n is always at least2−n, and may be higher for skewed data.

If the fraction of bootstrap samples with̄X outside ofHb is larger thanα/2,
say, then this is a diagnostic that the restriction of empirical likelihood confidence
regions to the convex hull may be critical.
Bootstrap and Bartlett alternatives toχ2 or F calibration apply to other prob-

lems than the multivariate mean. Some resampled values of −2 logR(γ̂, κ̂) for
theskewnessand kurtosisof theworm somites fromChapter 1 areshown in Fig-
ure 3.4. The χ2

(2) distribution fits the data very well. The sample size is487, so
we might have expected a good fit, but on the other hand, a lot of data might have
been thought necessary to gauge uncertainty in a sample kurtosis.
It is also possible to use the bootstrap to estimate the parameter in the Bartlett

correction. A regression through the origin ofC(b) on χ2,(b−1/2)/B
(2) for the re-

sampled somiteempirical likelihoods isshown asadashed line in Figure3.4. The
regression has a slope of1.107, corresponding to a Bartlett constanta of 33.1 or
35.6 depending on which formula in(3.4) is used.
The practical value of the Bartlett correction is that, wheren is large enough

that the Bartlett correction is accurate, bootstrap Bartlett correction might reason-
ably require fewer resampled likelihood ratios than ordinary bootstrap calibration.
The reason is that bootstrap Bartlett correction requires estimation of a mean or
ratio of means, instead of an extreme quantile. In the resampled worm data, there
were no infinite resampled log likelihoods, but in general such infinities can arise.
A safer approach to estimatinga is to equate a trimmed mean of theCb (leaving
out the largest values) to the corresponding trimmed mean of the(1 + a/n)χ2

(d)

distribution.
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Figure 3.3Shown are bivariate 95% confidence regions for the mean, calibrated byχ2 and
by the bootstrap, for the 22 data points in the dipper survey. The top row shows empirical
likelihood, the bottom row shows ellipsoidal regions calibrated by normal theory and by
the bootstrap. In all four plots, bootstrap calibration gives the larger region.

3.4 Smooth functions of means

Empirical likelihood methods for the mean require some modifications to work
for other parameters like the variance. The variance ofX is the mean of(X−µ)2,
in whichµ, the mean ofX, is usually unknown. If we knewµ then we could form
sample values(Xi − µ)2 and construct an empirical likelihood ratio function for
their common mean. Here we consider extending empirical likelihood inferences
to statistics that can be written as smooth functions of a finite-dimensional vector
of means.
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Figure 3.4Shown is a QQ plot of 500 bootstrap resampled values of−2 logR(γ̂, κ̂) for
the earthworm somite counts from Chapter 1, versusχ2

(2) quantiles. The solid reference line
is the 45◦ line. The reference points on that line correspond to nominal confidence levels
of 90, 95, and 99 percent. The dashed reference line is for an estimated Bartlett correction
as described in the text.

For the distributionF with weightswi the variance is written

σ2 (F ) =
n∑

i=1

wi (Xi − µ (F ))2 =
n∑

i=1

wiX
2
i −

(
n∑

i=1

wiXi

)2

, (3.5)

whereµ(F ) =
∑n

i=1 wiXi. Note that under this definition the NPMLE of the
variance is(1/n)

∑n
i=1(Xi − X̄)2, or (n−1)/n times the usual unbiased sample

variance. Unlessn is small the distinction is not practically significant. The profile
likelihood ratio function for the variance is

R (
σ2

)
= max

{
n∏

i=1

nwi |
n∑

i=1

wi (Xi − µ (F ))2 = σ2, wi ≥ 0,
n∑

i=1

wi = 1

}
.

Equation (3.5) above shows thatσ2 can be written as a smooth function of
the mean of the vector(X,X2). That is,σ2 = E(X2) − E(X)2 and σ̂2 =
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Ê(X2)− Ê(X)2. Similarly, the correlation betweenX andY ,

ρ =
E (XY )− E (X)E (Y )√

Var (X)Var (Y )
,

is a smooth function of the mean of(X,Y,X2, Y 2,XY ), and a regression coef-
ficient is a smooth function of means of cross products among the predictors and
between the predictors and the response.
To formulate the problem in general, suppose thatXi ∈ R

d are indepen-
dent random variables with common distributionF0 having meanµ0. Let h be
a smooth function fromRd to R

q for 1 ≤ q ≤ d. The parameter isθ0 = h(µ0)
and the NPMLE iŝθ = h(X̄). The profile empirical likelihood ratio function is

R (θ) = max

{
n∏

i=1

nwi | h
( n∑

i=1

wiXi

)
= θ, wi ≥ 0,

n∑
i=1

wi = 1

}
.

Theorem 3.3 Suppose thatXi ∈ R
d are independent with common distribution

F0, having meanµ0 and variance matrixV0 of full rank d. Let h be a smooth
function fromR

d to R
p for 1 ≤ p ≤ d, and suppose that thed × p matrixG of

partial derivatives ofh(µ) with respect to components ofµ has rankq > 0 at
µ = µ0. Defineθ0 = h(µ0),

C(1)
r,n =

{
n∑

i=1

wiXi |
n∏

i=1

nwi ≥ r, wi ≥ 0,
n∑

i=1

wi = 1

}
,

C(2)
r,n =

{
h(µ) | µ ∈ C(1)

r,n

}
,

and

C(3)
r,n = {θ0 +G′(µ− µ0) | µ ∈ C(1)

r,n}.
Then asn→ ∞,

Pr(θ ∈ C(3)
r,n) → Pr(χ2

(q) ≤ −2 log(r)),
and

sup
µ∈C

(1)
r,n

‖h(µ)− θ0 −G(µ− µ0)‖ = op(n−1/2).

Proof. The linearizationθ0 + G′(µ − µ0) has meanθ0 and varianceG′V0G of
rank q > 0, so the first claim followsby Theorem 3.2. The second claim follows
from the definition of the derivative.

Theorem 3.3 shows that confidence regions C(3)
r,n formed by linearizingh(µ)

aroundh(µ0) have an asymptoticχ2
(q) calibration, whereq is the rank of the

∂h(µ0)/∂µ. The confidence regions that one actually uses are of the formC
(2)
r,n
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Figure 3.5The left plot shows the value of the S&P 500 index for 256 trading days. These
values were converted into 255 logarithmic returns. The right plot shows a QQ plot of
these returns to theS&P 500 index. Source: http://finance.yahoo.com

which differs fromC(3)
r,n by op(n−1/2). This difference is an asymptotically neg-

ligible fraction of the diameterO(n−1/2) of the confidence regions.
Theorem3.3doesnot directly say thatPr(θ0 ∈ C(2)

r,n) → Pr(χ2
(q) ≤ −2 log(r)).

That this limit does hold follows from the smooth function of means results de-
scribed in Chapter 13.1. Those results require stronger conditions than Theo-
rem 3.3, and they also establish Bartlett correctability. The weakest conditions
under whichPr(θ0 ∈ C

(2)
r,n) → Pr(χ2

(q) ≤ −2 log(r)) holds have not yet been
determined.
Figure 3.5 shows the S&P 500 stock index for 256 trading days, covering the

period from August 17, 1999 to August 17, 2000. LettingYi denote the value of
the index on dayi, thenXi = log(Yi/Yi−1) is the daily (logarithmic) return for
the index. Figure3.5 also showsaQQplot of the255 returns for theyear starting
August 18, 1999 and ending August 17, 2000. We will analyze these data as if the
Xi were independent. Chapter 3.17 describes the distribution of financial returns.
Chapter 8 describes time series methods of empirical likelihood that could handle
the sort of dependencies found in financial data.
Considerable interest attaches to the variance of financial returns. One reason is

that an option to buy or sell the underlying quantity at a later date is more valuable
if that quantity is highly variable. To convert a daily variance into an annual one,
we multiply by255. The square root of the annualized variance is known as the
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Method Lower Upper

Empirical Likelihood 18.95% 24.22%
Normal Theory 19.50% 23.22%

Table 3.195% confidence intervals for the volatility of the S&P 500 index.

volatility. For this data set the sample value of the volatility is

σ̂ =
(
255
n

n∑
i=1

(Xi − X̄)2
)1/2

= 0.2116,

described as21.16% volatility.
Logarithmic returns usually have nearly a normal distribution, except for tails

that are heavier than those of the normal distribution. Extrememarket movements,
both up and down, tend to be more extreme than the normal distribution would
predict. The sample kurtosis for these data isκ̂ = 1.79. Normal theory confi-
dence intervals can either be based on the normal likelihood, or on the result that
σ̂2/σ2 ∼ χ2

(254)/254 under a normal distribution. Either form of normal theory
confidence interval for the volatility of returns would ordinarily be too narrow.
Table 3.1 shows 95% confidence intervals for the volatility of the S&P 500

index. The intervals obtained using empirical likelihood are in this case almost
42%wider than the normal theory ones. Because returns have heavy tails, we have
reason to expect that the normal theory interval is too narrow, whereas asymptotic
theory justifies the empirical likelihood interval.
Figure 3.6 shows parametric and empirical profile likelihood ratio functions

for the volatility of the S&P 500 index data. The parametric curve is based on a
normal distribution for the data. It has asymptotic justification if the normal dis-
tribution holds, or more generally, ifκ = 0. The empirical likelihood inferences
have an asymptotic justification under the much weaker condition thatκ < ∞.
For financial data it is common that the true kurtosisκ > 0, in which case nor-
mal theory confidence intervals are too short. Returns for commodities or some
individual stocks can have a kurtosis much larger than that of the S&P 500 index,
yet even here taking account of the kurtosis makes a noticeable difference to the
confidence interval.

3.5 Estimating equations

Estimating equations provide an extremely flexible way to describe parameters
and the corresponding statistics. For a random variableX ∈ R

d, a parameter
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Figure 3.6The solid outer curve shows the empirical likelihood ratio function for the
annualized volatility of the S&P 500 stock index. The inner curve shows the normal theory
likelihood ratio function. Empirical likelihood inferences are asymptotically valid forκ <
∞ whereas normal theory ones requireκ = 0.

θ ∈ R
p, and a vector-valued functionm(X, θ) ∈ R

s suppose that

E(m(X, θ)) = 0. (3.6)

The usual setting hasp = s and then under conditions onm(X, θ) and possibly
onF , there is a unique solutionθ. In this just determined case, the true valueθ0
may be estimated by solving

1
n

n∑
i=1

m(Xi, θ̂) = 0 (3.7)

for θ̂. To write a vector mean by equation (3.6), we takem(X, θ) = X − θ, and
then equation (3.7) giveŝθ = X̄. ForPr(X ∈ A) takem(X, θ) = 1X∈A − θ.
For a continuously distributed scalarX and θ ∈ R, the functionm(X, θ) =
1X≤θ−α definesθ as theα quantile ofX. Chapter 3.6 describes tail probabilities
and quantiles in more detail.
Equation (3.7) is known as the estimating equation, andm(X, θ) is called the

estimating function. Most maximum likelihood estimators are defined through
estimating equations as outlined in Chapter 3.8, as are certain robust statistics
known asM -estimators described in Chapter 3.12.
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In econometrics, considerable interest attaches to the overdetermined case with
s > p. In problems withs > p the fact that(3.6) holds is a special feature
of F and constitutes important side information. Even when (3.6) holds for the
trueF0, it wil l not ordinarily hold for theNPMLE F̂ , in which case (3.7) has no
solution. The generalized method of moments looks for a valueθ̂ that comes close
to solving (3.7). An empirical likelihood approach to thisproblem isdescribed in
Chapter 3.10.
Theunderdetermined cases < p can also beuseful. Then(3.6) and (3.7) might

each have ans− p dimensional solution set ofθ values. Some functions ofθ may
be precisely determined from the data, while others will not. An example from
multivariate calibration is discussed in Chapter 4.9.
Empirical likelihood and estimating equations are well suited to each other. The

empirical likelihood ratio function forθ is defined by

R (θ) = max

{
n∏

i=1

nwi |
n∑

i=1

wim (Xi, θ) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

Theorem 3.4 LetX1, . . . ,Xn ∈ R
d be independent random vectors with com-

mon distributionF0. For θ ∈ Θ ⊆ R
p, andX ∈ R

d, let m(X, θ) ∈ R
s. Let

θ0 ∈ Θ be such thatVar(m(Xi, θ0)) is finite and has rankq > 0. If θ0 satisfies
E(m(X, θ0)) = 0, then−2 logR(θ0) → χ2

(q) in distribution asn→ ∞.

Proof. This follows immediately from theVector ELT, Theorem 3.2.

The interesting thing about Theorem 3.4 is what is not there. It includes no
conditions to makêθ a good estimate ofθ0, nor even conditions to ensure a unique
value forθ0, nor even that any solution θ0 exists. Theorem 3.4 applies in the just
determined, overdetermined, and underdetermined cases. When we can prove that
our estimating equations uniquely defineθ0, and provide a consistent estimator
θ̂ of it, then confidence regions and tests follow almost automatically through
Theorem 3.4.
In the underdetermined cases we say thatθ is not estimable. Ourθ may not

be estimable because of a poor choice ofm(x, θ) or an unfortunate distribution
F . Assuming that the rank q in Theorem 3.4 is common to all solutions, each
solutionθ has an asymptotic probability1− α of being in the confidence region.
That region might not shrink down to a single point asn → ∞. Nor should we
expect it to.
In the overdetermined case there may be noθ with E(m(X, θ)) = 0. In that

case there is the possibility that a confidence region constructed using Theo-
rem 3.4 wil l beempty. SeeExercise3.13.
The range of problems expressible as estimating equations widens greatly upon

the introduction of nuisance parameters. To define the correlationρ of X andY ,
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we formulate five estimating equations:

0 = E (X − µx) (3.8)

0 = E (Y − µy) (3.9)

0 = E((X − µx)
2 − σ2

x) (3.10)

0 = E((Y − µy)
2 − σ2

y) (3.11)

0 = E ((X − µx) (Y − µy)− ρσxσy) , (3.12)

for the parameterθ = (µx, µy, σx, σy, ρ). When we are interested only in in-
ferences onρ and not on the wholeθ vector, then the two means and standard
deviations inθ are nuisance parameters.
To handle nuisance parameters, write the estimating function asm(X, θ, ν),

where nowθ ∈ R
p is the vector of parameters of interest andν ∈ R

q is a vector
of nuisance parameters, andm ∈ R

s. The parameters(θ, ν) satisfy the equations
E(m(X, θ, ν)) = 0. Ordinarilys = p + q and the equations jointly defineθ and
ν. Now we define

R (θ, ν) = max

{
n∏

i=1

nwi |
n∑

i=1

wim (Xi, θ, ν) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}

and

R (θ) = max
ν

R (θ, ν) .

That is, we maximize over the nuisance parameters. If for a candidateθ there is
any value ofν that gives a large likelihoodR(θ, ν), thenθ is in the confidence
region. The functionR(θ) is called the profile empirical likelihood ratio func-
tion. Profile likelihoods are also widely used in parametric models with nuisance
parameters. Under mild conditions (Chapter 3.10),−2 logR(θ) → χ2

(p).
The estimating equation approach includes smooth functions of means and

some methods not expressible as smooth functions of means. For example, Hu-
ber’sM -estimator for the location of a scalar random variableX is defined in
Chapter 3.12. It cannot be expressed as a smooth function of a finite number of
means. It is convenient if the estimating equations can be arranged so that one of
the parameters is the smooth functionh(µ) we are interested in, as is done for the
correlation above. If that should prove intractable forθ = h(E(X)), then we may
resort to writing equations

E (X − µ) = 0
E(θ − h(µ)) = 0.

Because the second estimating equation does not involveX, it would be better
handled as simply a constraint on the enlarged parameter vector(µ, θ).
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3.6 EL for quantiles

Any valuem for whichPr(X ≤ m) ≥ 1/2 andPr(X ≥ m) ≥ 1/2 is a median
of the distribution ofX. UnlessPr(X = m) > 0, a medianm satisfiesE(Z) = 0,
whereZ = 1X≤m − 1/2. We will use this definition because it is convenient. A
simple fix for the problem ofPr(X = m) > 0 is described in Chapter 3.7. More
generally, for0 < α < 1, we will take theα quantile ofF to be any valueQα for
which

E(1X≤Qα − α) = 0. (3.13)

If F has a positive density in an open interval containingQα thenQα is unique.
For quantiles, it is not necessary to restrict attention to distributions supported

on the sample. The distribution maximizing
∏n

i=1 F ({Xi}) subject to the con-
straint

∫
(1x≤Qα − α)dF (x) = 0 puts all its probability on the sample ifX(1) ≤

Qα < X(n). ForQα < X(1) the maximizer is not unique, but the maximum is
achieved by a distribution that puts some probability on a valueX0 ≤ Qα. For
Qα ≥ X(n), one maximizer puts some probability on a valueXn+1 > Q

α. The
likelihood does not depend on the exact values ofX0 andXn+1. For convenience,
defineX0 = −∞ andXn+1 = ∞.
For−∞ < q <∞ and0 < p < 1, letZi(p, q) = 1Xi≤q − p. Then define

R(p, q) = max

{
n∏

i=1

nwi |
n+1∑
i=0

wiZi(p, q) = 0, wi ≥ 0,
n+1∑
i=0

wi = 1

}
.

Notice that the pointsX0 andXn+1 count in the weighted mean ofZi but do not
contribute to the likelihood. For a givenα, the valueQα is rejected ifR(α,Qα) is
too small. The confidence region forQα

0 consists of all valuesq for whichR(α, q)
is sufficiently large.
An easy calculation shows thatw0 = wn+1 = 0 for X(1) < Qα ≤ X(n).

It follows that from somen on,R(α,Qα) reduces to the usual empirical profile
likelihood ratio for the mean ofZi(α,Qα), and so has aχ2

(1) calibration by the
univariateELT, Theorem 2.2. The likelihood ratio function is

R(p, q) =
(
p

p̂

)np̂ (
1− p
1− p̂

)n(1−p̂)

, (3.14)

wherep̂ = p̂(q) = #{Xi ≤ q}/n.
For q < X(1), the maximizingF has weightw0 = p belowX(1), atX0 say,

weightwi = (1− p)/n for i = 1, . . . , n, andwn+1 = 0. In this case

R(p, q) = (1− p)n .
Similarly for q ≥ X(n) the maximizingF has weightw0 = 0,wn+1 = 1−p, and
wi = p/n for i = 1, . . . , n. The empirical log likelihood ratio is

R(p, q) = pn.
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Cow Milk Days Cow Milk Days

Belle 4628 248 Jessie 2793 283
Bessie 3914 312 Ladybird 1932 256
Beauty 2851 278 Marigold 2992 254
Bertha 2765 267 Peggy 4444 268
Blossom 2067 235 Pansy 3944 333
Blackie 1817 211 Queen Ann 5448 299
Buttercup 4248 327 Queeny 4512 298
Dolly 3037 262 Rosemary 5435 317
Dandy 2627 235 Rosy 4792 415
Irene 3527 255 Sally 2635 264
Iona 3257 260 Wildy 3346 271

Table 3.2Shown are the pounds of milk produced and the number of days milked, in 1936,
for 22 dairy cows. It is not known whether Rosy’s number of days milked is in error, or if it
includes some days from 1935.

In all of these cases,

− logR(p, q) = n
[
p̂ log(p̂/p) + (1− p̂) log((1− p̂)/(1− p))

]
(3.15)

wherep̂ = #{Xi ≤ q}/n and0 log 0 is taken to be zero.
Table3.2 shows themilk production data for theyear 1936 for 22 cows from a

family farm. We will use these milk production values, to illustrate the shape of
the empirical likelihood function for quantiles and tail probabilities.
Figure3.7 showstheempirical likelihood ratio function for themedian amount

of milk produced. As is clear from the definition ofZi(p, q), the empirical like-
lihood function is piecewise constant, taking steps only at observed data values.
As a consequence, empirical likelihood confidence intervals for quantiles have
endpoints equal to sample values.
Suppose that the interval for quantileq takes the form[X(a),X(b)]. WhenX

has a continuous distributionF , the value ofPr(X(a) ≤ q ≤ X(b)) is the same for
all F and can be found by a combinatorial argument. Thusχ2 or F or bootstrap
calibrations can be replaced by an exact calibration. If[X(a),X(b)] has nearly a
95% confidence level for a quantile, then the effect of changinga or b by one
typically changes the coverage level byO(n−1/2). It follows that the discreteness
in the data limits the coverage accuracy of confidence intervals based on sample
quantiles toO(n−1/2). In order to get more precise confidence intervals, it is
necessary to have a method of selecting end points between observed values. See
Chapter 3.17.
Our test ofQα

0 as theα quantile ofX is equivalent to a test ofα as a tail
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Figure 3.7The empirical likelihood function for the median is shown for the milk produc-
tion numbersof Table 3.2.

probability Pr(X ≤ Qα
0 ). But a confidence interval forQα behaves differently

from a confidence interval forF0((−∞, Qα]). The root cause is thatm(X, p, q) ≡
1X≤q − p is a smooth function of p but not of q. Figure 3.8shows the empirical
likelihood ratio function for Pr(X ≤ 3301.5) for thecow data. Thevalue3301.5
is themedian of the cow data, and so the curve in Figure 3.8 has its peak at 0.5.
The likelihood for a tail probability is very smooth. Central confidence intervals
found by thresholding the likelihood do not have to have their endpoints at sample
quantiles, and they get coverage errors of ordern−1.
Figure3.9 showsaperspectiveplot of R(p, q) for themilk production dataon

the plane withX(1) ≤ q ≤ X(n) and0 ≤ p ≤ 1. Slices through this function for
a fixed quantile are smooth, while those for a fixed probability are step functions.

3.7 Ties and quantiles

In Chapter 3.6 we simplified the definition of theα quantileQα from

Pr(X ≤ Qα) ≥ α, and Pr(X ≥ Qα) ≥ 1− α (3.16)

to the estimating equation(3.13). If X has a continuous distribution, these defini-
tions are equivalent, but for some other distributions they differ. This divergence
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Figure 3.8The empirical likelihood function forPr(X ≤ 3301.5) is shown for the milk
production numbersof Table3.2. Thevalue3301.5 is themedianmilk production.

can cause a problem when there are lots of ties in the data, but that problem is
easily fixed as described here.

Suppose thatm is the median ofX, and thatPr(X = m) > 0. NowX has
an atom of probability onm, and it may then happen thatE(1X≤m − 1/2) �= 0.
Indeed the empirical likelihood confidence region form satisfyingE(1X≤m −
1/2) = 0may be empty for large enoughn.

Suppose that there are a lot of tied values for the sampleα quantile, and that
the empirical likelihood confidence region forQα from equation(3.13)is empty.
Then a simple remedy is to jitter the data slightly. We can add to eachXi a very
small amount, such as aU(−A,A) random variable whereA is 10−6 times the
smallest nonzero gap in the ordered data values. The resulting likelihood ratio
curve will have a narrow spike at or near the sampleα quantile.

We may take the limitA ↓ 0 of small jitters, as follows. Compute the empirical
likelihood function for a quantile ofY for then valuesY(i) = i, i = 1, . . . , n and
then transform it to theX(i) scale. The likelihood forX(i) as theα quantile of
X is the maximum of that found forY(j) as theα quantile ofY , over allj with
X(j) = X(i).

Thus, the pragmatic approach to testing whetherq is thep quantile is to use
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Figure 3.9The vertical axis depicts the empirical likelihood thatPr(X ≤ q) = p, using
the cow data of Table 3.2, as probabilities p and q vary. Slices through this surface, for
fixedp or q, define the empirical likelihood function for quantiles and tail probabilities,
respectively.

equation(3.14)for any candidateQ that is not a sample value, and use

R(p,X(i)) = max
p̂

(
p

p̂

)np̂ (
1− p

1− p̂

)n(1−p̂)

(3.17)

at sample points. The maximum in (3.17) is taken over integer values ofnp̂ from∑n
j=1 1Xj<X(i) to

∑n
j=1 1Xj≤X(i) inclusive.

By jittering we reduce the size of the atoms in the NPMLE to at most1/n. The
exact definition of a quantile, namelyPr(X ≤ Qα) ≥ α andPr(X ≥ Qα) ≥
1 − α, cannot quite be attained through tests ofE(1X≤Qα) = α, even when
we split ties by jittering the data. For example, suppose thatn = 2k + 1, and
we put equal weight1/n on all data points. Then weight(k + 1)/n ≥ 1/2 is
on [X(k+1),∞) and the same weight is on(−∞,X(k+1)]. The sample median
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X(k+1), should have an empirical likelihood ratio of1.0. From equation(3.14)
the likelihood ratio for the median at this value is(

n

2k

)k(
n

2(k + 1)

)k+1
.= 1− 1

2n
.

The only point on the likelihood ratio curve for the median that is incorrect is the
MLE and it is incorrect by a small amount that can usually be safely ignored.
We can do better than equation(3.13)by employing the definition

E(1X<Qα + α1X=Qα)− α = 0. (3.18)

Equation (3.18) leads to an empirical likelihood ratio of1.0 for the sample median
with odd sample sizes, but forα �= 1/2 it is not necessarily exact, though likely
to be better than equation(3.13).
That we have to worry about ties at all is perhaps surprising given that Chap-

ter 2.3 shows ties do not affect the empirical likelihood confidence region for
any statistical function. Indeed ties do not affect the confidence region forQα

as defined by equation(3.16)nor do they affect the region forQα as defined by
equation(3.13). But ties do affect whether the computationally convenient defini-
tion (3.13) agreeswith the intended definition (3.16).

For thedistributionF that isuniform on [0, 1] ∪ [2, 3], any value1 ≤ m ≤ 2 is
a median. An empirical likelihood confidence region that contains any point from
(1, 2) will contain the whole interval(1, 2).

3.8 Likelihood-based estimating equations

Perhaps the most widely used way of defining estimating equations is through
parametric likelihoods. Suppose that

m(X, θ) =
∂

∂θ
log f(X; θ) =

g(X, θ)
f(X; θ)

,

for a probability density functionf(X; θ), with parameterθ, and gradientg(X, θ)
with respect toθ. Then the estimating equation(3.7) is called the score equation
and m is the score function. Solving the score equation (3.7) is the usual way
that the parametric MLÊθ is found. Sometimes there is a unique solutionθ̂, other
times there are several. Parametric likelihood inferences are then centered around
a consistent, though not necessarily unique, rootθ̂ of the score equation.

Theorem3.4 applies to theparameter θ under very weak conditions. In particu-
lar it is not necessary forXi to have a probability density of the formf(X; θ) for
anyθ. The quantity that̂θ estimates may retain some interpretability, despite small
departures (and sometimes despite large departures) from the parametric model
motivating it. As a case in point, consider the coefficients in multiple regression
which we study in Chapter 4. These are often derived under strong model assump-
tions, such as normally distributed errors with mean zero and constant variance,
but have useful least squares interpretations without those assumptions. We adopt
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themodelf(X; θ) as a “working likelihood” and use it to derive an estimate. If the
parametric model holds, then̂θ will have good asymptotic properties. Whether the
parametric model holds or not, empirical likelihood confidence regions and tests
onθ will have an asymptotic chisquared calibration.

Wewould expect that a true parametric likelihood ratio function should produce
better confidence regions and tests around the parametric MLE than the empirical
likelihood does. Surprisingly, this is not necessarily so, at least in large samples.
Empirical likelihood tests have power very close to the parametric likelihood tests,
and in some cases have better power. See Chapter 3.17 for details and a reference.
Estimating equations may also be generated from marginal and conditional

likelihoods. Suppose that the data are(Xi, Yi) pairs, fori = 1, . . . , n, and that
a parametric model gives the joint density or mass functionfXY (x, y; θ, ν). We
can factorfXY into fX × fY |X , wherefX is the marginal distribution ofX and
fY |X is the conditional distribution ofY givenX. We may write the likelihood
as

L(θ, ν) =
n∏

i=1

fXY (Xi, Yi; θ, ν)

=
n∏

i=1

fX(Xi; θ, ν)
n∏

i=1

fY |X(Yi | Xi ; θ, ν)

≡ Lm(θ, ν)Lc(θ, ν),

the product of a marginal and a conditional likelihood. The marginal likelihood is
the likelihood from the marginal distribution of theXi as if we had not observed
Yi. The conditional likelihood is the likelihood from the conditional distribution
of Yi givenXi as if theXi were not random.
We may prefer to use marginal likelihood estimating equations

E

(
∂

∂θ
log fX(Xi; θ, ν)

)
= 0

or conditional ones

E

(
∂

∂θ
log fY |X(Yi | Xi ; θ, ν)

)
= 0.

For example, ifθ only appears in one of the likelihood factorsLm andLc, then
there is no information lost by using that factor as the likelihood, and there may be
a computational advantage. Conversely, if one factor does not involve the nuisance
parameterν then there may be a computational advantage to using that factor. If
the factor not involvingν contains all or most of the information onθ, then only
a small information loss arises from using the factor instead of the full likelihood.
Another consideration in some problems is that there may be much greater doubt
about the appropriateness of one of the two parametric modelsfX andfY |X . Then
a likelihood based on the more credible model may be preferable.
A partial likelihood is one in which a series of eventsE1, . . . , En defines the
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data, and instead of using
∏n

i=1 Pr(Ei | E1, . . . , Ei−1), one uses a convenient
subset of the factors. The original example comes from survival analysis, and is
described in Chapter 6.7.
Theorem 3.4 applies under very weak conditions to maximum likelihood esti-

mates based on either full, marginal, conditional, or partial log likelihoods.
A difficult problem arises when the likelihood that motivates a statistic comes

from an unrealistic model and the lack of fit is such that the resulting estimator is
no longer relevant or interpretable. In such a case, we may have to return to square
one, describe what we hoped to learn about the distribution of the data, and devise
a statistic that captures this property.

3.9 Transformation invariance of EL

Parametric likelihoods are invariant under one to one transformations of the pa-
rameter. For example, suppose thatφ = τ(θ), and the relationship is invertible,
θ = τ−1(φ). LetCθ be a parametric likelihood ratio confidence region forθ. Then
the parametric confidence region forφ isCφ = {τ(θ) | θ ∈ Cθ}.
Empirical likelihood confidence regions are similarly invariant under parameter

changes: If
∑n

i=1 wim(Xi, θ, ν) = 0, then
∑n

i=1 wim(Xi, τ
−1(φ), ν) = 0. It

follows that the profile empirical log likelihood ratio forθ = θ0 is the same as
that forφ = φ0 = τ(θ0). Similarly, invertible transformations of the nuisance
parameterν do not affect empirical likelihood confidence regions forθ or φ.
Transformations are often usefully applied to data, too. LetY = τ(X) be

a one-to-one invertible function. Then
∑n

i=1 wim(Xi, θ) = 0, if and only if∑n
i=1 wim(τ−1(Yi), θ) = 0. So empirical likelihood inferences are also invariant

under invertible transformations of the data.
Some insight is gained by a more detailed look at reparameterization. Suppose

that

m(X, θ) =
∂

∂θ
log f(X; θ) =

g(X, θ)
f(X; θ)

,

for a density or probability functionf(X; θ), with parameterθ, and gradient
g(X, θ) with respect toθ, as described in Chapter 3.8. The estimating equations
for φ are found by alternative estimating equations

m̃(X,φ) =
∂

∂φ
log f(X; τ−1(φ)) =

g(X, τ−1(φ))
f(X; τ−1(φ))

∂τ−1(φ)
∂φ

.

Now m̃(X,φ) = m(X, τ−1(φ))J(φ), whereJ is ap by p Jacobian matrix. For
a one-to-one transformation,J is of full rank. It follows that

n∑
i=1

wim̃(Xi, φ) = J (τ(θ))
n∑

i=1

wim(Xi, θ),

so that
∑n

i=1 wim(Xi, θ) = 0 if and only if
∑n

i=1 wim̃(Xi, τ(θ)) = 0.
Now suppose thatY = τ(X) is a one-to-one invertible transformation of the
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data. For estimating equations arising as MLE’s, ifX ∼ f(X; θ), thenY ∼
f(τ−1(Y ); θ)× |det(∂τ−1(Y )/∂Y )|, wheredet(A) denotes the determinant of
the matrixA. Now

∂

∂θ
log

(
f(τ−1(Y ); θ)×

∣∣∣∣det(
∂τ−1(Y )

∂Y

)∣∣∣∣) =
∂

∂θ
log f(X; θ),

because the determinant does not involveθ, and so the same estimating equations
arise whether one works withXi or Yi.

3.10 Side information

Suppose that we observe(X,Y ) ∈ R
2, where we know the mean ofX and

we want an estimate and confidence region for the mean ofY . This is a common
circumstance in finite population settings such as survey sampling, where the ratio
and regression estimators are used to get more accurate estimates ofE(Y ) by
exploiting the known value ofE(X). These techniques are also used in Monte
Carlo simulation whereX is called a control variate.

We suppose thatX ∈ R
p, thatY ∈ R

q, thatE(X) = µx0 is known and that
we are interested in drawing inferences onE(Y ) = µy0. Let

Var
(

X
Y

)
=

(
Vxx Vxy

Vyx Vyy

)
denote the variances and covariances ofX andY , using the natural matrix parti-
tion.
Since we knowE(X) = µx0, it is natural to constrain the weightswi to satisfy∑n
i=1 wiXi = µx0. DefineRXY (µx, µy) by

max

{
n∏

i=1

nwi |
n∑

i=1

wiXi = µx,

n∑
i=1

wiYi = µy, wi ≥ 0,
n∑

i=1

wi = 1

}
,

set

RX (µx) = max

{
n∏

i=1

nwi |
n∑

i=1

wiXi = µx, wi ≥ 0,
n∑

i=1

wi = 1

}
,

and define

RY |X (µy | µx) =
RXY (µx, µy)

RX (µx)
. (3.19)

Theorem 3.5 Let (Xi, Yi) ∈ R
p+q be independent random vectors from a dis-

tribution F0 with mean(µx0, µy0) and variance matrix of full rankp + q. Then
−2 logRY |X(µy0 | µx0) → χ2

(q) in distribution asn → ∞.
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Proof. From theproof of Theorem 3.2, wemay find that

−2 logRX(µx0)
.= n(X̄ − µx0)′V −1

xx (X̄ − µx0),

with an error ofop(1), and that to a similar accuracy

−2 logRXY (µx0, µy0)
.= n

(
X̄ − µx0

Ȳ − µy0

)′ (
Vxx

Vyx

Vxy

Vyy

)−1 (
X̄ − µx0

Ȳ − µy0

)
.

Introduce the variableZ = Y −VyxV
−1
xx X, with meanµz0 = µy0 −VyxV

−1
xx µx0

and variance matrixVzz = Vyy − VyxV
−1
xx Vxy. It is easy to show thatZ andX

areuncorrelated. Theorem 3.2 applies to thevector (X ′, Z ′)′ aswell, so

− 2 logRXY (µx0, µy0)
= −2 logRXZ(µx0, µz0)

= n(X̄ − µx0)′V −1
xx (X̄ − µx0) + n(Z̄ − µz0)′V −1

zz (Z̄ − µz0) + op(1),

and then

−2 logRY |X(µy0 | µx0) = n(Z̄ − µz0)′V −1
zz (Z̄ − µz0) + op(1) → χ2

(q)

in distribution asn → ∞.

The approximations used in the proof of Theorem 3.5 are valid for µx, µy,
andµz in O(n−1/2) neighborhoods ofµx0, µy0, andµz0, respectively, and so the
curvature inRY |X(µy | µx) as a function ofµy, at the MELE isnV −1

y|x , where

Vy|x ≡ Vyy − VyxV
−1
xx Vxy.

The varianceVy|x is no larger thanVyy in thatu′Vy|xu ≤ u′Vyyu, for anyu ∈ R
q,

with equality holding for allu, if Vxy = 0. The constrained confidence region for
µy is asymptotically smaller than the unconstrained one, except when every com-
ponent ofY is uncorrelated with every component ofX. In that case the regions
are asymptotically equivalent. The empirical likelihood confidence regions for
E(Y ) using the known value ofE(X), are not in general centered atȲ , but are
instead centered at

µ̃y = argmax
µy

RY |X (µy | µx0)
.= Ȳ − VyxV

−1
xx (X̄ − µx0).

The asymptotic variance of̃µy is at least as small as that of̄Y and is strictly
smaller unlessY is uncorrelated withX. The estimatẽµy is called the maximum
empirical likelihood estimate (MELE) to distinguish it from the NPMLĒY .
The notationRY |X suggests that some conditioning is taking place. Constrain-

ing the reweighted mean ofXi to matchµx0 is similar to conditioning on the
observed value of̄X − µx0. The connection is that for largen the distribution of√
n((X̄ −µx0)′, (Ȳ −µy0)′)′ is approximately normal with mean0 and variance

Var((X ′, Y ′)′). In this asymptotic normal distribution, the conditional variance
of

√
n(Ȳ − µy0) given

√
n(X̄ − µx0) is preciselyVy|x.

It is also possible to test whether the assumedmeanµx0 is really equal toE(X)
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using empirical likelihood. If the hypothesis thatE(X) = µx0 is rejected, then
the assumption thatE(X) = µx0 should be questioned. Failure to reject the hy-
pothesis thatE(X) = µx0 might simply mean thatn was not large enough, and
does not suffice to justify imposing the constraint

∑n
i=1 wiXi = µx0. Instead we

should be fairly confident thatµx0 is the true value, or at least thatE(X) is close
enough toµx0 that only a small error is introduced through the constraint.
Knowledge ofµx0 is sometimes called side information, or auxiliary infor-

mation. Much more general forms of side information can be expressed through
estimating equations, as the following examples show. If(X,Y ) pairs are known
to have a common but unknown meanµ, this can be expressed through estimating
equations

E(X − µ) = E(Y − µ) = 0.

These equations are equivalent to

E (X − µ) = E(X − Y ) = 0,

the second of which does not involve the parameter. If we know that the mean and
median ofX coincide, as for example with symmetric distributions (see Chap-
ter 10), then

E(X − µ) = E (1X≤µ − 1/2) = 0,

for some unknownµ. If we know a quantileQα and are interested in the mean,
then

E (X − µ) = 0,
E (1X≤Qα − α) = 0.

Quantities defined conditionally can be expressed through estimating equations
involving indicator variables. Thus for eventsA andB

E((1A − ρ)1B) = 0

definesρ as the conditional probability ofA givenB, and similarly

E((Y − µ)1X>32) = 0

definesµ as the conditional mean ofY given thatX > 32. In Chapter 4, regres-
sion ofY on a scalarX through the origin is expressed through

E(Y −Xβ) = 0,
E((Y −Xβ)X) = 0.

If we believe that the variance is functionally related to the mean,Var(X) =
h(E(X)), for some functionh, as is commonly assumed in quasi-likelihood in-
ference, then

E (X − µ) = 0

E
(
(X − µ)2 − h (µ)

)
= 0.
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The common feature of these problems is that there are more estimating equa-
tions than there are parameters. Such overdetermined problems can pose a diffi-
culty for some parametric inferences. The sample mean is not likely to equal the
sample median, and a regression through the origin does not usually have a zero
mean residual. For(X,Y ) pairs known to have a commonmean, we could choose
a weighted combinationλX̄ + (1 − λ)Ȳ , but the optimal value ofλ depends on
the variances ofX andY and on their covariance.
In parametric settings, withp + q estimating equations inq unknown parame-

ters, we could choose to work withq of the estimating equations and ignore the
otherp equations. More generally, we could useq linear combinations of thep+q
estimating equations

E(m(X, θ)A(θ)) = 0, (3.20)

whereA(θ) is ap+ q by pmatrix that is of rankp for all values ofθ.
Empirical likelihood uses ann−1 parameter family of distributions. We expect

to be able to imposep + q constraints, whenp + q < n − 1. Usuallyp + q �
n − 1. It turns out that empirical likelihood effectively makes a data-determined
choice ofA(θ). For estimating equations wherem is sufficiently smooth inθ, the
asymptotic variance of the empirical likelihood estimator is at least as small as
that obtained by any set of linear combinations ofA(θ).

Theorem 3.6 LetXi ∈ R
d be IID random vectors, and suppose thatθ0 ∈ R

p is
uniquely determined viaE(m(X, θ)) = 0, wherem(X, θ) takes values inRp+q,
for q ≥ 0. Let θ̃ = argmaxθ R(θ), where

R (θ) = max

{
n∏

i=1

nwi |
n∑

i=1

wim (Xi, θ) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

Assume that there is a neighborhoodΘ ofθ0 and a functionM(x)withE(M(X)) <
∞, for which:

1: E(∂m(X, θ0)/∂θ) has rank p,

2: E(m(X, θ0)m(X, θ0)′) is positive definite,

3: ∂m(x, θ)/∂θ is continuous forθ ∈ Θ,

4: ∂2m(x, θ)/∂θ∂θ′ is continuous inθ, for θ in Θ,

5: ‖m(x, θ)‖3 ≤ M(x), for θ ∈ Θ,

6: ‖∂m(x, θ)/∂θ‖ ≤ M(x), for θ ∈ Θ, and

7: ‖∂2m(x, θ)/∂θ∂θ′‖ ≤ M(x), for θ ∈ Θ.

Then

lim
n→∞nVar(θ̃) =

[
E

(
∂m

∂θ

)′
(E (mm′))−1

E

(
∂m

∂θ

)]−1

,
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and this asymptotic variance is at least as small as that of any estimator of the
form(3.20). Furthermore,

−2 log
(R(θ0)/R(θ̃)

) → χ2
(p),

and

−2 logR(θ̃) → χ2
(q),

both converging in distribution asn → ∞.

Proof. This theorem restates several results proved in Qin & Lawless (1994).

A corollary is that for smooth estimating equations onp parameters defined by
introducingq nuisance parameters, maximizing out the nuisance parameters gives
the anticipatedχ2

(p) limit for the parameters of interest.
Theorem 3.6makessmoothnessassumptions that arestrong enough to ruleout

the estimating equations used to define quantiles, causing difficulties for func-
tions, smooth or otherwise, of quantiles. Consider the interquartile range (IQR) of
X ∈ R. The equations

0 = E(1X≤Q0.25 − 0.25), and (3.21)

0 = E(1X≤Q0.25+IQR − 0.75) (3.22)

define IQR and the lower quartileQ0.25. A joint region forQ0.25 and IQR can
be calibrated using Theorem 3.4 but neither Theorem 3.4 nor Theorem 3.6 al-
lows us to use aχ2

(1) calibration for IQR after maximizing overQ0.25. Chapter
4.9 presents a more involved example of this problem arising in calibration and
prediction of regression models. Chapter 10.6 presents some specialized results
from the literature describing cases where a parameter can be profiled out despite
entering the estimation equation in a nonsmooth way.

3.11 Sandwich estimator

In the just determined case, and subject to mild regularity conditions, the variance
of the solutionθ̂ to

∑n
i=1 m(Xi, θ) = 0 satisfies

nVar(θ̂) → I−1C(I ′)−1, (3.23)

where each row of

I =
∂

∂θ

∫
m(X, θ)dF

∣∣∣∣
θ=θ0

has the partial derivatives from one component ofm, and

C =
∫

m(X, θ0)m(X, θ0)′dF (X).

The sandwich estimator of the variance ofθ̂ is

V̂arSand(θ̂) =
1
n
Î−1ĈÎ ′−1 =

1
n
(Î ′Ĉ−1Î)−1, (3.24)

©2001 CRC Press LLC



 

with Î = (1/n)
∑n

i=1 ∂m(Xi, θ̂)/∂θ andĈ = (1/n)
∑n

i=1 m(Xi, θ̂)m(Xi, θ̂)′.
Whenm is obtained from a parametric likelihood, then−I = −I ′ is the Fisher

information inXi for θ. When the data are from the motivating parametric model,
thenĈ and−Î both estimate the Fisher information and soÎ−1/n or Ĉ−1/nmay
be used to estimateVar(θ̂). The sandwich estimator is widely used to generate
variance estimates that are reliable without assuming a parametric form for the
distribution of the data.
In the just determined case, the matrix of second derivatives of the empirical

likelihood function atθ̂ is equal to the inverse of the sandwich estimator of vari-
ance. This relationship can be established through the partial derivatives given in
Chapter 12.4.

3.12 Robust estimators

Empirical likelihood confidence intervals for a vector mean tend to extend further
in directions that the data are skewed than they do in the opposite directions. If
the data contain one or more outliers, then empirical likelihood confidence regions
may be greatly lengthened in the direction of the outlier.
We consider two main approaches to robustness. The first is to replace non-

robust statistics like the mean by more robust alternatives such as the median,
or Huber’sM -estimate. The second, robustifying the likelihood, is discussed in
Chapter 3.13.
The mean of a univariate random variable may be derived as a parametric MLE

using the normal distribution, and some others such as the Poisson or the expo-
nential. The mean is notoriously non-robust. A single outlier can change it by an
arbitrarily large amount.
The median is considered in Chapter 3.6. Although the median is robust and

the mean is not, we often hesitate to replace means by medians. The median does
not estimate the same quantity as the mean, except in special circumstances, such
as sampling from a symmetric distribution. Even there we may lose some effi-
ciency in replacing the mean by the median. Robust statistics, such as Huber’s
M -estimate below, have been designed to capture most of the efficiency of the
mean, but with some robustness.
Huber’sM -estimate is defined by solving the estimating equation

1
n

n∑
i=1

ψ

(
Xi − µ

σ̂

)
= 0 (3.25)

for µ, whereσ̂ is a robust estimate of scale, and

ψ(z) =


−c, z ≤ −c
z, |z| ≤ c

c, z ≥ c.

(3.26)
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A common choice for̂σ is MAD/0.674 where

MAD = median(|Xi −median(Xi)|)
is the median absolute deviation ofXi from their median. The factor0.674 scales
the MAD so that it estimates the standard deviation if theXi are normally dis-
tributed.
The functionψ is a compromise between the mean and the median. These can

be defined through functionsψ(z) proportional toz and sign(z), respectively.
Smaller deviationsz are handled as for the mean, while large ones are handled as
for themedian. By choosingc = 1.35 the resultingM estimate has95%efficiency
relative to the mean should the data be normally distributed. The5% efficiency
loss is then a small insurance premium to pay in order to get a statistic robust to
outliers.
The simplest approach to empirical likelihood for Huber’s statistic is to com-

puteσ̂ by the MAD and then for each candidate valueµ, reweightZi = ψ((Xi −
µ)/σ̂) to have mean zero. But as the data are reweighted, the scale estimateσ̂
should also change. For this reason we prefer to estimate the scaleσ simultane-
ously withµ, through:

0 =
1
n

n∑
i=1

ψ

(
Xi − µ

σ

)
, and (3.27)

0 =
1
n

n∑
i=1

[
ψ

(
Xi − µ

σ

)]2

− 1. (3.28)

These equations give robust estimates for bothµ andσ. Moreover, it can be shown
that solving these equations is equivalent to minimizing

1
n

n∑
i=1

ρ

(
Xi − µ

σ

)
σ (3.29)

with respect toµ andσ, where

ρ(z) =

{
1
2

(
z2 + 1

)
, |z| ≤ c

1
2

(
2c|z| − c2 + 1

)
, |z| ≥ c.

Because (3.29) can be shown to be jointly strictly convex inµ andσ, there is a
unique global optimum(µ̂, σ̂).

Now we may define the empirical likelihoodR(µ, σ) for estimating equa-
tions (3.27) and (3.28), and then setR(µ) = maxσ R(µ, σ). Maximization over
σ or µ with the other fixed is more convenient with a differentiable functionψ.
Little changes in the estimate of(µ, σ) if the functionψ is replaced by another
one that is twice continuously differentiable everywhere and only differs fromψ
where ||z| − c| ≤ ε. Theexamplesbelow use ε = 0.01.
Figure3.10shows20 of Newcomb’smeasurementsof thepassagetimeof light.

Figure3.11showsempirical likelihood ratio curvesfor both themeanandHuber’s
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Figure 3.10Shown are 20 of Newcomb’s measurements of the passage time of light. They
represent a shift and rescaling of the time for light to travel a given distance. The presently
accepted value of the speed of light corresponds to 33.02. Source: Stigler (1977).

location estimate, applied to Newcomb’s data. Huber’s estimator is much less
sensitive to outliers and it has a narrower confidence region. The curve for the
mean is centered at the sample mean of21.75. Huber’s estimate for this data set
is µ̂ = 25.64, with σ̂ = 4.16.
In 1000 bootstrap simulations of this data, the0.95 quantile of−2 logR(X̄)

was19.26 (usingR for the mean). This is very far from3.84, the0.95 quantile of
theχ2

(1) distribution. For Huber’s location estimator, the corresponding resampled

0.95 quantile was4.19, closely matching theχ2
(1) value. The discrepancy is so

large for the mean because one or more outliers has made the passage time data
very strongly skewed. By contrast, Huber’s estimator is defined through the mean
of a much less skewed function of the data.
There were7 times when the sample mean was outside of the convex hull of

the resampled data, for which−∞ is the resampled log likelihood. Because15
of the 20 data values are larger thanµ, we would have expected the number of
infinite resampled log likelihoods to have a Poisson distribution with mean1000×
(0.7520 + 0.2520) = 3.17. (Getting7 occurrences ofR(21.75) = 0 is unusual.
As a check, the next9000 bootstraps have only25 occurrences, closely matching
the expected number28.53.)
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Figure 3.11Shown are empirical likelihood curves for the mean and for the value of Hu-
ber’s location M -estimator, for the passage time of light data in Figure 3.10. The likeli-
hood function for the mean is broader and shifted to the left compared to that of Huber’s
estimate. The cause is an outlier in the data at -40.

A bootstrap-calibrated95% confidence interval for the mean is from−9.17 to
32.08. The corresponding interval for Huber’sM -estimate is from21.57 to 28.68.
A general robustification technique is to replace the estimating equation of a

non-robust statistic by a similar equation that defines a robust statistic. To control
against the effects of outliers, we typically choose a bounded estimating function
m(x, θ), perhaps by clipping a likelihood-derived estimating function.

3.13 Robust likelihood

Chapter 3.12 considered constructing empirical likelihood confidence regions for
robust statistics defined through estimating equations.
Another approach to robustness (see Chapter 3.17) is to modify the likelihood

function. Suppose that the data are thought to be from a discrete distribution with
probability functionPr(X = x; θ) = f(x; θ), contaminated by outliers. That
is with probability1 − ε whereε > 0 is small, eachXi is drawn fromf(x; θ),
and with probabilityε it is drawn from an unknown distributionGi. We suppose
further that the observations are independent, in particular that the contamination
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process is independent. Then the likelihood is

L(θ,G1, . . . , Gn) =
n∏

i=1

(
(1− ε)f(Xi; θ) + εGi(Xi)

)
.

We can maximize over alln distributionsGi by takingGi(Xi) = 1, leaving

L(θ) =
n∏

i=1

(
(1− ε)f(Xi; θ) + ε

)
(3.30)

= (1− ε)n
n∏

i=1

(
f(Xi; θ) + η

)
,

whereη = ε/(1− ε).
Although this argument begins by robustifying the likelihood, it ends with es-

timating equations

m(Xi, θ) =
∂
∂θf(Xi; θ)
f(Xi; θ) + η

, (3.31)

whereη bounds the denominator away from0.
Robustifying the likelihood this way is more difficult for models with continu-

ous distributions forXi. Then the likelihood is a product of terms

(1− ε)f(Xi; θ)dXi + εGi(Xi) ∝ f(Xi; θ) +
ηGi(Xi)
dXi

.

The dXi is there because we do not observeXi to infinite precision, but only
to within a small set of volumedXi. If we suppose that each observation has
the samedXi, and maximize over discreteGi, then once again we arrive at an
estimating equation of the form (3.31), withη replaced byτ = η/dX. Taking
everyGi(Xi) = 1 anddX corresponding to the data precision could easily lead
to unreasonably largeτ . In practice we might prefer an ad hoc choice of a smaller
τ for a particular data set.

3.14 Computation and convex duality

A convex dual problem arises in the computation of the profile empirical likeli-
hood function for a vector mean, and leads to the development of an iterated least
squares algorithm. This dual problem is also useful for a theoretical understanding
of empirical likelihood.
The setH=H(X1, . . . ,Xn) = {∑n

i=1 wiXi | wi ≥ 0,
∑n

i=1 wi = 1} is the
convex hull ofXi. It generalizes the interval[X(1),X(n)] from the one-dimension-
al case. Ifµ �∈ H, then we takeR(µ) = 0. If µ is on the boundary ofH then we
also takeR(µ) = 0, unless theXi all lie in a q-dimensional hyperplane with
1 ≤ q < d. In that caseR(µ) is defined by selectingq components of theXi

having full rank and taking theq-dimensional empirical likelihood of the corre-
sponding components ofµ.
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The nontrivial cases of interest are those in whichµ is an interior point ofH.
As in the one-dimensional case, we introduce the Lagrangian

G =
n∑

i=1

log (nwi)− nλ′
( n∑

i=1

wi (Xi − µ)
)
+ γ

( n∑
i=1

wi − 1
)
, (3.32)

whereλ ∈ R
d is a vector of Lagrange multipliers. As in the univariate case we

can find thatγ = −n. Then

wi =
1
n

1
1 + λ′ (Xi − µ)

,

whereλ = λ(µ) satisfiesd equations given by

0 =
1
n

n∑
i=1

Xi − µ

1 + λ′ (Xi − µ)
. (3.33)

Substituting the expression forwi into logR(F ) yields

logR (F ) = −
n∑

i=1

log (1 + λ′ (Xi − µ)) ≡ L (λ) .

We now seek theminimumof L overλ. Setting the gradient ofL with respect to
λ to zero is equivalent to solving thed equations (3.33) above. This is an example
of convex duality, because a maximization overn variableswi subject tod + 1
equality constraints has become a minimization overd variablesλ. It would have
been ad+1 dimensional minimization, except that we were able to eliminate the
multiplier γ.
The domain ofL must exclude anyλ for which somewi ≤ 0. Therefore the

inequality constraints

1 + λ′ (Xi − µ) > 0, i = 1, . . . , n (3.34)

must be imposed. The set ofλ for which (3.34) holds is an intersection ofn half
spaces. It contains the originλ = 0, and so it is a nonempty and convex subset
of R

d.
The Hessian ofL with respect toλ is

n∑
i=1

(Xi − µ) (Xi − µ)′

[1 + λ′ (Xi − µ)]2
.

This is a positive semidefinite function ofλ and is in fact positive definite unless
theXi lie in a linear subspace of dimensionq < d. Assuming that theXi are
not contained in a subspace of dimension smaller thand, the search forλ is the
minimization of a strictly convex function over a convex domain.
We may redefineL in such a way that it is convex over all ofRd without

changing its value near the solution. Then we need not explicitly impose then
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constraints in(3.34). Define a pseudo-logarithm function

log� (z) =
{

log (z) , if z ≥ 1/n
log (1/n)− 1.5 + 2nz − (nz)2 /2, if z ≤ 1/n.

The functionlog� matcheslog for arguments greater than1/n, is a quadratic
for z ≤ 1/n, and has two continuous derivatives. Arguments smaller than1/n
correspond towi larger than1, and so they are not part of a valid solution.

Now instead of minimizingL(λ) subject ton inequality constraints, we mini-
mize the function

L� (λ) = −
n∑

i=1

log� (1 + λ′ (Xi − µ))

overλ ∈ R
d without any constraints. The value ofL� matchesL at anyλ satisfy-

ing the inequality constraints, including the solutionλ(µ) if it exists.
After changingL toL�, setting the gradient to zero amounts to solving

0 =
1
n

n∑
i=1

log′�
(
1 + λ′ (Xi − µ)

)
(Xi − µ),

for λ, where

log′�(z) =
{

1/z, if z ≥ 1/n
2n− n2z, if z ≤ 1/n,

thus avoiding the problem of a vanishing denominator in(3.33).
The dual problem is one of minimizing a convex function overR

d. There is a
unique global minimizer, in the nontrivial cases where theXi are not contained
in a d − 1 dimensional hyperplane, andµ is interior to the convex hullH of the
Xi. This global minimum can be found at a superlinear rate by modified versions
of Newton’s method, and by the Davidon-Fletcher-Powell algorithm. This fact
justifies the claim in Chapter 2 that computing the empirical likelihood is not par-
ticularly difficult, though real difficulties may arise in maximizing over nuisance
parameters. The same two facts are generally true of parametric likelihoods.
If µ ∈ H but theXi lie in a lower dimensional hyperplane, then there is not a

unique solutionλ. If λ is a solution, then so isλ+ τ for anyτ orthogonal to all of
theXi −µ. There is however a unique set of weightswi common to all solutions.

If µ is not an interior point ofH, then iterative algorithms based on Newton’s
method produce a sequence of vectorsλ with length‖λ‖ diverging to infinity.
As ‖λ‖ increases, the size of the gradient decreases, until it goes below the value
used to detect convergence.
In practice it is convenient to minimizeL�(λ) overλwithout checking whether

µ ∈ H. One can inspect the resulting solution to determine whetherµ is in the
convex hull of the data. Ifµ �∈ H, then the weightswi = n−1(1 + λ′(Xi − µ))
will not sum to one.
The value ofL� corresponding to a pointµ, that is not in the convex hull of
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the data, is typically so small thatµ will not be in any reasonable confidence set.
There is little practical advantage in drawing a distinction between the true value
L = −∞ and large negative values ofL� such as−300 or−1000.

The trick of parameterizing away the constraints does have a cost. It can slow
down the algorithm, turning superlinear convergence into linear convergence. But
this only happens forµ that are not interior points of the convex hull of the data.

The Newton step in computingλ(µ) can be expressed as a least squares com-
putation. We begin by writing the gradient and Hessian as

∂

∂λ
L� = −

n∑
i=1

log′�
(
1 + λ′(Xi − µ)

)
(Xi − µ)

∂2

∂λ∂λ′ L� = −
n∑

i=1

log′′�
(
1 + λ′(Xi − µ)

)
(Xi − µ)(Xi − µ)′,

wherelog′′�(z) is −z−2 if z ≥ 1/n and is−n2 otherwise. These derivatives can
be expressed as

∂

∂λ
L� = −J ′y, and

∂2

∂λ∂λ′ L� = J ′J, (3.35)

whereJ is then× d matrix with i’th row

Ji =
[
− log′′�(1 + λ′(Xi − µ))

]1/2

(Xi − µ)′,

andy is the column vector ofn components withi’th component

yi =
log′�(1 + λ′(Xi − µ))[− log′′�(1 + λ′(Xi − µ))

]1/2
.

The Newton step is

λ → λ+ (J ′J)−1J ′y,

where the increment(J ′J)−1J ′y may be found by least squares regression ofy
onJ . Notice that when1 + λ(Xi − µ) ≥ 1/n thenyi = 1.

3.15 Euclidean likelihood

The log likelihood statistic−∑n
i=1 log(nwi) can be viewed as a measure of the

distance of(w1, . . . , wn) from the center (n−1, . . . , n−1) of the simplex (2.6).
Contours of this function are shown in Figure 2.3 for the case n = 3. The
reweighted mean

∑n
i=1 wiXi has linear contours, and a test valueµ is rejected if

the hyperplane with
∑n

i=1 wiXi = µ does not come close to the center.
Results similar to empirical likelihood can be obtained by replacing the empir-

ical log likelihood by other distance functions. A Euclidean log likelihood ratio
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may be obtained by taking

:E = −1
2

n∑
i=1

(nwi − 1)2 .

This function is maximized over
∑n

i=1 wi = 1 by takingwi = 1/n for all i.
Notice that:E is well defined even if somewi < 0; we return to this point below.
Strictly speaking, this is not a genuine log likelihood because it is not the loga-
rithm of the probability of the data. But:E behaves like a log likelihood in some
ways.

The Euclidean likelihood can be used to derive new statistical tests, and it
also recovers some well known ones such as Hotelling’sT 2 for inferences on
the multivariate mean, Neyman’sχ2 for multinomial inferences (Chapter 3.16),
White’s heteroscedasticity robust regression covariance estimator (Chapter 4.10),
the sandwich estimator of variance (Chapter 3.11), and the continuous updating
version of the generalized method of moments in econometrics.

The Euclidean log likelihood is a quadratic, so it has the same curvature every-
where. Therefore it equals its own quadratic approximation, and so Taylor approx-
imation methods, like those used in Wald tests and confidence intervals, leave it
unchanged. Because the Euclidean and empirical log likelihoods have the same
curvature at the NPMLE, Euclidean likelihood ratio tests are analogous to Wald
tests for the empirical likelihood.

To maximize:E subject to
∑n

i=1 wi = 1 and
∑n

i=1 wiXi = µ ∈ R
d, introduce

the Lagrangian

G = −1
2

n∑
i=1

(nwi − 1)2 − nλ′
n∑

i=1

wi (Xi − µ) + γ

( n∑
i=1

wi − 1
)
.

Hereλ ∈ R
d andγ ∈ R are Lagrange multipliers for the equality constraints

onwi, and the factorn is the same scale factor used in empirical likelihood. By
setting∂G/∂wi = 0, we obtain

0 = −n (nwi − 1)− nλ′ (Xi − µ) + γ. (3.36)

Averaging (3.36) overi we findγ = nλ′(X̄ − µ), and then

wi =
1
n

[
1− λ′ (Xi − X̄

)]
.
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Now by some standard manipulations
n∑

i=1

wi (Xi − µ) = X̄ − µ− 1
n
λ′

n∑
i=1

(
Xi − X̄

) (
Xi − µ

)
= X̄ − µ− 1

n
λ′

n∑
i=1

(
Xi − X̄

) (
Xi − X̄

)
= X̄ − µ− 1

n

n∑
i=1

(
Xi − X̄

) (
Xi − X̄

)′
λ

= X̄ − µ− Sλ,
where

S =
1
n

n∑
i=1

(
Xi − X̄

) (
Xi − X̄

)′
(3.37)

is (n − 1)/n times the usual sample covariance matrix. It follows thatλ =
S−1(X̄ − µ).
Substituting thisλ intowi and then into	E we find

−2	E =
n∑

i=1

(nwi − 1)2

=
n∑

i=1

(
λ′

(
Xi − X̄

))2

= n
(
X̄ − µ)′ S−1

(
X̄ − µ) .

Thus−2	E = (1 − n−1)T 2 whereT 2 is Hotelling’sT 2. The factor of1 − n−1

arises because the normalization ofS in equation (3.37) is1/n not 1/(n − 1).
WhenX has a finite nonsingular variance matrix,T 2 has an asymptoticχ2

(d)

distribution.
The main difference between Euclidean and empirical likelihoods is that the

former allowswi < 0 while the latter does not. By allowing negativewi it is pos-
sible for the Euclidean likelihood to produce confidence intervals for a variance
that include negative values

∑n
i=1 wi(Xi −

∑n
j=1 wjXj)2 < 0. By keeping all

wi ≥ 0, empirical likelihood guarantees that the reweighted data form a genuine
distribution which therefore has a nonnegative variance. Similarly, empirical like-
lihood keeps probabilities in[0, 1] and correlations in[−1, 1], while Euclidean
likelihood need not.
While allowing negativewi can cause Euclidean likelihood to violate some

range restrictions, it does yield confidence regions for the mean that extend be-
yond the convex hull of the data. This can be an advantage whend is large or
whenn is small. The empirical likelihood-t method in Chapter 10.4 yields a form
of empirical likelihood confidence region for the mean that can extend beyond the
convex hull of the data.
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Euclidean likelihood for the mean ofd-dimensional vectors requires solving a
set ofd linear equations. Empirical likelihood requires ad-dimensional uncon-
strained convex optimization ind variables. The empirical likelihood computa-
tions reduce to iteratedd-dimensional least squares problems. Practically speak-
ing this means that Euclidean likelihood for a vector mean might cost as much
as one iteration of empirical likelihood for the mean. Empirical likelihood com-
monly takes four or five iterations for a vector mean.
Just as with parametric and empirical likelihoods, the challenge with a Eu-

clidean likelihood is in maximizing it subject to nonlinear equality constraints.
If the equality constraints are linear inwi then Euclidean likelihood and empir-
ical likelihood become, respectively, linearly constrained quadratic and linearly
constrained convex optimization.

3.16 Other nonparametric likelihoods

Other distances can be constructed in the simplex to give aχ2 limit for inferences
on a vector mean, perhaps after suitable scaling. Widely studied examples include
the Kullback-Liebler distance

KL =
n∑

i=1

wi log (nwi) (3.38)

and the Hellinger distance

H =
n∑

i=1

(
w

1/2
i − n−1/2

)2

.

The empirical and Euclidean likelihoods have the advantage that the Lagrange
multiplier for

∑n
i=1 wi = 1 can be eliminated. The Euclidean version has the

further advantage that the multiplier for
∑n

i=1 wi(Xi − µ) = 0 can also be elim-
inated.
The Cressie-Read power divergence statistic for a multinomial withOi obser-

vations whereEi observations were expected, fori = 1, . . . , k, takes the form

CR(λ) =
2

λ(λ+ 1)

k∑
i=1

Oi

[(
Oi

Ei

)λ

− 1
]

where−∞ < λ < ∞. The degenerate casesλ ∈ {−1, 0} are handled by taking
limits.
The empirical likelihood setup hasn distinct data values observed once each.

Thusk = n, andOi = 1 and we writeEi = nwi. Then

CR(λ) =
2

λ(λ+ 1)

n∑
i=1

[
(nwi)

−λ − 1
]
.
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Also, after taking the required limits,

CR(0) = −2
n∑

i=1

log(nwi), and

CR(−1) = 2
n∑

i=1

nwi log(nwi).

Figure 3.12 shows contours of CR(λ) for n = 3 and six values of λ. The
same contour levels are shown for eachλ. These correspond to the contours in
Figure2.3.
The quantityCR(0) is minus twice the empirical log likelihood ratio, and

CR(−1) is equal to2nKL from equation(3.38). The valueλ = −2 corresponds
to the Euclidean log likelihood, throughCR(−2) = −2	E , under the usual con-
dition that

∑
i wi = 1. In this setting, Euclidean log likelihood is also known as

Neyman’sχ2. The valueλ = 2/3 is known to give an especially good fit forχ2

calibration in multinomial families on a fixed number of values. The valueλ = 1
corresponds to Pearson’sχ2, and the Freeman-Tukey statistic hasλ = −1/2.
All members of the Cressie-Read family give rise to empirical divergence ana-

logues of the empirical likelihood in which an asymptoticχ2 calibration holds for
the mean. They all give convex confidence regions for the mean.
The Kullback-Liebler distance is often singled out because of its interpretation

as an entropy. We use the term empirical entropy for this method, also known
as exponential empirical likelihood. The empirical entropy is between empirical
likelihood and Euclidean likelihood in the Cressie-Read family. It is also between
them in that empirical likelihood uses positive weights, empirical entropy uses
nonnegative weights, and Euclidean likelihood uses real-valued weights.
By conventionwi log(nwi) = 0 for wi = 0, and so the empirical entropy is

bounded over the simplex of weights. The largest possible value ofCR(−1) is
2n log(n), attained when somewi = 1 and the others are all0. By contrast, em-
pirical likelihood is unbounded asminwi → 0. Thus if the true mean is near the
convex hull of the data, empirical likelihood discrepancyCR(0) will be much
larger thanCR(−1). Where empirical entropy allowswi = 0, the Euclidean like-
lihood allowswi < 0, and soCR(−2) might be still smaller for a true mean
just barely within the convex hull of the data. These features do not appear to
give a faster χ2 approximation. Figure 3.13 shows resampled values of empiri-
cal entropy and Euclidean likelihood using the same set of resampled data sets
as Figure 3.2 uses for empirical likelihood. Although the resampling generated
some infiniteCR(−1) values, the empirical log likelihood was not more extreme
than the other discrepancies, except in the very deep tail of the distribution. Sur-
prisingly, the distribution ofCR(−2) appears to be farthest from the nominalχ2

distributions.
Chapter 3.14 shows how empirical likelihood for a vector mean can be solved
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Figure 3.12Shown are contours for Cressie-Read divergences forn = 3, as described in
the text. The values ofλ are, reading left to right within rows from top to bottom,−5,−2,
−1, 0, 2/3, and 3/2. Euclidean likelihood is in the upper right corner. The middle row has
empirical entropy on the left and empirical likelihood on the right.

by iterated least squares regression. There is also a simple algorithm for comput-
ing empirical entropy, using Poisson regression methods. See Chapter 3.17.

One way to compare empirical likelihood and empirical entropy is to introduce
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Figure3.13 Thetop rowof plotsrepeatstheQQplotsof Figure3.2 replacing theempirical
likelihood by the Euclidean likelihood. The bottom row uses the empirical entropy. In all 6
plots the empirical likelihood QQ plot is also shown as an additional reference line.

the weightsvi = 1/n, for i = 1, . . . , n. Then

KL =
n∑

i=1

wi log
(
wi

vi

)
, and

logR(F ) =
n∑

i=1

vi log
(
vi
wi

)
,

making empirical entropy appear to be a backward log likelihood—with the roles
of model and data reversed. Of course, this also makes the log likelihood a back-
ward entropy. A practical consequence is that the difficulties empirical likelihood
has withwi = 0 would be expected for empirical entropy withvi = 0. A value
of vi = 0 corresponds to a potential observation for which the observed count is
zero, as was used in defining quantiles in Chapter 3.6. Such “undata” could also
be used to good effect when upper and lower limits are known form(X, θ).
Compared to other nonparametric discrepancy measures, empirical likelihood
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extends more directly to problems with biased data, censoring, truncation, and
prior distributions. The extensions involve modifying the parametric likelihood
treatments of those issues.
Of the distances above, empirical likelihood is the only one that allows a Bartlett

correction. For another nonparametric likelihood to be Bartlett correctable it must
match empirical likelihood to sufficiently high order. A distance function

−2
n∑

i=1

l̃og(nwi)

with

l̃og(1 + z) = z − 1
2
z2 +

1
3
z3 − 1

4
z4 (3.39)

gives rise to a Bartlett correctable nonparametric likelihood. The key is to match
four derivatives of the log function at1. A bounded function that, likẽlog, matches
log near1, may generate a nonparametric likelihood with the best features of
empirical likelihood and empirical entropy.

3.17 Bibliographic notes

Coverage and calibration

Theorem 3.2 was proved by Owen (1990b), who also shows that the coverage
error in empirical likelihood isO(n−1/2), if E(‖X‖4) < ∞. The coverage error
also attains themuch better rateO(n−1), under mild extra conditions, as shown by
DiCiccio, Hall & Romano (1991) for smooth functions of means, and by Zhang
(1996b) for estimating equations (of a scalar parameter). These extra conditions
includeCramér’s condition (Equation (13.1) on page 249) and stronger moment
conditions.
Box (1949) considers approximations to the distribution of the parametric log

likelihood ratio using theF distribution. Most of the bibliographic notes for
Bartlett correction of empirical likelihood appear in Chapter 13.6 (which begins
on page 257). Tsao (2001) proposes a calibration method in which the exact crit-
ical value of−2 logR is obtained for the mean, assuming a normal distribution,
and then used for possibly non-normal data. In some univariate simulations, this
proposal improves the coverage level, although the resulting method still tends to
undercover. La Rocca (1995b) proposes a calibration method based on replacing
theχ2,1−α

(p) quantile byχ2,1−α+∆
(p) where∆(α) takes a simple functional form.

Bootstrap calibration of∆ should then require fewer resamples than bootstrap
calibration of a percentile.
Bootstrap calibration of empirical likelihood was proposed by Owen (1988b),

Hall & La Scala (1990), and Wood, Do & Broom (1996). Bootstrap calibration in
general settings has been studied by Beran (1987), Beran (1988), and Loh (1991).
The limiting distribution of an empirical likelihood test is typically the sameχ2
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distribution regardless of the true value of the quantity being tested. In such set-
tings bootstrap calibration typically reduces the order of magnitude of the level
error in the test. The result is that bootstrap calibration of empirical likelihood has
the same order of coverage error, typicallyO(1/n2) as obtained in bootstrapping
the bootstrap (Hall & Martin 1988).
Hall & LePage (1996, Remark 3.5) describe how the bootstrap can be used to

calibrate empirical likelihood confidence regions for the mean in some settings
with infinite variance. The data have to come from a distribution satisfying a tail
condition, and the bootstraps are based onm < n resampled values.
Fisher, Hall, Jing & Wood (1996) consider constructing confidence regions for

the mean of directional data on the surface of the sphere. They find that the combi-
nation of empirical likelihood to choose the shape of the region and the bootstrap
to choose the size performs best.

Power

Chen (1994a) compares the asymptotic power of empirical likelihood and a boot-
strapT 2 method, for tests on the mean of a vector. For alternatives that are
O(n−1/2) from the true mean, both tests have the same noncentral chisquared
limit. BootstrapT 2 confidence regions are symmetric about the sample mean
while empirical likelihood regions are elongated in directions of skewness. Not
surprisingly, the next term in the power expansion shows that the bootstrapT 2

tests have better power against alternatives in directions of positive skewness and
empirical likelihood tests have better power in directions of negative skewness.
Lazar & Mykland (1998) compare the asymptotic power of empirical and para-

metric likelihoods. The data are assumed to be sampled from a member of the
parametric family, and the empirical likelihoods are assumed to use the same
estimating equation as the likelihood. The power of empirical likelihood tests
matches that of the parametric likelihood to second order. At third order the em-
pirical likelihood can have either greater or lesser power than the parametric like-
lihood.

Estimating equations

Godambe (1960) introduces the subject of estimating equations, and shows that
in parametric models, the score equation is the optimal estimating equation. Go-
dambe & Thompson (1974) consider nuisance parameters. Statistics defined via
estimating equations are also known asM -estimates. Huber (1981) describes their
use in constructing robust extensions of maximum likelihood estimates. Theo-
rem 3.6 with results on smooth estimating equations for empirical likelihood are
from Qin & Lawless (1994).
Marginal and conditional likelihoods are described by Cox & Hinkley (1974).

The partial likelihood was introduced by Cox (1975). Lindsay (1980) shows that
for a vectorX consistent estimators can be put together by multiplying together
likelihood factors, which may be conditional distributions of some components
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of X given others or marginal distributions of some components. The resulting
product need not have a probability interpretation.
Many problems in econometrics involve testing a model in which the number

of estimating equations is larger than the number of parameters in them. The over-
identifying restrictions test is based on the generalized method of moments. See
Hansen (1982). Kitamura (2001) points out that the Euclidean likelihood tests are
equivalent to the continuous-updating GMM approach to overidentifying restric-
tions, due to Hansen, Heaton & Yaron (1996).
Qin & Lawless (1994) provide the examples of side information in which two

co-observed random variables have common mean. Owen (1991) proves Theo-
rem 3.4 and illustrates it with regression through the origin. The example of a
common mean and median is discussed at length in Qu (1995); see also Chap-
ter 10.8.

Quantiles

Exact confidence levels can be obtained for quantiles of continuous distributions.
Useful references include David (1981) and Hahn & Meeker (1991).
Chen & Hall (1993) introduce a kernel smoothing technique to construct con-

fidence regions for quantiles. Smoothing the CDF allows them to obtain confi-
dence interval endpoints between observations. Coverage error can be reduced
fromO(n−1/2) toO(n−1) by smoothing, and then toO(n−2) by Bartlett correc-
tion. Much less smoothing is required for quantiles than for density estimation.
When the kernel is the density function of a symmetric bounded random vari-
able, then a bandwidth ofh = o(n−1/2) provides aχ2 calibration, including
h = 0 for unsmoothed empirical likelihood. To get coverage errorO(n−1) it
must also hold thatnh/ log(n) → ∞. Bartlett correctability requires additionally
thath = O(n−3/4). Whenh = O(n−3/4) andnh/ log(n) → ∞, the Bartlett
constant is approximatelyp−1(1 − p)−1(1 − p + p2)−1/6 for the quantileQp.
Using this approximation the coverage error isO(n−1h). This can be nearly as
good as the rateO(n−2) attainable by exact Bartlett correction. Geoff Eagleson
raised the question of the interquartile range at a seminar.
Several authors have considered the estimation of an EDF subject to side in-

formation on moments or quantiles. Haberman (1984) introduced an approach
based on Kullback-Liebler distance. Sheehy (1987) considered several other in-
formation distances. Qin & Lawless (1994) consider estimation of the distribution
function subject to known means of smooth estimating equations. Sheehy (1987)
considers Kullback-Liebler and Hellinger distances as do DiCiccio & Romano
(1990).

Robustness

Huber (1981) describes robust methods in statistics, includingM -estimators and
alternatives. The joint location-scaleM -estimate presented is based on a pro-
posal for regression problems in Chapter 7.7 of Huber (1981). Owen (1988b)
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computes an empirical likelihood ratio function for Huber’sM -estimate, applied
to 20 of Newcomb’s measurements of the passage time of light (data set 9 of
Stigler (1977)). Owen (1988b) uses a scale value estimated from the data, and
fixed throughout the likelihood profiling. Tsao & Zhou (2001) study the robust-
ness properties of the endpoints of empirical likelihood confidence intervals. They
find that the endpoints of the interval for a univariate mean are not robust to out-
liers, but that the endpoints of an interval for a robustM -estimate are robust to
outliers.
Hall & Presnell (1999a) describe an approach to robustness, through the em-

pirical entropy. They maximize the empirical entropy subject to an equality con-
straint on a location statistic and another constraint on a concomitant scale statis-
tic. The constraint on the scale parameter forces the weight on outliers to be small.
Unlike empirical likelihood, empirical entropy remains finite when some obser-
vation weights are set to zero. This allows robust confidence regions to be con-
structed for nonrobust statistics like the mean.
Colin Mallows described robust likelihood by contamination in a conversation

with the author in the mid-1980s. Mallows computed some examples for data
with nearly a Poisson distribution, apart from one or more gross outliers. Small
values ofεwere enough to effectively trim away the outliers, and leave an estimate
of the mean of the uncontaminated part of the distribution. The method did not
appear to be very sensitive toε, though of courseε could not be zero. Modifying
the likelihood this way introduces a small systematic error, because some of the
Poisson probabilities are not small compared toε.

Empirical discrepancies

Cover & Thomas (1991) is a background reference on entropy methods. Read
& Cressie (1988) describe power divergence discrepancies. They find that the
valueλ = 2/3 has the most accurateχ2 calibration in parametric settings. The
power divergence discrepancies were also studied by Rényi (1961). Mittelham-
mer, Judge & Miller (2000) describe empirical entropy and empirical likelihood
in econometric settings. The focus is on methods such as generalized method of
moments and instrumental variables.
Baggerly (1998) makes the connection between empirical likelihood and Cress-

ie-Read statistics, and proves that all members of the Cressie-Read family have
a χ2 calibration. Baggerly (1998) proves that empirical likelihood is the only
Bartlett correctable member of the family. Baggerly (1998) notes that forλ ≥ 0,
the confidence regions lie within the convex hull of the data. Baggerly (1998)
shows that forλ ≥ −1 the divergence minimizing weights for a candidate value
of the mean are nonnegative whenever that candidate value is within the convex
hull of the data. Forλ < −1, it is possible that some of the optimal weights are
negative even if the candidate for the mean is within the convex hull of the data.
For λ = −2, confidence regions for the mean are ellipsoidal. Baggerly (1998)
shows that forλ > −2, the regions tend to be lengthened in the direction of
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outlying observations, while forλ < −2 they tend to be shorter in those direc-
tions. Baggerly (1998) notes a sufficiency property for the firstk moments when
λ = −k/(k − 1), with Euclidean likelihood corresponding tok = −2. Letting
k → ∞ provides a sense in which empirical entropy (λ = −1) is the limit of a
sequence of moment-based inference methods.
Corcoran, Davison & Spady (1995) show some an example where the distribu-

tion of−2 logR(µ) is not close toχ2, and for which the QQ plot bends upwards
like those in Figures 3.2 and 3.13, making Bartlett correction ineffective. Their
data were sampled from aχ2 distribution and a parametric log likelihood ratio
statistic had a QQ plot very close to the45◦ line. Bartlett-correctable nonpara-
metric likelihoods including (3.39) were published posthumously by Corcoran
(1998).

Other bibliographic notes

The dipper survey data come from Iles (1993). Themilk production data belonged
to my father, George Owen. It is from the farm on which he grew up.
The sandwich variance formula(3.23)is due to Huber (1967). Sample versions

of the sandwich formula have been advocated by White (1980) for regression and
by Liang & Zeger (1986) for generalized estimating equations.
Some background on financial returns may be found in Hull (2000), Duffie

(1996), and Campbell, Lo & MacKinlay (1996), who describe ways of testing
whether returns are independent from one time period to the next. The combined
actions of investors, speculators, and arbitragers are likely to make for very small
correlations in returns. There is some empirical evidence that the variance of re-
turns changes over time and that nearby time periods havemore similar volatilities
than do separated periods.
Standard references on numerical optimization include Gill, Murray & Wright

(1981) and Fletcher (1987). Fletcher describes a convex duality problem very
similar to empirical likelihood, except that the entropy distance is used. Davison
& Hinkley (1997, Chapter 10) describe an algorithm for empirical entropy based
on Poisson regression.

3.18 Exercises

Exercise 3.1 In d = 1 dimension, a distributionF can have roughly1.92/n prob-
ability off of the sample, and still contribute to the asymptotic95% confidence
region. Modify the argument following Lemma 2.1 for higher dimensions. For
dimensionsd = 2, . . . , 100 find how much probability can be placed off of the
sample while keeping−2 logR(F ) ≤ χ2,0.95

(d) . Describe the pattern with respect
to d.

Exercise 3.2For the Euclidean log likelihood, suppose thatk of the weightswi

are0 or less, for1 < k < n. What is the largest possible value of	E subject
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to these constraints? Ford = 1, 2, 5, 10, roughly what proportion of then obser-
vations can a distribution give nonpositive weight, while still contributing to the
95% confidence interval? Assume thatwi sum to1.

Exercise 3.3Suppose that the data consist of pairs(Xi, Yi) of real values, and
that interest centers on the ratioτ = σ2

Y /σ
2
X of the variance ofY to that ofX.

Write a set of estimating equations, for a parameter vectorθ = (τ, ν′)′. Hereτ
is one component ofθ andν is a vector of nuisance parameters. The number of
estimating equations should equal the dimension ofθ.

Exercise 3.4Suppose that(Xi, Yi) are real data pairs, with a continuous distri-
bution. We are interested in the hypothesisH0 which stipulates that, conditionally
onX ≤ 100, the median ofY is equal to50. Construct an estimating function
whose expectation is zero if and only ifH0 holds.

Exercise3.5 For the setting in Exercise 3.4, suppose that n = 100, that exactly
70 of theXi are less than or equal to100, and that of these70 observations
exactly30 haveYi < 50 while 40 haveYi > 50. What is the maximum empirical
likelihood ratio underH0? What weight do the30 observations withXi > 100
get under the maximizing distribution?

Exercise 3.6Bootstrap calibration may also be done using the950th largest of
999 resampled log likelihood ratios. Suppose thatX1, . . . ,XB ∈ R are indepen-
dent random variables with distributionF . LetX(1) < X(2) < · · · < X(B) be
their order statistics. Show thatPr(X < X(A)) = A/(B + 1) where1 ≤ A ≤ B
andX ∼ F is independent ofXi.

Exercise 3.7Explain why restricting the dataXi ∈ R
d to have a variance matrix

of full rankd results in no loss of generality when formulating statistics as smooth
functions of means.

Exercise 3.8Suppose thatm is the unique median ofF , butPr(X = m) > 0.
Suppose that amongX1, . . . ,Xn, there aren− observationsXi < m, andn0

observationsXi = m, andn+ observationsXi > m.

1. Assume thatn− > 0 andn+ > 0. Let wi maximize
∏n

i=1 nwi subject to
wi > 0,

∑n
i=1 wi = 1,

∑n
i=1 wi1Xi≥m ≥ 1/2 and

∑n
i=1 wi1Xi≤m ≥ 1/2.

Show that at most3 different values ofwi arise, one forXi < m, one for
Xi > m, and one forXi = m.

2. Letw+, w− andw0 be the weights described above. Letp+ = n+w+, p0 =
n0w0 andp− = n−w−. The maximum empirical log likelihood for the median
valuem is the maximum of

n+ log(nw+) + n0 log(nw0) + n− log(nw−)
= n+ log(np+/n+) + n0 log(np0/n0) + n− log(np−/n−)
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over nonnegativep’s satisfyingp+ + p0 + p− = 1, p+ + p0 ≥ 1/2, and
p0 + p− ≥ 1/2. Find thesep’s for n+ = 30, n0 = 1, n− = 30.

3. Find thesep’s for n+ = 30, n0 = 1, n− = 20.
4. Find thesep’s for n+ = 30, n0 = 100, n− = 10.
5. Find thesep’s for n+ = 40, n0 = 10, n− = 10.

Exercise 3.9Suppose that the median is defined throughE(1X≤m − 1/2) = 0,
and that there are no ties amongX1, . . . ,Xn. Whenn = 2k is even, then any
value ofm ∈ [X(k),X(k+1)) is a sample median.
1. Show that no value ofm hasn−1

∑n
i=1(1Xi≤m − 1/2) = 0 whenn = 2k+1

for integerk ≥ 1.
2. For evenn, it is possible to attain−2 log(

∏n
i=1 nwi) = 0 subject towi ≥ 0,∑n

i=1 wi = 1, and
∑n

i=1 wi(1Xi≤m − 1/2) = 0. Show that for oddn, it is
possible to attain−2 log(

∏n
i=1 nwi) = n−2 +O(n−3).

3. Suppose thatXi are IID from a continuous distributionF . Describe how to
constructZi as a function ofXi andm, so thatE(Zi) = 0 whenm is any
median ofF , and so thatn−1

∑n
i=1 Zi = 0 whenm is any sample median of

theXi.

Exercise 3.10Suppose that(X,Y ) ∈ R
2 are independent. The bivariate median

of X andY may be defined as any point(mx,my) such that

min
{
Pr(X ≤ mx),Pr(X ≥ mx),Pr(Y ≤ my),Pr(Y ≥ my)

} ≥ 1/2

Suppose that the data are

X: 9, 8, 7, 6, 5, 4, 3, 2, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0
Y: 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9

1. Does the empirical distribution on this set of data have a bivariate median?

2. Show that ifmx > 0 andmy > 0 then any distribution formed by attaching
nonnegative weights summing to one to the(X,Y ) pairs above, and having
(mx,my) as its bivariate median, has empirical likelihood0.

3. Describe the set of points(mx,my) arising as bivariate medians of distribu-
tions formed by applying positive weights summing to one to the data values
above.

Exercise 3.11Determine whether the score equations for the bivariate normal
parametersµx,µy, σx, σy andρ give rise to the estimating equations(3.8)through
(3.12)used to define the correlation in the text. Do they give the same estimates?

Exercise 3.12Suppose thatX ∈ R has the distributionF . For θ ∈ R, let
m(X, θ) = sin(X − θ). Show that for any distributionF , there is aθ0 with
E(m(X, θ0)) = 0. Obviouslyθ0 +2kπ is also a solution for any integerk. Find a
distributionF for which there is more than one solutionθ0 in the interval[0, 2π).
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Exercise 3.13Suppose thatX ∼ N(0, 1). Letm(x, θ) = (x−θ)2−0.5 for real-
valuedθ. Show that there is no valueθ0 with E(m(X, θ0)) = 0. Draw a sample
of 100 observationsXi. LetRn(θ) be the empirical likelihood ratio function for
θ based onX1, . . . ,Xn. Plot logRn(θ) versusθ for n = 10k, k = 1, . . . , 10.
What happens to the confidence set forθ asn→ ∞?

Exercise 3.14Consider a setting in which we do not know whether there is any
solutionθ0 toE(m(X, θ)) = 0. If there is exactly one solution, then the empiri-
cal likelihood confidence region is nonempty with asymptotic probability at least
1 − α. Now suppose that there are two distinct solutionsθ0A, andθ0B . Is the
asymptotic probability of an empty confidence region still smaller thanα?

Exercise 3.15Suppose thatY ∈ {0, 1}, and thatX ∈ R
d. Let π0 = Pr(Y =

1) ∈ (0, 1), andπ1 = 1 − π0. WhenY = y, the distribution ofX isN(µy,Σ),
whereΣ is finite and of full rank. Show that

Pr(Y = 1 | X = x) = [1 + exp(−α− β′x)]−1

for a scalarα and a vectorβ ∈ R
d. This derives logistic regression as a conditional

likelihood method.

Exercise 3.16SupposeX1, . . . ,Xn ∈ R are IID fromF0 with meanµ0, and
finite varianceσ2

0 > 0. Suppose thatn = 2m is even. Then it also follows that
Yi = (X2i−1,X2i)′, for i = 1, . . . ,m are IID with common mean(µ0, µ0)′.
Suppose that̂µ is defined as the MELE for the estimating equations

m∑
i=1

wi

(
X2i−1 − µ
X2i − µ

)
= 0.

These are equivalent to the equations
m∑

i=1

wi

(
X2i−1 − µ
X2i −X2i−1

)
= 0.

Find limm→∞mVar(µ̂). The natural estimator in this setting is

X̄ =
1
n

n∑
i=1

Xi.

It is hard to imagine that̂µ is better thanX̄. Perhaps it is asymptotically as good,
or perhaps becausem = n/2 it roughly doubles the variance. Settle the issue
by findinglimm→∞ Var(µ̂)/Var(X̄). Describe an applied setting in which doubt
about the joint distribution ofXi would lead you to prefer̂µ to X̄.

Exercise 3.17Suppose that(X,Y ) pairs are jointly observed, withX ∈ R
p and

Y ∈ R
q. The mean ofX is known to beµx0 and a confidence region for the mean

µy0 is to be constructed using the side information onX. The theorem in the text
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assumes that the variance of(X ′, Y ′)′ has full rankp + q. When the rank is less
thanP +1, aχ2

(r) calibration might still hold for somer. Suppose thatU, V,W,Z
are independent random variables and thatVar((U, V,W,Z)′) has rank4. Decide
whether an appropriate value ofr exists in the following settings, and if one does,
say what it is:

1. X = (U, V, U + V )′ andY = (W,Z)′.
2. X = (U, V )′ andY = (W,Z,W + Z)′.
3. X = (U, V, U + V )′ andY = (U,W,Z)′

4. X = (U, V,W )′ andY = (U + V, V +W )′.

Exercise 3.18Find an expression form(x, θ) for Mallows’s robust estimating
equation(3.30), in the case wheref(x; θ) is the Poisson probability function with
meanθ ∈ [0,∞) and observationsx ∈ {0, 1, . . . }. Decide among:

A. m(x, θ) is bounded uniformly inx andθ,
B. m(x, θ) is bounded inx for eachθ, but A fails,

C. m(x, θ) is bounded inθ for eachx, but A fails,

D. both B and C hold,

E. m(x, θ) is unbounded inx for someθ and unbounded inθ for somex.

Exercise 3.19Consider the estimating function

m(x, µ) =
∂

∂µϕ(x− µ)
ϕ(x− µ) + τ

whereϕ(z) is theN(0, 1) density. Plotm(x, µ) versusx − µ for several values
of τ > 0. Describe qualitatively how the curves look. Find a value ofτ so that the
resulting curve is nearly linear for|x− µ| ≤ 1.35.

Exercise 3.20Determine whether ties can be ignored for other empirical diver-
gences in the Cressie-Read family.

Exercise 3.21For a powerλ �= −1, show that the weightswi that minimize the
empirical divergence subject to

∑n
i=1 wi = 1 and

∑n
i=1 wiXi = µ are

wi =
1
n
(1 + a+ b′(Xi − µ))−1/(λ+1)

=
c

n
(1 + d′(Xi − µ))−1/(λ+1)

,

wherea andc are scalars andb andd are vectors of the same dimension asXi.

Exercise 3.22Show that forλ = −1, the weights are

wi = c exp (d′(Xi − µ)) .

©2001 CRC Press LLC



 

CHAPTER 4

Regression and modeling

Linear and multiple regression are among the most widely used statistical meth-
ods. This chapter considers empirical likelihood inferences for linear regression
and other models with covariates, such as generalized linear models. The standard
setting for linear regression has fixed predictors and a random response. Empir-
ical likelihood was developed in Chapter 3.4 for smooth functions of means and
for estimating equations, but assuming independent identically distributed data.
Some new techniques are required to extend empirical likelihood to settings with
fixed regressors.
Figure 4.1 shows ameasure of breast cancer mortality versus population size

for a set of counties in the southern U.S.A. A linear regression fits this data set
well, though it is clear from the data, and obvious scientifically, that the variance
of mortality increases with the population size. It is also reasonable to consider a
regression through the origin for this set of data.
In simple linear regression, we observe pairs(Xi, Yi), i = 1, . . . , n and it is

thought that for a generic pair(X,Y ),

E(Y | X = x) .= β0 + β1x,

where the approximate inequality allows for some practically insignificant lack of
fit. There are two widely used sampling models for linear regression. In one case
(Xi, Yi) are independent random vectors from a joint distributionFX,Y on R

2,
while in the other,Xi = xi are fixed andYi are then sampled independently from
the conditional distributionsFY |X=xi

. It is also a common practice to sample
random pairs, but to analyze the data as if theXi had been fixed at their observed
values. These two sampling models extend to multiple regression in an obvious
way.
This chapter first considers independent sampling ofX,Y pairs because the

results from Chapter 3 apply directly. Then sampling with fixedXi is handled
using amore general ELT. Then extensions are made to generalized linear models,
nonlinear least squares, and the analysis of variance.

4.1 Random predictors

Suppose thatX ∈ R
p andY ∈ R are the generic predictor vector and response.

Let (Xi, Yi) be independent random observations from a common distribution.
To make the notation simpler, suppose thatXi includes any necessary functions
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Figure 4.1The left plot shows some cancer mortality counts (plus one) versus the popula-
tion sizes for some counties in the southern U.S.A. The right plot shows residuals for these
data from a linear regression of cancer on population. Source: Rice (1988).

of the available measurements. ThusX = (1,W )′ for simple linear regression on
W , andX = (1, U,W,U2,W 2, UW )′ for a quadratic response surface inU and
W . We will suppose thatE(X ′X) has full rankp. It may be necessary to remove
one or more redundant predictor variables to arrive atX with E(X ′X) of full
rank.
A linear model takes the formX ′β for some vectorβ ∈ R

p. The valueβLS that
minimizesE((Y −X ′β)2) is

βLS = E (X ′X)−1
E (X ′Y ) ,

and the sample least squares estimate ofβLS is

β̂LS =
(

1
n

n∑
i=1

X ′
iXi

)−1( 1
n

n∑
i=1

X ′
iYi

)
,

the NPMLE ofβLS in the sense of Chapter 2. We useβLS instead ofβ0 to des-
ignate the population value ofβ, because in regression problemsβ0 has a firmly
established use as an intercept coefficient.
BecauseβLS is a smooth function of means, empirical likelihood inferences

for it follow by the theory in Chapter 3.4, under mild moment conditions: that
E(‖X‖4) <∞, E(‖X‖2Y 2) <∞, andE(X ′X) is nonsingular. Invertibility of
E(X ′X) is needed in order to makeβLS a smooth function of means. There is
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no need to assume that eitherX or Y has a normal distribution, or thatσ2(x) =
Var(Y | X = x) is constant with respect tox.
There is also no need to assume thatµ(x) = E(Y | X = x) is of the form

x′β. In this case the interpretation is that empirical likelihood confidence regions
for the best valueβLS are properly calibrated, despite the lack of fit that might be
inherent in that best value. A very large lack of fit could make the linear model
irrelevant, and perhaps require the addition of some components toX. But a small
lack of fit might be acceptable. In practice, some lack of fit is inevitable for many
applications, and empirical likelihood tests are not sensitive to it.
The mean square prediction errorE((Y −X ′βLS)2) is also a smooth function

of means and so empirical likelihood inferences apply to it. This squared error
can be writtenE(σ2(X)) +E((µ(X)−X ′βLS)2), combining variance and lack
of fit terms.
The regression model can also be approached through estimating equations.

The definition ofβLS is equivalent to

E (X (Y −X ′βLS)) = 0, (4.1)

and the definition of̂βLS is equivalent to the normal equations

1
n

n∑
i=1

Xi

(
Yi −X ′

iβ̂LS

)
= 0.

That is, the errorsY − X ′βLS are uncorrelated withX and the residualsYi −
X ′

iβ̂LS are orthogonal to the sampleXis. This formulation allows us to weaker
the moment conditions for empirical likelihood regression inferences. The condi-
tionsE(‖X‖4) < ∞, andE(‖X‖2Y 2) < ∞ can be replaced byE(‖X‖2(Y −
X ′βLS)2) < ∞. It is still necessary to haveE(X ′X) invertible so thatβLS is
determined by (4.1).
Define the auxiliary variablesZi = Zi(β) = Xi(Yi − X ′

iβ). The empirical
likelihood ratio function forβ is defined by

R(β) = max

{
n∏

i=1

nwi |
n∑

i=1

wiZi(β) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

For any vectorβ this empirical likelihood ratio may be computed using the algo-
rithm for a vector mean, applied to theZi values. When a single component ofβ
is of interest, then we maximizeR over the other components to obtain the profile
empirical likelihood ratio function for the component of interest.
For the cancer data, we takeXi = (1, Pi)′ wherePi is the population of the

i’th county, andYi = Ci whereCi is the number of cancer deaths in thei’th
county. Thenβ = (β0, β1)′. For these datâβ1 = 3.58, corresponding to a rate
of 3.58 cancer deaths per1000 population. Because deaths were counted over
20 years, the annualized rate is3.58/20 = 0.18 per thousand. Also the intercept
β̂0 = −0.53 is quite close to zero, as we would expect.
Figure4.2 shows theprofileempirical log likelihood ratio functions for β0 and
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Figure 4.2The left plot shows the empirical likelihood ratio function for the intercept in a
simple linear regression model relating cancer mortality to county population for the data
shown inFigure4.1. Avalueof zero isreasonablefor theintercept. Theright plot showsthe
empirical likelihood ratio function for the slope. The solid curve is for regression through
the origin, the dotted curve is for ordinary regression not through the origin.

β1. Horizontal reference lines mark asymptotic confidence thresholds. These data
are clearly non-normal, and have nonconstant variance, but empirical likelihood
inferences still have good coverage properties in this setting.
It is natural with data such as these to consider a regression through the origin. It

is clear that a county with near zero population must have near zero cancer deaths.
Furthermore, linearity appears to hold over the observed range of data, including
some very small counties. To obtain a regression through the origin with slopeβ1

we insertβ0 = 0 into the reweighted normal equations, obtaining
n∑

i=1

wi(Ci − Piβ1) = 0, and (4.2)

n∑
i=1

wiPi(Ci − Piβ1) = 0. (4.3)

This almost appears to be solving two equations in one unknownβ1, one to make
the residuals have reweighted mean0 and the other to make them uncorrelated
with the population size. This is very different from what we would do with ordi-
nary regression through the origin. In ordinary regression through the origin, the
slope is estimated by

∑n
i=1XiYi/

∑n
i=1X

2
i , for scalarXi, corresponding to the

second equation above. Then the resulting residuals do not sum to zero.
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The profile empirical likelihood ratioR(β1) is found by maximizing
∏n

i=1 nwi

subject towi ≥ 0,
∑n

i=1 wi = 1, and the estimating equations(4.2) and(4.3)
above, for a fixed value ofβ1. The maximizing value is taken to bêβ1. Under
mild conditions−2 log(R(βLS,1)/R(β̂1)) → χ2

(1) in distribution asn → ∞,
whenβLS,1 is the true value ofβ1 and the regression is truly through the origin.

Figure 4.2 also shows the profile empirical log likelihood ratio curve for the
slope using regression through the origin. Because there is a correlation between
the estimated intercept and slope, fixing the intercept at its known value makes
a difference. This constraint shifts the MLE of the cancer rate down slightly to
3.52. It substantially narrows the likelihood ratio curve. AsFigure 4.2 shows the
confidence interval forβLS,1 using regression through the origin is less than half
as wide as that without the constraint. Halving the length of aconfidence interval
usually requires aquadrupling of the sample size. Thus, onemight interpret Fig-
ure4.2 tomean that choosing regression through the origin more than quadruples
the effective sample sizen. We will revisit this issue, with another interpretation,
in Chapter 4.5.

4.2 Nonrandom predictors

The usual model for linear regression has deterministic valuesXi = xi. Some-
times these values have been fixed by an experimental design. Sometimes they
are fixed by conditioning. To fixX by conditioning, in a parametric model, pro-
ceed as follows. Factor the joint density or probability ofX andY as a product
with one factor for theX distribution and another for the distribution ofY given
X. Commonly theX distribution does not involve the regression parameters, and
so all the information about them is in the conditional distribution ofY given
X. Then it makes sense to use the conditional likelihood ofY1, . . . , Yn given
X1 = x1, . . . ,Xn = xn, as in Chapter 3.8.

With X fixed, either by design or conditioning, the data are analyzed condi-
tionally on the observed values ofX. Now we suppose thatE(Yi) = µi and that
Var(Yi) = σ2

i .

With fixed regressors,Zi(β) = xi(Yi − x′iβ) has meanxi(µi − x′iβ) and vari-
ancexix

′
iσ

2
i . A linear model assumptionµi = x′iβLS makes theZi(βLS) indepen-

dent with mean zero and nonconstant variance. They would still have nonconstant
variance even ifσ2

i were constant, because of the factorxix
′
i. Chapter 4.3 presents

a triangular array ELT, for independent but not necessarily identically distributed
random vectors, that applies to regression with fixedXi whenµi = x′iβ holds for
someβ. As with random sampling of(X,Y ) pairs, the main requirements are on
moments.

Lack of fit is more serious in the fixed regressor setting, because it makes it
problematic to define a true valueβLS upon which to draw inferences. A natural
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default value to consider forβLS is( n∑
i=1

xix
′
i

)−1( n∑
i=1

xiµi

)
,

corresponding to random regressors sampled from the empirical distribution on
X. Empirical likelihood inferences in this setting tend to be conservative. Asymp-
totically they cover the true value more often than the nominal level indicates.
Theorem 3.5 shows that imposing the constraint

∑
wiUi = E(U) for sample

valuesUi has asymptotically the same effect as conditioning on the observed
value of (1/n)

∑n
i=1 Ui. So this suggests that we might be able to capture the

effects of conditioning onxi by employing the constraints
n∑

i=1

wixi =
1
n

n∑
i=1

xi

and

n∑
i=1

wixix
′
i =

1
n

n∑
i=1

xix
′
i

while computingR(β). Then our analysis will , in the sense of Theorem 3.5, be
conditional on the first and second moments ofx.
To match even more features of the observedx values, letQ(x) be ans-

dimensional function ofx, and consider imposing the constraint
∑n

i=1 wiQ(xi) =
(1/n)

∑n
i=1Q(xi) = Q analogous to conditioning on the observed value ofQ.

Theses constraints cannot widen the confidence region forβ. They would narrow
it asymptotically if there were any correlation betweenQ(Xi) andZi(β).
WhenβLS is the true regression vector,

E (Zi(βLS)Q(Xi)) = E (E (Zi(βLS) | Xi)Q (Xi)) = 0.

There appears to be no advantage to conditioning on any finite set of moments of
X in the limit asn → ∞. For a scalar function ofβLS, the ratio of constrained
to unconstrained confidence interval lengths approaches1.0 asn → ∞. Perhaps
there are benefits to imposing constraints on the reweightedxi, but if so they tend
to disappear asn→ ∞.
There are two common reasons for fixing regressors by conditioning. The first

is that the conditional variance of the least squares estimatorβ̂LS is simpler than
the unconditional one, especially when the errors are assumed to have constant
variance.
The second, and more subtle, reason is based on the statistical idea of ancil-

larity. Suppose that observing theXi does not give us any information about the
value of βLS but does give us information about the variance ofβ̂LS. For in-
stance, with constant error variance,Var(β̂LS) = (

∑n
i=1 xix

′
i)

−1σ2. A statistic
like

∑n
i=1 xix

′
i, which tells us nothing aboutβLS but something aboutVar(β̂LS),
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is called ancillary. The point of conditioning on an ancillary statistic is to use the
known variance of our estimate rather than considering otherxi and correspond-
ing otherVar(β̂LS)’s that we might have had instead. In particular, we should
expect confidence regions forβLS to be large when

∑n
i=1 xix

′
i is small and vice

versa. This indeed holds for empirical likelihood, and most if not all other widely
used confidence interval methods for regression.

4.3 Triangular array ELT

In applications such as linear regression with nonrandom predictors, and kernel
smoothing (Chapter 5), empirical likelihood is applied to the mean of random
variables that are not necessarily independent and identically distributed. Instead
a triangular array structureZin ∈ R

p, for i = 1, . . . , n is appropriate. The vectors
can be arranged into a triangular array,

Z11

Z12 Z22

Z13 Z23 Z33

...
...

...
. ..

Z1n Z2n Z3n · · · Znn.

For eachn, we will assume thatZ1n, . . . , Znn are independent, but not neces-
sarily that they are identically distributed. For regression with fixed regressors,
Zin(β) = xi(Yi−x′

iβ). In regressionZin = Zim for i ≤ n < m, though this does
not hold in other settings. We assume thatE(Zin) is the same fori = 1, . . . , n.
In regression, this common value is0 for all n, but in other settings the common
mean can depend onn. The variances of theZin have to be of roughly the same
order of magnitude for a central limit theorem to hold.
IntroduceVin = Var(Zin) andVn = (1/n)

∑n
i=1 Vin, and for a real sym-

metric matrixA, letmaxeig(A) andmineig(A) denote the largest and smallest
eigenvalues ofA, respectively.

Theorem 4.1 (Triangular array ELT) Let Zin ∈ R
p for 1 ≤ i ≤ n andn ≥

nmin be a triangular array of random vectors. Suppose that for eachn, that
Z1n, . . . , Znn are independent and have common meanµn. LetHn denote the
convex hull ofZ1n, . . . , Znn, and putσ1n = maxeig(Vn), andσpn = mineig(Vn).
Assume that asn → ∞

Pr(µn ∈ Hn) → 1 (4.4)

and

1
n2

n∑
i=1

E
(
‖Zin − µn‖4

σ−2
1n

)
→ 0 (4.5)
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and that for somec > 0 and alln ≥ nmin,

σpn

σ1n
≥ c. (4.6)

Then−2 logR(µn) → χ2
(p) in distribution asn → ∞, where

R (µn) = max

{
n∏

i=1

nwi |
n∑

i=1

wi (Zin − µn) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

Proof. This theorem is proved in Chapter 11.3.

For regression problems with fixed predictorsxi and independent responsesYi,
the vectorsZin(β0) = xi(Yi − x′

iβ0) are independent. They all have mean0 if
β0 is the true common regression vector. That is, ifE(Y | X = xi) = x′

iβ0, for
i = 1, . . . , n.
The asymptotic results do not depend on whichnmin is used. For regression

problemsnmin ≥ p, for otherwiseσpn = 0. In applications there are usually
many more data points than regression coefficients, so the valuenmin has only a
minor role.
The convex hull condition(4.4), which was easily satisfied for the mean of

IID random vectors, must be investigated separately for each use of the triangular
array ELT. If all the errorsei are positive then it is certain that0 �∈ Hn. Simi-
larly, for simple linear regression withxi = (1, ti)′, if the regressionβ0 + β1t
is increasing, withβ1 > 0, but the sample data are decreasing, withYi < Yj

wheneverti > tj , then0 �∈ Hn. We cannot reweight a decreasing sample to get
an increasing regression line.
Under normal circumstances, we expect however that(4.4) will be satisfied

rapidly unlessp is large orn is small. Letei = Yi−x′
iβ0 be the error for observa-

tion i, so thatZin = xiei. We require that some vector of weightswi ≥ 0 exists
with

∑n
i=1 wi = 1 and

∑n
i=1 wixiei = 0. Here is a simple sufficient condition.

Lemma 4.1 LetH+
n be the convex hull of the set{xi | ei > 0, 1 ≤ i ≤ n} and

letH−
n be the convex hull of the set{xi | ei < 0, 1 ≤ i ≤ n}. If H+

n ∩ H−
n �= ∅,

then0 ∈ Hn.

Proof. If x ∈ H+
n ∩ H−

n , then we may writex =
∑n

i=1 w
+
i xi =

∑n
i=1 w

−
i xi

with all w±
i ≥ 0,

∑n
i=1 w

±
i = 1, w+

i = 0 if ei ≤ 0, andw−
i = 0 if ei ≥ 0. Then∑n

i=1 w
±
i Zin = xẽ± whereẽ± =

∑n
i=1 w

±
i ei. We havẽe− < 0 < ẽ+, and by

takingwi = (w+
i |ẽ−| + w−

i |ẽ+|)/(|ẽ+| + |ẽ−|), we find
n∑

i=1

wiZin =
|ẽ−|xẽ+ + |ẽ+|xẽ−

|ẽ+| + |ẽ−| = 0,

and so0 ∈ Hn.

©2001 CRC Press LLC



 

For simple linear regression withYi = β0 + β1ti + ei andxi = (1, ti)′, the
convex hull condition simplifies further. LetI+

n be the interval from the smallest
ti with ei > 0 to the largestti with ei > 0, and letI−n be similarly defined using
ti with ei < 0. If these intervals overlap then0 ∈ Hn. We simply require a triple
ti < tj < tk where the sign ofej differs from those ofei andek. If on the other
hand there is some valuet such thatei > 0 wheneverti > t andei < 0 whenever
ti < t, then0might not be inHn.
The vectorsZin have varianceVin = xix

′
iσ

2
i , whereσ

2
i = Var(Yi), so

Vn =
1
n

n∑
i=1

xix
′
iσ

2
i .

Under mild conditions onxi and σ2
i , both σ1n = maxeig(Vn), and σpn =

mineig(Vn) have finite nonzero limits,σ1∞ andσp∞, respectively, asn → ∞.
For regression, condition(4.5)becomes

1
n2

n∑
i=1

‖xi‖4
E

(
e4i

)
σ−2

1n → 0.

If σ1n tends to a finite nonzero limit, then a sufficient condition for(4.5) is that
max1≤i≤n E(e4i ) andmax1≤i≤n ‖xi‖4 both have a finite upper bound holding
for all n. Still weaker conditions are sufficient. These quantities are allowed to
diverge slowly to infinity, and even the average of‖xi‖4E(e4i ) can diverge to
infinity as long as it remainso(n).
For condition(4.6), the constantc can be taken to be slightly smaller than

σp∞/σ1∞ when these exist. To violate condition(4.6) would require either un-
bounded ratios of observation variancesσ2

i or unbounded ratios of extreme eigen-
values ofn−1

∑n
i=1 xix

′
i.

4.4 Analysis of variance

The one way analysis of variance (ANOVA) is widely used to compare the means
of different populations. Suppose that we observe independent random variables
Yij ∈ R, for i = 1, . . . , k andj = 1, . . . , ni. The groupsi are considered to
have possibly different means, and usually an identical variance. Then the null
hypothesis of identical means is rejected when the ratio

1
k−1

∑k
i=1 ni(Ȳi• − Ȳ••)2

1
N−k

∑k
i=1

∑ni

j=1(Yij − Ȳi•)2

exceeds the1 − α quantileF 1−α
k−1,N−k of theFk−1,N−k distribution. HereN =∑k

i=1 ni, andȲi• = (1/ni)
∑ni

j=1 Yij , andȲ•• = (1/N)
∑k

i=1

∑ni

j=1 Yij . The
F distribution holds if theYij are normally distributed, and it holds asymptoti-
cally for non-normal data. The assumption of a common variance is critical for
asymptotic validity, unless theni are equal or nearly so.
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For an empirical likelihood approach to ANOVA, we suppose thatYij ∈ R
d

are independent and have the distributionFi0, for d ≥ 1. We do not need to dis-
tinguish ANOVA (d = 1) from multivariate ANOVA (MANOVA) with d > 1. A
natural approach to empirical likelihood for this setting is to define the likelihood
function

Lk(F1, . . . , Fk) =
k∏

i=1

ni∏
j=1

vij ,

wherevij = Fi({Yij}). The empirical likelihood ratio function is then

Rk(F1, . . . , Fk) =
k∏

i=1

ni∏
j=1

nivij .

An alternative formulation is to encode the data asN pairs(I, Y ) whereI ∈
{1, . . . , k} andY ∈ R

d. The observationYij is represented by a pair withI = i
andY = Yij . Let F be a distribution on(I, Y ) pairs. The data are not an IID
sample from any such distributionF0, in the usual setting whereni are nonran-
dom. Instead the variableI behaves more like a nonrandom categorical predictor.
Define the likelihood

L(F ) =
k∏

i=1

ni∏
j=1

wij ,

wherewij = F ({(i, Yij)}) ≥ 0 and
∑k

i=1

∑ni

j=1 wij = 1.
The weightswij can be factored intowj|iwi• wherewi• =

∑ni

j=1 wij and
wj|i = wij/wi•. Thewi• factor describes the probability attached byF to group
I = i, while the factorwj|i describes the distribution ofYIj given thatI = i.
In ANOVA problems, we are usually interested inF only throughwj|i. This is
necessarily true when theni have been fixed by the experimental design. The
empirical likelihood ratio function on data pairs may be written

R(F ) =
k∏

i=1

ni∏
j=1

Nwi•wj|i

=
( k∏

i=1

(
Nwi•

ni

)ni
)( k∏

i=1

ni∏
j=1

niwj|i

)
.

If we maximizeR(F ) subject to constraints that only involvewj|i, then the result
will havewi• = ni/N and so

R(F ) = Rk(F1, . . . , Fk)

whereFi({Yij}) = wj|i. Maximizing the likelihood ratio for such constraints au-
tomatically keeps the group weightswi• proportional to the actual sample sizesni.
Empirical likelihood confidence regions and tests for the one way ANOVA will
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be identical whether they are constructed throughR(F ) or through the more natu-
ralRk(F1, . . . , Fk), as long as the statisticT (F ) depends only on the conditional
distributions ofYIj givenI = i and not on the marginal distribution of the group
variableI. The triangular array ELT is then available to justify the method based
on sampling(I, Y ) pairs.
Suppose thatµi0 =

∫
ydFi0(y) ∈ R

d and define

R(µ1, . . . , µk) = max

{
k∏

i=1

ni∏
j=1

Nwij | wij ≥ 0,
k∑

i=1

ni∑
j=1

wij = 1

ni∑
j=1

wij(Yij − µi) = 0, j = 1, . . . , k,

}
.

To apply the triangular array ELT, define the auxiliary variablesZijN ∈ R
D,

whereD = kd. TakingYij to be column vectors, we write

ZijN = (0, . . . , 0, Y ′
ij − µ′

i, 0, . . . , 0)′,

whereY ′
ij − µ′

i is preceded by(i− 1)d zeros and followed by(k− i)d zeros. We
could rewriteZijN asZlN for 1 ≤ l ≤ N in order to make the notation more
closely match that of the triangular array ELT, but this is not necessary. The key
quantity in applying that theorem is the matrixVN given by

VN =
1
N


n1Var(Y11) 0 · · · 0

0 n2Var(Y21) · · · 0
...

...
. ..

...
0 0 · · · nkVar(Yk1)

 .

If eachVar(Yi1) is finite and nonsingular, then the condition on the eigenvalues
of VN is satisfied so long as the sample sizes grow subject to

lim
N→∞

mini ni

maxi ni
> 0. (4.7)

The convex hull condition forZijN becomesk convex hull conditions: for each
i = 1, . . . , k, the convex hull ofYij needs to containµi0. Thus under very mild
conditions ,

−2 logR(µ10, . . . , µk0) → χ2
(D)

in distribution asN → ∞.
Returning to ANOVA, suppose thatd = 1. Then

−2 logR(µ10, . . . , µk0) → χ2
(k)

in distribution asN → ∞. The most common hypothesis is thatµi0 = µ0 all take
the same (unknown) value. This hypothesis corresponds tok − 1 constraints on
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the mean ofZijN instead ofk constraints and so

−2 max
µ

logR(µ, . . . , µ) → χ2
(k−1)

in distribution asN → ∞ whenµ10 = · · · = µk0. The observations do not need
to be normally distributed, or to have a common variance, and the sample sizes
need not be equal. Each group needs a finite nonzero variance.
For d > 1, empirical likelihood produces MANOVA tests for equality ofµi

requiring very weak assumptions and having an asymptoticχ2
(d(k−1)) calibra-

tion. The formulation above can be further generalized to a setting where the data
have possibly different dimensionsdi in each population. An asymptoticχ2

D re-
sult holds for−2 logR(µ1, . . . , µk) under conditions including a bound on the
ratio of eigenvalues of the matrixVN . Now the matrixVN is D by D where
D =

∑k
i=1 di. Whend1 �= d2, it is not natural to compareµ10 andµ20, though

comparisons of functions ofµ1, . . . , µk may be of interest.
More general multi-sample statistics are considered in Chapter 11.4. For exam-

ple,Pr(Y1j > Y2j) is covered there, but not by the ANOVA formulation described
above.

4.5 Variance modeling

Least squares inferences can be inefficient when the responseYi has nonconstant
varianceσ2

i , for fixed regressors, or whenσ
2(x) = Var(Y | X = x) is noncon-

stant inx, for random regressors. Greater accuracy can be obtained by weighting
observationi in inverse proportion to the variance ofYi. In some cases the inef-
ficiency of unweighted least squares is mild and may be tolerated. In others, the
inefficiency may be large enough that we seek to put more weight on the less vari-
able observations. This can be done by introducing a model for the variance ofY .
Sometimes we may introduce such a model because the variance is interesting in
its own right.
Suppose that we observe(X,Z, Y ) triples, whereX andZ are thought to be

related to the mean and variance ofY , respectively. It may be thatZ is X, a
subvector ofX, or a transformation ofX. Perhaps(Xi, Zi, Yi) are IID vectors,
or alternativelyxi andzi are fixed. Because the variance ofY cannot be negative
it is natural to model the logarithm of the variance ofY usingZ. The model
Y | (X,Z) ∼ N(X ′β, exp(2Z ′γ)), leads to the estimating equations

0 =
1
n

n∑
i=1

exp(−2z′iγ)xi(Yi − x′
iβ) (4.8)

0 =
1
n

n∑
i=1

zi

(
1 − exp(−2z′iγ)(Yi − x′

iβ)2
)
. (4.9)

For the breast cancer data, takexi = (1, Pi)′, andzi = (1, logPi)′, wherePi

is the population of theith county, and takeYi = Ci, the number of cancer deaths
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in that county. The model for the expected value ofCi is nowβ0 + β1Pi, but we
will run the regression through the origin, by constrainingβ0 = 0. The model for
the conditional standard deviation ofCi is a power modelexp(γ0 +γ1 log(Pi)) =
exp(γ0)P γ1

i . A normal distribution clearly cannot hold for discrete data, but the
parametersβ1, γ0, andγ1 retain their interpretations as parameters of the mean
and variance ofC given P . Specifically,E(C|P ) = β1P , andVar(Y |P ) =
exp(2γ0)P 2γ1 .
The simplest parametric model one might believe to hold for cancer incidence

is Poisson with intensity proportional to the population size. This model would
give a regression through the origin. It would also giveγ1 = 1/2 and γ0 =
log(β1)/2, because for a Poisson model the variance equals the mean. It is often
found that a Poisson model fails to fit epidemiological data. A Poisson model may
be derived by assuming that different people get cancer independently of each
other, and with the same small probability. Commonly there is overdispersion,
wherein the variance of observations with different means increases faster than
does the mean. This can happen with clustering (as for families within counties)
or because there is variation from county to county in factors such as industrial ex-
posure, age, or smoking. A commonly used model for data overdispersed relative
to the Poisson is the Gamma distribution. For Gamma distributions,γ1 = 1.
The MLE’s for the cancer data arêβ1 = 3.57, γ̂0 = 0.602 and γ̂1 = 0.731.

The value forγ1 describes overdispersion relative to a Poisson model, but less
overdispersion than would hold in a Gamma model.
Theleft panel of Figure4.3showstheprofileempirical likelihood ratio function

for β1. For comparison purposes, the curve forβ1 from a regression through the
origin without variance modeling is also shown. The two curves have roughly the
same width. The approximate four-fold efficiency gain from regression through
the origin can also be obtained by variance modeling which puts more weight on
observations from small counties. Also, using both techniques is not much more
accurate than using just one of them.
The right panel of Figure4.3 plots theprofileempirical likelihood function for

γ1 using both regression through the origin and unconstrained regression. The
constraint narrows the empirical likelihood function peak slightly. In particular,
constraining the regression to go through the origin raises the lower confidence
limit for γ1 somewhat. By either curve, we can infer that both the overdisper-
sion relative to the Poisson model and the underdispersion relative to the Gamma
model are statistically significant. The value0.75 is near the center of the confi-
dence interval forγ1, and this corresponds to weighting the observations propor-
tionally toP 1.5 instead ofP orP 2 as in Poisson andGammamodels, respectively.

4.6 Nonlinear least squares

In some applications there is a specific functional formf(x, θ) that is known
or suspected to giveE(Y |X = x). Then a reasonable way to estimateθ is to
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Figure 4.3The left plot shows the empirical likelihood function for the intercept in a linear
regression through the origin, relating cancer mortality to county population for the data
shown in Figure4.1. Thesolid curve is fromaheteroscedastic regressionmodel, thedotted
curve is from a regression model using constant variance. The right plot shows the empir-
ical likelihood function for the exponent in a power law relating the standard deviation of
the cancer mortality level to the population size. Values 1/2 and 1, corresponding to Pois-
son and Gamma models, respectively, do not fit the data. The solid curve is for regression
through the origin, the dotted curve is for regression not contrained to pass through the
origin.

minimize

S(θ) =
n∑

i=1

(Yi − f(xi, θ))2 (4.10)

with respect toθ. Minimizing equation (4.10) gives the maximum likelihood es-
timate ofθ under a model with independentYi ∼ N(f(xi, θ), σ2). We suppose
that f(x, θ) is not linear inθ, for otherwise linear regression methods could be
used.
The least squares estimate is still valuable, even ifYi are not normally dis-

tributed or do not have equal variance. For randomXi, the population quan-
tity estimated is that value ofθ minimizing E((Y − f(X, θ))2). In particular,
if E(Y |X = x) were really of the formf(x, θ0), thenθ0 minimizesE((Y −
f(X, θ))2).
Finding the nonlinear least squares estimateθ̂ can be a challenge. Success can

depend on using good starting values, and it may be necessary to rescale the data
or parameter values to avoid loss of numerical accuracy. The same estimateθ̂ is
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used for empirical likelihood and parametric inferences. The methods differ when
it comes to constructing confidence sets.
Normal theory confidence regions forθ may be obtained either by linearizing

the model or by profiling the log likelihood function. Linearization inferences
begin with the approximation

f(xi, θ) .= f(xi, θ0) + (θ − θ0)′g(xi, θ0),

where

g(xi, θ) =
∂

∂θ
f(xi, θ).

The vectorθ − θ0 may be approximated by a linear regression with ann by p
predictor matrixJ and a response vectorZ given by

J = J(θ0) =


g(x1, θ0)′

g(x2, θ0)′
...

g(xn, θ0)′

 and Z = Z(θ0) =


Y1 − f(x1, θ0)
Y2 − f(x2, θ0)

...
Yn − f(xn, θ0)

 .

The valueθ0 is unknown. The Gauss-Newton iteration estimatesθ0 by iterated
least squares, replacinĝθ by θ̂ + (Ĵ ′Ĵ)−1Ĵ ′Ẑ, whereĴ = J(θ̂) andẐ = Z(θ̂).
Under standard assumptions, the asymptotic distribution ofn1/2(θ̂ − θ0) is

N(0, σ2(J ′J)−1). This matches our expectations under a linear regression model
onJ , and justifies ellipsoidal confidence regions forθ of the form{

θ | (θ − θ̂)′Ĵ ′Ĵ(θ − θ̂) ≤ s2pF 1−α
p,n−p

}
(4.11)

wheres2 = S(θ̂)/(n− p).
Confidence regions forθ0 formed by thresholding the normal theory likelihood

reduce to thresholding the functionS(θ). The asymptotic distribution of(S(θ0)−
S(θ̂))/ps2 is Fp,n−p justifying confidence regions of the form{

θ | S(θ) ≤ S(θ̂)
[
1 +

p

n− p
F 1−α

p,n−p

]}
(4.12)

It can be very difficult to get accurate inferences in nonlinear least squares
problems. The source of this difficulty is curvature of the vector

fn(θ) = (f (x1, θ) , . . . , f(xn, θ))′

expressed as a function ofθ. This mapping fromRp toR
n has two kinds of curva-

ture: intrinsic curvature and parameter effects curvature. Intrinsic curvature arises
because thep-dimensional surface{fn(θ) | θ ∈ R

p} in n-dimensional space
is not flat but curved. Parameter effects curvature arises because of the label-
ing throughθ of the points in this surface. In a linear mapping, changingθ to
θ + ∆ produces the same change infn for any value ofθ. In a nonlinear mapping
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fn(θ+∆)−fn(θ) can depend strongly onθ for fixed∆. Linearization inferences
implicitly approximatefn(θ+∆)−fn(θ) at everyθ by fn(θ̂+∆)−fn(θ̂), while
methods based directly on the sum of squares do not make this approximation.
If we reparameterize, replacingθ by τ(θ) the intrinsic curvature of the surface

is unchanged, but the parameter effects curvature will usually have changed. It
is common for nonlinear models to employ the exponential function, or even to
have the exponential in an exponent. These models can have very high parameter
effects curvature.
It has been found empirically that confidence regions forθ and functions ofθ

found by thresholding (profiling) the sum of squares are usually well calibrated
but that confidence regions based on linearization can be very badly calibrated.
The usual explanation is that intrinsic curvatures are typically small compared to
parameter effects curvatures.
Another explanation for the success of methods based on the sum of squares

runs as follows. For normally distributedYi with known and constantσ2, the set
{θ | S(θ) ≤ σ2χ2,1−α

(n) } has exactly1 − α coverage probability, regardless of

the form off . Coverage error can enter whenσ2 is estimated. In a normal linear
model, the average squared residual isS(θ̂)/n = (n − p)s2/n ∼ σ2χ2

(n−p)/n.

This average squared residual tends to be smaller thanσ2, but in a way that is well
understood and easily corrected. For a pathological nonlinear model, in which
the p-dimensional hyper-surface{fn(θ) | θ ∈ R

p} ⊂ R
n nearly fills then-

dimensional spaceS(θ̂) can be far smaller thanσ2, and no practical correction
is available. But for reasonable models, the correction ofS(θ̂) implicit in (4.12)
does not go far wrong.
Empirical likelihood inferences for nonlinear least squares are based on

θ (w1, . . . , wn) = arg min
θ

n∑
i=1

wi(Yi − f (xi, θ))2.

If the sum of squares takes a unique minimum at a point where its gradient with
respect toθ vanishes, then the estimating equations

n∑
i=1

wi(Yi − f(xi, θ))g(xi, θ) = 0

serve to defineθ for given weightswi. Because empirical likelihood is parameteri-
zation invariant, it is only affected by parameter effects curvature, in the same way
that a parametric likelihood is. Empirical likelihood inferences have an advantage
in not requiring constant error variance.
Figure 4.4 shows datameasuring calcium uptake Y versus timeX. A reason-

able model for these data is

E(Yi|Xi = xi) = θ1

(
1 − e−θ2xi

)
. (4.13)
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Figure 4.4Shown are the calcium uptake data (Rawlings 1988) and a modelE(Y |X =
x) = θ1(1 − exp(−θ2x)) fit to the data by nonlinear least squares.

The least squares estimates areθ̂1 = 4.309 andθ̂2 = 0.208. The estimated curve
θ̂1(1 − exp(−θ̂2x) is shown as well.
Figure4.5 shows theempirical likelihood ratio confidenceregions for θ. These

contours do not look very elliptical. Some of them are not even convex.

4.7 Generalized linear models

In a generalized linear model (GLM) we begin with a parametric model for the
dataY ∼ f(y; θ), wheref may be either a probability density function, or a
probability mass function, with a single real-valued parameterθ. This parameter
is then written asθ = τ(X ′β) for predictorsX, a coefficient vectorβ, and a
known functionτ . The same response surface modelsX ′β that are used in linear
regression models may be used in GLM’s. The functionτ serves, at the least, to
squash the real line into the natural domain forθ. GLM’s are usually described in
terms of the link functionτ−1 for whichX ′β = τ−1(θ).
Apart from normal theory regression, the most widely used GLM is logistic

regression. HereYi ∈ {0, 1} are independent, withPr(Yi = 1 | Xi = xi) =
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Figure 4.5Shown are empirical likelihood contours for the parametersθ1, andθ2 in the
calcium uptake model. The confidence levels are 50%, 90%, 95%, and 99%.

τ(x′
iβ), for

τ (z) =
exp (z)

1 + exp (z)
=

(
1 + exp(−z)

)−1

.

The parametric likelihood forβ is
n∏

i=1

[τ(x′
iβ)]Yi [1 − τ(x′

iβ)]1−Yi ,

with log likelihood
n∑

i=1

Yi log τ(x′
iβ) + (1 − Yi) log(1 − τ(x′

iβ)),

and estimating equations
n∑

i=1

(
Yi

τ(x′
iβ)

− 1 − Yi

1 − τ(x′
iβ)

)
τ ′(x′

iβ)xi = 0,

whereτ ′(z) denotes

d

dz
τ(z) =

exp (−z)
[1 + exp(−z)]2

= τ(z)(1 − τ(z)).
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After some algebra, the estimating equations simplify to
n∑

i=1

xi(Yi − τ(x′
iβ)) = 0. (4.14)

Empirical likelihood inferences for logistic regression are based on

R(β) = max

{
n∏

i=1

nwi |
n∑

i=1

wiZi(β) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
,

whereZi(β) = xi(Yi − τ(x′
iβ)).

For a generalized linear model withYi ∼ f(yi; θi) andθ = τ(x′
iβ), the esti-

mating equations are
n∑

i=1

g (yi, τ (x′
iβ))

f(yi; τ(x′
iβ))

τ ′(x′
iβ)xi = 0, (4.15)

where as usualg(y, θ) = ∂f(y; θ)/∂θ. In practice it can pay to simplify (4.15)
for the actual functionsf , g, andτ of the model. For example, (4.14) provides
insight into logistic regression that is not directly evident in (4.15).
A common source of difficulty with generalized linear models is overdisper-

sion. The generalized linear model usually implies that the conditional variance
of the response, given some predictors, is a known function of the conditional
mean, given those same predictors. Overdispersed data has a conditional variance
larger than what the model predicts for it. Overdispersion can invalidate statis-
tical inferences based on parametric likelihood ratios. An empirical likelihood
analysis treats the generalized linear model as a “working likelihood”, using the
same maximum likelihood estimate, but substituting a more generally applicable
likelihood ratio for the parametric one.
Giant cell (temporal) arteritis (GCA) is a form of vasculitis – inflammation of

blood or lymph vessels. A set of data on vasculitis cases was collected in order to
investigate statistical methods of separating GCA from other forms of vasculitis.
Therewere585 cases, with the8 binary featuresrecorded inTable4.1. Theresults
of a logistic regression areshown in Table4.2 and in Figure4.6.
The coefficientsβj are all strongly significant except the one for scalp tender-

ness. For a patient with symptomszj ∈ {0, 1}, interest centers on the function
θ = β0 +

∑8
j=1 zjβj of theβj . Theprimary interest may be in (1 + exp(−θ))−1,

the probability under the logistic regression model that this patient has GCA.
Figure4.7 shows theempirical likelihood ratio for thisprobability for ninehypo-
thetical patients, thek’th one of which has the firstk−1 symptoms and no others.
For a patient with the first three or fewer of the symptoms, the likelihood concen-
trates around low probabilities of GCA. If six or more symptoms are present, then
we may be similarly confident that the probability of GCA is very high. A GCA
probability near1/2 would describe great uncertainty. For a patient with the first
four or five symptoms and no others, not only is the outcome uncertain, even the
amount of uncertainty is not well determined from the data.
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Variable Equals 1 if and only if

Headache New onset of localized headache
Temporal artery Tenderness or decreased pulsation
Polymyal rheumatism Aching and morning stiffness
Artery biopsy Histological changes on biopsy,

showing destructive inflammatory process
ESR Erythrocyte sedimentation rate≥ 50 mm/hour
Claudication Fatigue and discomfort while eating
Age Disease onset after age 50
Scalp tenderness Tender areas or nodules over scalp, away from arteries

Table 4.1Binary predictors of GCA. See the source (Bloch et al. 1990) for full definitions.

Another quantity of interest here is the predictive accuracy of the logistic re-
gression. Suppose that a thresholdc is used so that ifZβ > c thenY is predicted
to be1, otherwiseY is predicted to be0. The value ofcmight be0, or it might be
adjusted to take account of the prior odds thatY = 1, or the ratioL(1, 0)/L(0, 1)
whereL(j, k) is the loss from predictingY = j whenY = k.

Variable Coefficient Log likelihood

Intercept −8.83 −272.33
Headache 1.54 −7.55
Temporal artery 2.45 −11.21
Polymyal rheumatism 1.07 −3.59
Artery biopsy 3.56 −43.96
ESR 1.69 −6.26
Claudication 2.06 −4.26
Age 3.50 −19.72
Scalp tenderness −0.21 −0.59

Table 4.2Estimated logistic regression coefficientsβ̂j for GCA predictors, with empirical
log likelihood forH0 : βj = 0. Scalp tenderness is not a statistically significant predictor.
The others are all strongly significant.
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Figure 4.6Shown are empirical likelihood functions for the 9 parameters in the logistic re-
gression of the GCA data. The plotting limits forβj correspond to logR(βj) approximately
equal to−25.0. The horizontal lines denote approximate 95% confidence levels, using a
χ2
(1) calibration of−2 logR(βj).

Defineθ0 andθ1 through estimating equations

0 = E(Y × (1Zβ≤c − θ1)), and

0 = E((1 − Y ) × (1Zβ≥c − θ0))

Thenθj is the probability of making a mistaken prediction, whenY = j. The
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Logit of GCA given 1st k symptoms
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Figure 4.7Shown are empirical likelihood functions for nine hypothetical patients. Patient
k presents the first k− 1 symptoms and only those, for k= 1, . . . , 9. The top figure gives
the empirical likelihood ratio function for

∑k−1
j=0 βj . As the number of symptoms increases

from zero to nine each curve is to the right of the previous one, except that the curve for
all eight symptoms is just to the left of the one for the first seven symptoms. The lower
figure plots the same likelihoods versus(1+ exp(−∑k

j=0 βj))
−1, giving a likelihood for

the estimated probability of GCA.

quantity1 − θ1 is the sensitivity of a logistic regression classifier for GCA. We
will work with c = 0 for simplicity.
Sample versions ofθ0 andθ1 are subject to a bias, because the sample version

of β has been fit to the data. In an example like this with a large number of ob-
servations and relatively few parameters, such bias is likely to be small. Thus we
might consider estimatingθj and forming confidence intervals for it by empiri-
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cal likelihood. A difficulty arises because the Heaviside functionH(u) = 1u≥0

is discontinuous, making both optimization and theory much harder. We replace
H by the smooth functionG(u, ε) = Pr(t(4) ≤ u/ε) wheret(4) is a Student’s
t random variable on four degrees of freedom andε > 0. Takingε = 0.05, the
estimating functions are:

0 = E
(
Y × (

G(c− Zβ, 0.05) − θ1

))
0 = E

(
(1 − Y ) × (

G(Zβ − c, 0.05) − θ0

))
.

The functionG(·, 0.05), shown in Figure 4.8, is continuous and differentiable
and is within0.01 of H for values ofu with exp(u)/(1 + exp(u)) outside the
interval[0.45, 0.55]. This substitution makesθj more tractable at the cost of blur-
ring the error count for near misses.
Figure 4.9 plots the empirical likelihood for the smoothed conditional error

probabilities, when using a threshold ofc = 0. The flatness at the top of these
curves is not very common in profile log likelihoods. On inspection of the data,
there are a number of observations withY = 0 andZβ̂ just barely less than
0. Small movements in the logistic regression parameters can produce modestly
large positiveZβ̂ values for these observations.

4.8 Poisson regression

Poisson regression is a generalized linear model in whichYi ∼ Poi(τ(x′
iβ)). Here

xi is a vector of predictors, usually including a component always equal to1. The
most widely used model hasτ(z) = exp(z).
The number of home runsY hit by a baseball player in one year may have

approximately a Poisson distribution. It is reasonable to expect the number of
home runs to depend on the number of timesm the player came to bat, as well as
the number of yearst that the player has been playing. A natural model is that in
yeari, Yi ∼ Poi(λi) where

λi = exp(β0 + β1ti + β2 log(mi))

= mβ2
i exp(β0 + β1ti).

It is natural to setβ2 ≡ 1 in order to study the number of home runs per at
bat. Such a constraint is called an offset in generalized linear modeling. Thus we
consider the model

Yi ∼ Poi(mi exp(β0 + β1ti)).

Baseball fans tend to study at bats per home runmi/Yi. Figure 4.10 shows
this quantity plotted against the year for two singular home run hitters of the
20th century: Babe Ruth and Hank Aaron. It is well beyond the scope of this text
to attempt to compare two players from different eras. However, the coefficient
β1 can be interpreted as a comparison for an individual player. A positive value
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Figure 4.8The top plot showsG(u, 0.05) andH(u) for the logit,u = log(π/(1−π)). The
bottom plot showsG(u, 0.05) andH(u) versus the probabiliityπ = exp(u)/(1+exp(u)).

describes a player whose home run production is increasing over time. A negative
value has the opposite interpretation.
It appears from the plot that Ruth’s home run production was fluctuating around

a decreasing trend line. Aaron’s was mostly increasing, except for his final two (or
possibly three) seasons. A trend in home run production could be due to changes
in a player’s skill, or to many other factors, such as an opposite trend in the pitch-
ing talent, or changes in baseball manufacture, stadium size, and team strategy.
For Babe Ruth,̂β1 = −.01841, corresponding to a drop of about1.84% per

year in home run production per at bat. For Hank Aaron,β̂1 = 0.01420, corre-
sponding to an increase of about1.42% per year.
We can investigate these trends by constructing confidence intervals forβ1. A

least squares regression confidence interval would ignore the fact that for Poisson
data the variance is equal to the mean. A confidence interval based on the Poisson
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Figure 4.9The left curve shows the empirical likelihood function for the smoothed prob-
ability of error for a patient with GCA. The right curve shows the empirical likelihood
function for the smoothed probability of error for a patient without GCA.

likelihood could be in error because of overdispersion. Finally a confidence inter-
val based on likelihood curvature at the MLE might be inaccurate because of the
strong curvature in the exponential activation function.

Figure4.11 showsprofileempirical likelihood ratio curvesfor β1, for these two
players. The bootstrap threshold for−2 logR(β1) is approximately6.65 for Babe
Ruth and6.51 for Hank Aaron. These are indicated by horizontal calibration lines
at exp(−6.65/2) = 0.0360 andexp(−6.51/2) = 0.0385, respectively. A short
vertical line throughβ1 = 0 shows that0 is in the confidence interval for Aaron,
and just barely inside the one for Ruth.

It is plausible that Ruth’s home run rate only appears to decrease because of
sampling fluctuations. Aaron’s home run rate could more easily have been con-
stant. Running the analysis on all of Aaron’s seasons but the last two, one finds
that0 is clearly outside of the confidence interval. The interpretation of this is that
Aaron might have been steadily increasing in home run output for the first21 of
his23 seasons, but that the last two seasons do not fit the linear model.
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Figure 4.10Shown are the number of at bats per home run for Babe Ruth and Hank Aaron,
in each year of their careers. The left curve is for Babe Ruth, the right is for Hank Aaron.
TheAaron data can be found at http://Baseball-Reference.co mand theRuth
data is from Stapleton (1995).

4.9 Calibration, prediction, and tolerance regions

In linear regression, a common problem is to construct a confidence interval for
β0 +β1x0, wherex0 is a specified value of the predictor variable. A related prob-
lem, called calibration or inverse regression, is to find a confidence region for the
valuex0 with β0 + β1x0 = y0, for a given response valuey0.
These problems are similar in that they may be handled by maximizing likeli-

hood, parametric or empirical, subject to the additional constraint

β0 + β1x0 = y0.

For regression,x0 is fixed and the likelihood ratio is found for eachy0, after
maximizing overβ0 andβ1. For calibration,x0 varies for a giveny0. There is
an important practical difference: when the slopeβ1 is not well determined the
confidence set forx0 is not necessarily a finite interval. It can be the whole real
line or even the set theoretic complement of a finite interval.
Prediction intervals extend easily to nonlinear and generalized linear models.

Calibration intervals are more complicated. Specifyingy0 imposes only one con-
straint onx0, so if the predictor is in ap-dimensional space, there will generally
be ap − 1 dimensional space ofx0 values consistent withy0 at the MLE of the
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Figure 4.11Shown are empirical likelihood ratio curves for the time coefficientβ1 in the
home run intensities of Babe Ruth and Hank Aaron. The coefficientβ1 measures a player’s
annual improvement in home run productivity, as described in the text. The curve for Ruth
is to the left of that for Aaron. Horizontal reference lines and a short vertical reference line
show that 0 is in the confidence interval forβ1 for both players, as described in the text.

parameter. More generally, when the dimension ofX is larger than that ofY , we
can ordinarily expect that calibration estimating equations are underdetermined,
while if Y has the larger dimension, we might anticipate the calibration problem
to be overdetermined.
A related problem is that of tolerance intervals or regions. Givenx0, we seek

a set that with confidence1 − α contains at least1 − γ of the probability in
the distribution of correspondingY0 values. Consider a linear regression problem
with observations(Xi, Yi) ∈ R

2 independent and identically distributed fori =
1, . . . , n. The estimating equations

0 = E(Y − β0 − β1X) (4.16)

0 = E(X(Y − β0 − β1X)) (4.17)

0 = E((Y − β0 − β1X)2 − σ2) (4.18)

0 = E(1Y <β0+β1X+τσ − 0.95) (4.19)

define the regression intercept, slope, and error standard deviation to beβ0, β1,
andσ, respectively. They also defineτ such that5% of theY values lieτ or more
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standard deviations above the regression line. For a tolerance interval,β0+β1x0+
τσ is of interest, whileβ0, β1, τ , andσ themselves are nuisance parameters.
Equation (4.19) above is not differentiablewith respect to the parameters, and

so Theorem 3.6 doesnot apply. Theorem 3.4 doesapply if we are satisfied with a
joint confidence regionC1−α for (β0, β1, σ, τ). We could construct a regionC1−α

using aχ2
(4) calibration. The set{β0 + β1x0 + τσ | (β0, β1, σ, τ) ∈ C1−α} then

has asymptotic coverage greater than or equal to the nominal level from theχ2
(4)

calibration. Intuitively we expect that the right coverage level should be obtained
using one degree of freedom. Presently known results do not let us conclude this
in general. See Chapter 10.6 for some related results.

4.10 Euclidean likelihood for regression and ANOVA

Applying the Euclidean log likelihood to the regression problem produces a test
statistic

(β̂ − β0)′
[
(X ′X )−1

(
n∑

i=1

(Yi −Xiβ̂)2XiX
′
i

)
(X ′X )−1

]−1

(β̂ − β0)

whereX = (X1 X2 · · · Xn)′.
This is equivalent to using White’s heteroscedasticity robust estimate

(X ′X )−1

(
n∑

i=1

(Yi −X ′
iβ̂)

2XiX
′
i

)
(X ′X )−1 (4.20)

of the covariance matrix of̂β. The true covariance of̂β is

(X ′X )−1

(
n∑

i=1

σ2
iXiX

′
i

)
(X ′X )−1

,

and so (4.20) can be thought of as using(Yi − X ′
iβ̂)

2 as an estimate ofσ2
i . For

each individualσ2
i , this is a poor estimate, but then estimation errors tend to

cancel and the result gives properly calibrated inferences onβ that do not require
equal variance for the observations.
If there is a common valueσ2

i = σ2, the true covariance simplifies to the fa-
miliar form σ2(X ′X )−1, for which the usual estimate is of the form̂σ2(X ′X )−1.
For the Euclidean log likelihood the two approaches to ANOVA in Chapter 4.4

do not in general provide the same answer. Taking thek distributions approach,
with distance function

∑k
i=1

∑ni

j=1(nivij − 1)2 the resulting test statistic is

k∑
i=1

ni
(Ȳi· − Ỹ••)2

s2i
,
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where

s2i =
1
ni

ni∑
j=1

(Yij − Ȳi•)2,

and

Ỹ•• =
∑k

i=1 niȲi•/s
2
i∑k

i=1 ni/s2i
.

The test statistic for regression, and the test statistic for ANOVA (with minor
modifications) have both been used in applications before, as described in the
bibliographic notes in Chapter 4.11.

4.11 Bibliographic notes

Empirical likelihood for regression was considered by Owen (1991), who used the
normal estimating equations to study first order coverage properties, including the
case of nonrandom predictors. Song Chen investigated higher order terms, estab-
lishing Bartlett correctability and exhibiting the Bartlett factor, again for nonran-
dom predictors. Chen (1993) considers confidence regions for the regression co-
efficients and Chen (1994b) looks at confidence intervals for linear combinations
of regression coefficients.
The formulation of empirical and Euclidean likelihoods for ANOVA is taken

from Owen (1991). Jing (1995b) and Adimari (1995) independently considered
the problem of comparing the means of two populations. Both find a chisquared
limit for the difference in means, using a product of one sample empirical like-
lihoods. Adimari (1995) obtains a noncentral chisquared distribution under alter-
nativesO(n−1/2) from the true difference in means. Jing (1995b) shows Bartlett
correctability.
The conservatism of empirical likelihood for fixed predictors and a misspec-

ified regression model is explained in Owen (1991). Davidian & Carroll (1987)
consider variance modeling in regression problems.
La Rocca (1998) studies the coverage error of empirical likelihood for linear

regression models, including several error distributions, and both equal and un-
equal error variances. Bootstrap calibration of empirical likelihood proves to be
most reliable.
The most basic form of model selection for regressions is conducted by fitting

the model with and without one of the predictor variables and comparing the sum
of squares. In empirical likelihood, the analogous procedure is to fit the model
with and without constraining the corresponding parameter to be zero, and to
compare the constrained and unconstrained empirical log likelihood ratios. Con-
straining a parameter to zero is different from dropping the corresponding predic-
tor, because the constrained fit keeps the residuals uncorrelated with the missing
predictor. Based on the results in Qin & Lawless (1994) we would expect this ex-
tra information to be helpful. Kolaczyk (1995) investigated empirical likelihood
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model selection, introducing an empirical information criterion (EIC) analogous
to AIC (Akaike’s information criterion) given by Akaike (1973).
Generalized linear models were introduced by Nelder & Wedderburn (1972).

McCullagh & Nelder (1983) is the standard reference on GLM’s. Empirical like-
lihood for GLM’s was investigated by Kolaczyk (1994), who considered GLM’s
with a fixed amount of overdispersion. He also considered estimating an overdis-
persion constant and modeling the overdispersion via a link and a linear model.
The usual inferences for GLM’s do not require that the motivating parametric
model hold. They can instead be defined through a quasi-likelihood. See Wed-
derburn (1974). This weakens the model to a requirement that the conditional
variance ofY givenX = x be functionally related to the conditional mean, that
is σ2(x) = h(µ(x)) for some known functionx. There is no reason in general to
expect data that depart from the parametric model to satisfy the quasi-likelihood
condition, although the introduction of an overdispersion parameter or model
can mitigate the problem. Nelder & Pregibon (1987) introduce extended quasi-
likelihood to model overdispersion. See also Jorgensen (1987). Efron (1986) in-
troduces double exponential families.
The GCA data is from Bloch et al. (1990). They investigate numerous predic-

tion rules for GCA and find that logistic regression performs best. They do not use
a zero threshold. Their logistic regression coefficients are not the same as the ones
inTable4.2, though they arequalitatively similar. Theremay havebeen slight dif-
ferences in the data, or they might not have used maximum likelihood estimates.
Thecoefficients in Table4.2 agreewith theonescomputed by theglm function in
S-PLUS.
The idea to study baseball home runs comes from Stapleton (1995), who pro-

vides the Babe Ruth data. Data for other players is easily available over the Inter-
net at numerous sites. The siteBaseball-Reference.co mcontains a lot of
baseball data.
Background material on nonlinear least squares asymptotics and algorithms

can be found in Bates & Watts (1988) and Seber & Wild (1989). The calcium up-
take data is from Rawlings (1988). Davison & Hinkley (1997) present a bootstrap
analysis of it.
The estimate(4.20)is due to White (1980).
For the analysis of variance (withd = 1), the Euclidean likelihood is essentially

equivalent to the statistic used by James (1951) to test differences among group
means when the variances are thought to be unequal. James (1951) usedni − 1
instead ofni in definings2i . His critical value was not taken from aχ2 distribution
but instead took account of the differing values ofs2i .

4.12 Exercises

Exercise 4.1Consider regression with a predictorX ∈ R
d and a responseY ∈

R. The data are IID(X,Y ) pairs, including numerous ties among theX ’s. The
data can then be labeled asXi ∈ R

d, i = 1, . . . , k, with which we observeYij ∈
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R, j = 1, . . . , ni. DefineZij(β) = X ′
i(Yij −X ′

iβ). Let Ȳi = (1/ni)
∑ni

j=1 Yij ,
Z̄i(β) = (1/ni)

∑ni

j=1 Zij(β), and

s2i =
{

1
ni−1

∑ni

j=1(Yij − Ȳi)2, ni > 1
0, ni = 1.

Define pure error and lack of fit variancesσ2
PE =

∫∫
(y−µ(x))2dFX,Y (x, y) and

σ2
LF =

∫
(µ(x) − x′β)2dFX(x), whereµ(x) =

∫
ydFY |X=x(y). For ni > 1,

E(s2i ) = σ
2
PE. Consider the estimating equations

0 =
k∑

i=1

winiZ̄i(β)

0 =
k∑

i=1

wi

[
niZ̄

2
i − niσ

2
LF − σ2

PE

]
0 =

k∑
i=1

wi(ni − 1)
[
s2i − σ2

PE

]
.

Show that the quantities being averaged have expectation0 if β is the least squares
coefficient vector andσ2

PE andσ2
LF are the correct values. Do empirical likelihood

confidence regions for these parameters have the correct calibration ask → ∞?
What conditions if any are required onni? Now suppose thatk is fixed and that
ni → ∞. Are empirical likelihood regions correctly calibrated? If not, suggest an
alternative formulation of the problem.

Exercise 4.2For the cancer data, construct the empirical likelihood ratio function
for the slopeβ1, using the estimating equationE((Ci − β1Pi)Pi) = 0. Compare
it to the likelihood ratio curve forβ1 from ordinary linear regression and from
regression through the origin withN(0, σ2) errors.

Exercise 4.3Find a joint distribution forX ∈ R
d andY ∈ R, and a vector

β ∈ R
d such thatE(‖X‖2(Y −X ′β)2) <∞, but at least one ofE(‖X‖4) = ∞

orE(‖X‖2Y 2) = ∞ holds.

Exercise 4.4Consider a regression ofYi on predictorsXi = (1, Ui, Vi)′, i =
1, . . . , n. Suppose thatn = 100 and thatU62,U84, V17, V38, andV62 are missing,
while all other observations are available. In addition to the regression parameter
vectorβ introduce a parameter for each of the missing values. The estimating
equations are still

n∑
i=1

wiXi(Yi −X ′
iβ) = 0,

except that there are now eight parameters(β1, β2, β3, U62, U84, V17, V38, V62)
for these three estimating equations. Which, if any, of these parameters has a
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unique NPMLE? Assume that the matrix consisting of all completely observed
Xi vectors has full rank.

Exercise 4.5Consider the ratio

F =
1

k−1

∑k
i=1 ni(Ȳi· − Ȳ··)2

1
N−k

∑k
i=1

∑ni

j=1(Yij − Ȳi·)2
.

Suppose thatk = 2, n1 = n, andn2 = n2. Consider the limit asn→ ∞. Assume
that independentYij ∼ Fi have meanµi, varianceσ2

i , andE(Y
4
ij) < ∞. Show

thatF has aχ2
(1) limit if µ1 = µ2 andσ2

1 = σ2
2 > 0. What happens if the means

are equal but the variances are not?

Exercise 4.6Verify that the heteroscedastic regression estimating equations(4.8)
and(4.9)are the likelihood equations for the modelY ∼ N(X ′β, exp(2Z ′γ)).

Exercise 4.7Consider these two ways of computing

τ(z) =
exp(z)

1 + exp(z)

= [1 + exp(−z)]−1
,

the squashing function for logistic regression. The IEEE floating point systems
have numbers that represent±∞. As one would expect,1/∞ = 0 and1/0 = ∞.
There is even a reciprocal−0 for −∞ with −0 equaling0. These systems also
have values NaN that designate “not a number”. A floating point value of NaN
arises from operations like dividing0 by 0, subtracting∞ from∞, multiplying 0
by∞ or dividing∞ by∞.
The first expression forτ above can produce NaN for finitez, the second one

should not produce NaN for anyz ∈ [−∞,∞]. Find two ways of expressing
τ ′(z) = dτ(z)/dz for which one way produces NaNs and the other does not.
Assume thatexp(∞) = ∞ andexp(−∞) = 0. Find a way of computingτ ′′(z) =
d2τ(z)/dz2 for which NaNs are not produced for anyz ∈ [−∞,∞].

Exercise 4.8The specificity of a classifier for predicting thatY = 1 is the prob-
ability thatY = 1 given that the classifier predictsY = 1. There is commonly
a trade-off between sensitivity and specificity. For a logistic regression predicting
Y = 1 whenXβ > c, the tradeoff is governed by the choice ofc. Write the
estimating equation for the specificity of a logistic regression rule. Is it smooth in
the parameters?
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CHAPTER 5

Empirical likelihood and smoothing

This chapter adapts empirical likelihood to curve estimation problems such as
density estimation and nonparametric regression. Kernel methods are an attrac-
tive choice for this, because they lead easily to estimating equations. We also
investigate some regression splines.

5.1 Kernel estimates

Figure 5.1 shows diastolic blood pressure, in millimeters of mercury, plotted
against age in years, for some men in New Zealand. There are7532 data points.
The data come from two sources: the Auckland Heart & Health study (Jackson,
Yee, Priest, Shaw & Beaglehole 1995) and another study called the Fletcher-
Challenge study. The original data were integer valued; the plotted points have
U(−0.5, 0.5) random variables added to them to show them better. Blood pres-
sures that are multiples of10 are more common than others, due to rounding. The
rounding stops at around age60. This point is significant and we return to it later.
Superimposed on the data is a smooth curve taken as a local average of blood

pressure. LettingXi denote age andYi denote blood pressure, the curve is

µ̂(x) =
∑n

i=1Kh(Xi − x)Yi∑n
i=1Kh(Xi − x) , (5.1)

the Nadaraya-Watson estimator, where

Kh(z) =
1√
2πh

exp
(
− z2

2h2

)
.

Thebandwidth h used in Figure5.1 is5 years. This local averagemay bethought
of as an estimate ofµ(x) = E(Y | X = x). The denominator in (5.1) can be
awkward, and so it is convenient to writêµ(x) in terms of the estimating equation

0 =
1
n

n∑
i=1

Kh(Xi − x)(Yi − µ̂ (x)). (5.2)

More general kernel estimates may be formed through

Kh(z) =
1
h
K

( z
h

)

©2001 CRC Press LLC
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Figure 5.1Diastolic blood pressure is plotted versus age. There are 7532 points from men
in New Zealand.

where a kernel functionK of integer orderr ≥ 1 satisfies∫ ∞

−∞
K(z)dz = 1,∫ ∞

−∞
zjK(z)dz = 0, 1 ≤ j < r,∫ ∞

−∞
zrK (z) dz �= 0.

A common choice is forK to be a symmetric probability density function, so that
r = 2. Higher order kernels take some negative values, typically in “side lobes”,
and this can improve accuracy ifµ is smooth enough. The benefits of higher order
kernels can also be attained by replacing the local average estimator (5.1) by a
local linear or local polynomial model. SeeExercise5.2.
Now suppose thatXi ∈ R

p andYi ∈ R
q, and that independent identically

distributed pairs(Xi, Yi) are observed. An estimatêµ(x) of µ(x) = E(Y | X =
x) may still be defined by (5.2), except that the kernel must obviously have a
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p-dimensional argument, and the natural scaling is

Kh(z) =
1
hp
K

( z
h

)
.

The order ofK may be defined by analogy to the one-dimensional case. Due
to a curse of dimensionality, the estimateµ̂ rapidly loses its effectiveness asp
increases.
Kernel methods are also widely used to estimate probability density functions.

SupposeXi ∈ R
p are independent with a common densityf . Then the kernel

density estimate off is

f̂(x) =
1
n

n∑
i=1

Kh(Xi − x).

As for kernel regression, kernel density estimation is really only practical for
smallp.

5.2 Bias and variance

This section illustrates the trade-off between bias and variance for kernel esti-
mates, using a slightly simplified kernel regression estimator withp = q = 1.
Forp = 1, kernel methods put relatively large weight only on theO(nh) near-

est observations tox0. These neighbors are at distanceO(h) fromx0. If we choose
a smallh, then the observations are more nearly identically distributed, reducing
bias, while for largeh there are more of them, reducing variance. This sort of
trade-off is not restricted to kernel methods, but is ubiquitous in curve estimation
problems. Asn → ∞ we should haveh → 0 andnh → ∞ to account for bias
and variance, respectively.
Suppose for simplicity, that instead of using(5.2), we define

µ̂(x0) =
1
n

n∑
i=1

Kh(Xi − x)Yi.

ThenE(µ̂(x0)) = µ̃(x0), where

µ̃(x0) = E(Kh(X − x0)Y ) =
∫ ∞

−∞
Kh(x− x0)µ(x)fX(x)dx,

wherefX is the density ofX. Assuming some smoothness ofµ and smallh we
may write

µ̃(x0)
.= µ(x0) +

µ(r)(x0)
r!

∫ ∞

−∞
Kh(x− x0)(x− x0)rfX(x)dx

.= µ(x0) +
hrµ(r)(x0)

r!
fX(x0)

∫
K(z)zrdz.

This bias of orderhr in kernel estimates raises difficulties for confidence interval
construction below.
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To study the variance of̂µ(x0), introduceσ2(x) = Var(Y | X = x). Now

Var(µ̂(x0)) =
1
n
E

(
(Kh(X − x0)Y − µ̃(x0))2

)
=

1
n

∫ ∞

−∞

[(
Kh(x− x0)µ(x)− µ̃(x0)

)2

+Kh(x− x0)2σ2 (x)
]
fX(x)dx

.=
1
nh

∫ ∞

−∞
K(z)2

[
µ(x0 + hz)2 + σ2(x0 + hz)

]
f(x0 + hz)dz

.=
1
nh

(
µ(x0)2 + σ2(x0)

)
f(x0)

∫ ∞

−∞
K(z)2dz. (5.3)

We see that the variance is of order(nh)−1 instead of the raten−1 familiar for
finite dimensional parametric vectors. The appearance ofµ2(x0) in (5.3) arises
because the kernel weights are not made to sum to one. In practice, we fix this
by constraining the reweighted mean ofKh(Xi − x0) to be1, or by definingµ̂
through the estimating equation(5.2). Then, a more complicated derivation leads
to the same asymptotic orders for bias and variance.
The above derivation shows that forp = 1, the bias is of orderhr and the

variance is of order(nh)−1, so the mean squared error is of orderh2r +n−1h−1.
This order is minimized by takingh ∝ n−1/(2r+1). The resulting mean squared
error is of ordern−r/(2r+1). Symmetric densitiesK have orderr = 2. Then the
optimal rate forh is n−2/5, and therefore the mean squared error decreases as
n−4/5 compared ton−1 for vector parameters. The variance decreases asn−4/5

so that the kernel method has an effective sample size of ordern4/5.

5.3 EL for kernel smooths

In practice, a kernel method requires a choice ofh. There is a large literature on
choosingh from the data. Some references are given in Chapter 5.8. We will study
empirical likelihood for fixed sequencesh = h(n) in order to gain insight into its
behavior. In practice, whenh is determined from the data, bootstrap calibration
of the profile empirical log likelihood should be used, withh being determined
in each bootstrap replication. We begin by considering pointwise inferences at a
single valuex. Confidence bands with uniform coverage over a set ofx values are
considered in Chapter 5.6.
The profile empirical likelihood ratio function for kernel regressions based on

(5.2) is

Rx(µ) = max

{
n∏

i=1

nwi |
n∑

i=1

wiZin(x, µ) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
, (5.4)
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where

Zin(x, µ) = Kh (Xi − x) (Yi − µ)
andh = h(n). There are two difficulties in using this statistic for inferences. The
first difficulty, which we return to below, is that due to bias in kernel estimation,
the expected value ofZin is zero not atµ = E(Y | X = x) but at some other
valueµ̃(x).
The second difficulty is in applying an ELT toZin. If we considerXi = xi

to be fixed predictors, then theZin for i = 1, . . . , n and a given value ofn, are
not identically distributed. For IID(Xi, Yi) pairs, the distribution ofZin changes
with n and has a variance diverging to infinity. The difficulty in applying empiri-
cal likelihood may be resolved through the triangular array ELT, Theorem 4.1 of
Chapter 4.3.
Theorem4.1 requiresacommonmean for theZin, a convex hull condition, and

two conditions on the variances ofZin. Suppose that(Xi, Yi) ∈ R
2 are an IID

sample. ThenZ1n, . . . , Znn have a common mean0, but at a point̃µ(x) differing
from µ by a bias of orderhr. The convex hull condition is satisfied as soon as
at least two suitable data points appear: one hasYi > µ̃(x) andKh(Xi − x) >
0, while the other hasYi < µ̃(x) and againKh(Xi − x) > 0. For compactly
supported kernels there are at leastO(nh) points withKh(Xi − x) > 0 and
for other kernels there may ben such points. The convex hull condition is very
quickly satisfied in this case.
Easy calculations show thatVn = Var(Zin) = O(h−1) asn → ∞ andh =

h(n) → 0. In this caseVn is its own smallest and largest eigenvalue. The ratio
of largest to smallest eigenvalues is thus constant withn and so does not raise
difficulties. Next, we require a limit of zero for

E((Zin − E (Zin))
4)

nV 2
n

. (5.5)

Mild moment assumptions give a rate ofO(h−3) for the numerator in (5.5) and
then the ratio itself isO((nh)−1). We already needednh→ ∞ to control the vari-
ance of the estimate. Thus the triangular array ELT applies to kernel smoothing
under weak conditions.
The fact thatE(

∑n
i=1 Zin) = 0 not atµ(x), but atµ̃(x), is more problematic.

There are several approaches to dealing with this problem, none of them com-
pletely satisfactory.
The first approach is based on undersmoothing. The value ofh is taken small

enough that the bias in̂µ is negligible compared to its standard deviation. Then the
errorµ− µ̂ is primarily due to sampling fluctuations and not bias, making empir-
ical likelihood inferences oñµ relevant toµ. The disadvantages of this approach
are that the undersmoothed estimateµ̂ is less accurate than it would be with the
usual choice ofh, and that the curvêµ that results is more wiggly than the usual
one. In applications where we are most concerned aboutµ(x0) for one or a small
number of specificx0 values, this roughness is less important. Undersmoothing
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is well suited to problems where getting a reliable confidence region forµ(x) is
more important than getting the best possible point estimate ofµ(x).
The second approach is to accept the empirical likelihood inferences as confi-

dence statements aboutµ̃, a smoothed version ofµ. The disadvantage here is that
µ̃ is not very interpretable and the errorµ̃ − µ may be as large as, or larger than,
the diameter of the confidence region. Asn andh change,̃µ changes too, and so
it is not even a feature of the joint(X,Y ) distribution. There are some settings
in which this approach is adequate. Sometimes the curveµ̂ is used for qualitative
interpretation, and not strictly as an estimate ofµ. In settings like this, one might
prefer an oversmoothed estimateµ̂, using a larger value ofh than the usual one.
Empirical likelihood confidence regions for̃µ can be used to assess how much
sampling fluctuation might contribute to features inµ̂.
A third approach is to compute an estimate of the biasµ̃(x)−µ(x), and subtract

this from the estimatêµ(x) and from the boundary of the confidence set. The
bias can be estimated by using a kernel of higher order. The disadvantage of this
approach is that the point estimate ofµ(x) is essentially produced by a higher
order kernel, while the confidence set around it is constructed for the original
kernel.

5.4 Blood pressure trajectories

The complete blood pressure data, after removing63 incomplete cases, has the
age and blood pressures (systolic and diastolic) of 7532 men and 2934 women. As
people age, their blood pressures tend to increase, though the two blood pressures
increase in different ways, and thepattern isdifferent for men andwomen. Figure
5.2 shows the trajectories taken by the average blood pressuremeasurements for
both men and women. A Gaussian kernel with a bandwidth ofh = 5 years was
used for both trajectories. Here we have ageX ∈ R and blood pressureY ∈ R

2,
so the conditional meansµM andµF , for men and women, respectively, are space
curves. Figure 5.3 replots the same kernel smooths in perspective to show them
as space curves.
The changes in mean blood pressure with age tend to be small compared to the

fluctuations between people at a single age. A relatively small shift in the blood
pressure of an entire population can, however, be a very significant public health
issue.
Both average blood pressures increase for men, until some point around50 to

55 years of age. Then the systolic blood pressure keeps on increasing, while the
diastolic blood pressure starts to decrease.
Women’s average blood pressures also increase with age, until about age55.

Then the diastolic blood pressure stays roughly constant while the systolic in-
creases then decreases. The final decrease is for the highest ages, and is estimated
with a smaller sample.
The women’s blood pressure curve starts lower than the men’s. Their diastolic

blood pressure increases more slowly, especially during their30’s and40’s and
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Figure 5.2Shown are the trajectories taken by the kernel smoothed systolic and diastolic
blood pressures of men and women in New Zealand. There is a point for each integer age
from 25 to 80 inclusive. The large points are for ages that are multiples of 5 years. In both
cases an age of 25 years corresponds to the lowest systolic blood pressures.

does not rise to the levels reached by men’s average diastolic blood pressure. The
rapid decrease in average diastolic blood pressure for men brings that average
towards the women’s average by about age70.
Some of the reasons for these patterns are well understood. For example, estro-

gen protects younger women from hypertension. Other reasons are more compli-
cated. The men’s decrease in diastolic blood pressure could be due to increased
mortality among those with higher blood pressure, or to increased use of medica-
tion to reduce blood pressure. Notice that men’s systolic blood pressure does not
show the same pattern. Chapter 5.7 revisits the pattern in men’s diastolic blood
pressure.
The bandwidth for Figures 5.2 and 5.3 is 5 years. Figure 5.4 shows pointwise

empirical likelihood confidence regions forµM andµF both at age40. The el-
lipses are narrower for men, because there are more men in the data set. In both
cases a positive correlation between systolic and diastolic blood pressure is evi-
dent.

5.5 Conditional quantiles

Average blood pressure is perhaps less interesting than extreme blood pressure.
Theα-quantile ofY ∈ R conditional onX = x0 ∈ R

p may be estimated by the
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Figure 5.3 The blood pressure trajectories from Figure 5.2 are replotted in a perspective
plot to depict them as space curves. The circles show the men’s trajectory, the disks show
the women’s trajectory.

solutionQα(x0) of the estimating equation

0 =
1
n

n∑
i=1

Kh(Xi − x)(1Yi≤Qα(x) − α). (5.6)

Table5.1onpage120showsestimatedconditional 90thpercentilesof women’s
systolic blood pressure at ages from25 to 80 by steps of5 years. A Gaussian ker-
nel with abandwidth of 5 yearswas used to smooth the data. From Figure 5.2 it
appears that women’s average systolic blood pressure starts to move sharply up-
wardsat around age40 to 45. Theestimates in Table5.1 show that large increases
in the90th percentilemay start earlier, between theagesof 35 and 40. Figure5.5
shows the empirical likelihood function forQ0.90(x0) at agesx0 from 30 to 80
by steps of10 years.

5.6 Simultaneous inference

For some purposes, we seek a confidence region for the whole functionµ(x) over
x in a domainD ⊂ R

p of interest. Examples forD include finite sets ofk ≥ 1
points, intervals whenp = 1, and hyper-rectangles, spheres, or balls whenp > 1.
In principle the choice forD is very open, but in practice it is necessary to be able
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Figure 5.4Systolic blood pressure is plotted versus diastolic. The ellipses shown give con-
fidence regions for the mean blood pressure of 40-year-old men and 40-year-old women.
The ellipses for men are at higher blood pressures than those for women. The contours
correspond to confidence levels of 50, 90, 95, and 99 percent, based on aχ2

(2) calibration.

to optimize overD. The confidence region is the set of functionsµ given by{
µ : D−→R

q | sup
x∈D

−2 log (Rx(µ(x))) ≤ C
}
,

whereRx is given by(5.4). Forp = 1 andD an interval, this is a confidence band
or confidence tube depending on whetherq = 1 or q > 1. Forp = 2 andq = 1
andD a rectangle, this is a confidence sandwich. Clearly the thresholdC should
be larger than the1− α point of aχ2

(q) distribution.
There is some extreme value theory for choosingC, but in practice, it is prob-

ably better to use bootstrap calibration. Suppose thatp = 1, D = [a, b] is an
interval, andh is given. Letµ̂(x) be the kernel estimate(5.2). Let (Xb

i , Y
b
i ) be

independent samples from the EDF̂F of (X,Y ) pairs, for i = 1, . . . , n, and
b = 1, . . . , B. Let

Cb = sup
x∈D

−2 log
(Rb

x(µ̂(x))
)
,
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Age Estimate Lower Upper

25 126.20 125.0 127.9
30 127.80 126.0 130.0
35 130.50 130.0 134.0
40 135.55 132.5 137.0
45 139.55 137.0 140.0
50 145.50 142.5 147.5
55 151.50 149.0 155.0
60 157.45 155.0 160.9
65 164.45 160.0 169.0
70 169.70 165.0 172.0
75 171.45 169.5 176.0
80 173.50 170.0 181.0

Table 5.1Shown are kernel-based estimates of the 90th percentile of women’s systolic
blood pressure at ages separated by 5-year intervals. The lower and upper 95% confidence
bounds for these quantiles are based on the empirical likelihood with aχ2

(1) calibration.

whereRb
x(µ) is

max

{
n∏

i=1

nwi |
n∑

i=1

wiKh

(
Xb

i − x) (Y b
i − µ) = 0, wi ≥ 0,

n∑
i=1

wi = 1

}
,

and define the order statisticsC(1) ≤ C(2) ≤ · · · ≤ C(B). Then the order statistic
C((1−α)B) provides bootstrap calibration at the level1− α.
For the New Zealand men’s blood pressure data,1000 bootstrap values ofCb

were computed using forD a grid of ages ranging from20 to 80 inclusive by
steps of5 years. The distribution of−2 log(Rb

x(µ̂(x))) fits theχ
2
(2) very closely

at eachx from 20 to 80, as might be expected for such a large sample. For simul-
taneous coverage over a set of ages, we are interested in the distribution ofCb,
a maximum of correlated random variables, each with nearly theχ2

(2) distribu-

tion. In this instance, the 95th percentile ofCb was10.41. Using this threshold,
we can produce a confidence tube for the mean blood pressure trajectories, with
simultaneous coverage overx0 ∈ D of 95%. That tube isdisplayed in Figures5.6
and 5.7.
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Figure 5.5The horizontal axis represents the 90th percentile of women’s systolic blood
pressure. The vertical axis is the empirical likelihood ratio. The curves, from left to right,
are for ages 30 through 80 by steps of 10 years. A Gaussian kernel with bandwidth of 5
years was used. The sample is very sparse near 80 years of age, and this accounts for the
greater uncertainty regarding the blood pressure there.

5.7 An additive model

One particularly interesting feature in the blood pressure data is the eventual de-
cline in men’s diastolic blood pressure at greater ages. This decline starts to set
in at around the same agewhere the blood pressures in Figure 5.1 stop showing
rounding to multiples of 10. The data come from two studies done on different
populations and with different measurement methods, as described in Chapter 5.8.
The populations have different age ranges, but there is some overlap. A graphi-
cal exploration of the age range where the studies overlap indicates that the male
diastolic blood pressures at a given age tend to run higher in the Fletcher study,
which had younger subjects. Thus some or all of the decline in blood pressure
could be an artifact of age differences between the men in the two studies.
It would be interesting to know whether the decline is solely attributable to the

study difference or not. To handle this, we formulate a model in which the mean
diastolic blood pressure has the formµ(x, z) = s(x) + zβ wherex is age,z = 1
for the Fletcher-Challenge study,z = 0 for the Auckland Heart & Health study,β
is a scalar coefficient, ands is a smooth function. Then ifs(x) shows the eventual
decline with age, we can be more certain that it is real.
A convenient way to encode the smooth functions(x) is through a cubic spline.
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Figure 5.6Systolic blood pressure is plotted versus diastolic. The ellipses shown give si-
multaneous 95% confidence regions for the kernel smoothed mean blood pressure of men
ranging in age from 20 to 80 years at intervals of 5 years. Increasing age corresponds to
a counter-clockwise movement from the lower left. At extreme ages there are fewer data
points, and consequently larger confidence regions.

This is a function that is piecewise cubic between points called knots, and has two
continuous derivatives at the knots. For this example, knots were placed at ages
30, 40, 50, 60, and70. The truncated power basis fors(x) takes the form

s(x) = β0 + β1x+ β2x
2 + β3x

3 +
5∑

j=1

β3+j [x− 10(2 + j)]3+, (5.7)

where[x − t]+ = x − t if x ≥ t and is0 if x ≤ t. This basis can be very badly
conditioned numerically, and so another basis for the same family of curves was
constructed using the S-PLUSfunctionbs() . This B-spline basis is much more
stable numerically, but the individual functions in it are not as interpretable as
those in (5.7).
Consider the additive model

E(Yi|Xi = xi, Zi = zi) = β0 +
8∑

j=1

βjφj(xi) + β9zi,

whereφj are the spline basis functions,Xi is age,Yi is the diastolic blood pres-
sure, andZi is the study indicator variable described above. The least squares
estimate of the study effect iŝβ9 = 6.35 and the least squares estimate of the age
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Figure 5.7 The simultaneous confidence ellipses from Figure 5.6 are plotted in the same
coordinate space as used in Figure 5.3 to display mean blood pressure trajectories. They
outline the shape of a 95% confidence tube for the smoothed path of mean blood pressure
with age.

effect

γ ≡ s(75)− s(50) =
8∑

j=1

βj(φj(75)− φj(50))

is

γ̂ =
8∑

j=1

β̂j(φj(75)− φj(50)) = 3.52.

In Figure5.2, DBPappearsto decreaseby about 10mmHg fromage50 to age75.
The data for75-year-olds are almost entirely from the Auckland Heart & Health
study, while most of the data for50-year-olds are from the Fletcher-Challenge
study. Therefore at least a large part of the10-mmHg decline can be attributed
to the difference between the two studies. We expectγ̂ + β̂9 should be close to
10 but it need not match exactly because kernel and spline smoothers are slightly
different, and because the kernel smooth at age50 mixes data from both studies.
The empirical log likelihood forγ has−2 log(R(0)) = 15.48, providing very

strong evidence that the age effectγ, comparing75- and50-year-old men, is not
0. A 95% confidence interval for the age effectγ, using aχ2

(1) calibration, extends
from 1.77 to 5.26.
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5.8 Bibliographic notes

The blood pressure data, kindly supplied by Thomas Yee of the University of
Auckland, had two sources. One source was a study on the Fletcher-Challenge
company for which most subjects were between20 and60 years of age. The other
source was the Auckland Heart & Health study (Jackson et al. 1995), which sam-
pled people from the electoral roles. Their ages were evenly distributed between
35 and85 years. In the Fletcher-Challenge study, blood pressure was measured
with a standard Hg sphygmomanometer and recorded by a nurse. In the Auck-
land Heart & Health study, blood pressure was measured with a Hawsley random
sphygmomanometer for which the nurse was not aware of the blood pressure
value.
The smoothing presented here used a bandwidth of5 years in all the blood

pressure examples. For such a large data set, this is likely to be oversmoothing. It
might be better to use a small bandwidth, or better yet, a local linear smooth as
described in Chapter 5.9. The analysis of women’s systolic blood pressure did not
include an indicator variable for the studies. Such an indicator might improve the
analysis, though there only seemed to be a small study effect for women’s systolic
blood pressure.
The Nadaraya-Watson estimator was proposed, independently, by Nadaraya

(1965) and Watson (1964). Sufficient conditions for the bias and variance ex-
pansions of kernel estimates may be found in Härdle (1990). Basic references on
smoothing include Hastie & Tibshirani (1990) and Fan & Gijbels (1996). Spe-
cialized accounts of bandwidth estimation appear in Härdle & Marron (1985) and
Härdle, Hall & Marron (1988).
Stone (1977) describes conditionalM -estimators defined by local reweighting.

Owen (1987) describes these local weights as distributions on the space ofX val-
ues and gives conditions for consistency and asymptotic normality of estimates in
terms of convergence of these distributions toδx. The monograph Loader (1999)
on local likelihood, considers local versions of statistical methods in depth.
Hall & Owen (1993) consider empirical likelihood confidence bands for kernel

density estimates. They obtain an asymptotic calibration for the critical likelihood
based on extreme value theory. They also propose bootstrap calibration for this
problem. Relatively minor changes are required to translate empirical likelihood
results from densities to regressions, and vice versa. Hall & Owen (1993) display
confidence bands for the probability density function applied to the Old Faithful
geyser data.
Chen (1996) studies coverage levels of undersmoothed kernel density esti-

mates. In his aerial transect sampling problems the population density of blue-fin
tuna depends on a density function at the origin, corresponding to a zero distance
between the school of fish and the spotting plane. He shows that empirical like-
lihood is effective at forming a confidence interval for the desired quantityf(0),
and that Bartlett correction is possible, though even more undersmoothing is re-
quired. Zhang (1998) shows that there is no asymptotic benefit from global side
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constraints in kernel density estimation. Chen (1997) imposes side constraints
(zero mean and skewness) on kernel density estimates of tuna densities estimated
from aerial surveys. He shows that there is no asymptotic benefit to imposing
those side constraints, but finds an improvement in finite samples.
Fan &Gijbels (1996) is a comprehensive reference on local polynomial smooth-

ing. Chen & Qin (2000) consider empirical likelihood confidence intervals for
local linear kernel smoothing. For an undersmoothed estimator, they get aχ2

(1)

limit with a coverage error ofO(nh5 + h2 + (nh)−1). They remark that the
use of empirical likelihood produced the same rate of convergence for coverage
error at the endpoints as in the middle of the predictor range. An alternative ap-
proach (Chen & Qin 2001) using first and second moments has coverage error
O(nh5+h2+(nh)−1) in the interior andO(nh5+h+(nh)−1) near the bound-
ary.
The approach taken here to smoothing started by considering problems in which

the curve could be analyzed pointwise, producing atx0 ∈ R
p a confidence region

for µ(x0) ∈ R
q. If we were interested in the joint behavior ofµ(x1), . . . , µ(xk)

atk points, then we could maximize the empirical likelihood while forcing all of
the reweighted values to be0 simultaneously. We would expect an asymptoticχ2

distribution withkq degrees of freedom, and we would expect, at least for modest
k, that this test should have better power than one based on the supremum ofk
pointwise empirical likelihoods. But suppose we want to test a hypothesis such as
µ(x) = 0 for all x ∈ R

p. We cannot expect to reweight the data and getµ̂(x) = 0
at infinitely many pointsx. The approach in Chapter 5.6 is based on the supre-
mum overx of Rx(0). It is reasonable to expect that a better method exists. Sieve
techniques lettingk → ∞ with n, as described in Chapter 9.10, may help.

5.9 Exercises

Exercise 5.1Let µ̃(x) satisfyE(Kh(X − x)(Y − µ̃(x))) = 0. Suppose that
Kh(z) = K(z/h)/h whereK is a symmetric probability density. Give an infor-
mal argument that the bias̃µ(x)− µ(x) is

h2

2f(x)
[µ′′(x)f(x) + 2µ′(x)f ′(x) + µ′′(x)f(x)]

∫
z2K(z)dz +O(h4)

ash→ 0. HereX has probability density functionf and the expected value ofY
givenX = x is µ(x).

Exercise 5.2Local linear and local polynomial regression are effective ways to
smooth data, because they adapt to the local spacing of theXi. For local linear
regression, letθ0 = θ0(x) andθ1 = θ1(x) minimize

n∑
i=1

Kh

(
Xi − x0

h

) (
Yi − θ0 − θ1(Xi − x0)

)2

,
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whereXi, Yi, x0 ∈ R. The smooth value atx is θ0(x). Write estimating equations
for θ0 andθ1. Extend the local linear estimating equations to local polynomial
estimating equations. Extend the local linear estimating equations toXi ∈ R

p

andYi ∈ R
q.

Exercise 5.3Formulate estimating equations for anα quantile ofY that is locally
linear inX. HereY ∈ R andX ∈ R

p.
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CHAPTER 6

Biased and incomplete samples

The previous chapters considered empirical likelihood based on observations from
the distribution (or distributions) of interest. This chapter considers empirical like-
lihood inference in some nonstandard sampling settings. In biased sampling, the
data are sampled from a distribution different from the one we want to study. In
censoring, some of the observations are not completely observed, but are known
only to belong to a set. The prototypical example is the time until an event. For
an event that has not happened by timet, the value is known only to be in(t,∞).
Truncation is a more severe distortion than censoring. Where censoring replaces
a data value by a subset, truncation deletes that value from the sample if it would
have been in a certain range. Truncation is an extreme form of biased sampling
where certain data values are unobservable.
These incomplete sampling ideas are closely related. They have also been wide-

ly studied in varied settings. A lot is known about NPMLE’s for incomplete sam-
pling, while there is a comparatively small body of knowledge about the corre-
sponding likelihood ratios.

6.1 Biased sampling

It is common in applied statistics for data to be sampled from a distribution other
than the one for which inferences are to be drawn. Sometimes this is an unde-
sirable feature, as with measuring equipment for which the chance of recording
a value depends on what that value is. Other times it is an intentional device to
gain more informative data, as in retrospective sampling of people with rare dis-
eases, or importance sampling in simulations. Finally, there are settings like the
sampling of families by independent sampling of children. There, averages over
the sampled families are biased towards larger families, while averages over the
sampled children are not biased.
A concrete and common example is length biased sampling. Some methods of

sampling cotton fibers, sample them with probability proportional to their length.
If one samples people waiting in a hospital room at a random time, those with
longer waits, and presumably less serious ailments, are more likely to be in the
sample. If one samples entries in an Internet log file, the longer sessions are over-
represented.
Suppose that a random variableY has distributionF0, but that we obtain a

length biased sample. LetX be one of our observations. ThenX has distribution
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G0 with CDF

G0((−∞, x]) =
∫ x
0
ydF0(y)∫ ∞

0
ydF0(y)

.

This is a proper distribution ifE(Y ) is positive and finite.
More generally, suppose thatY ∈ R

d has distributionF0 and thatX ∈ R
d has

distributionG0, where forA ⊆ R
d

G0(A) =

∫
A
u(y)dF0(y)∫
u(y)dF0(y)

,

for a biasing functionu(y) ≥ 0, with 0 <
∫
u(y)dF0(y) <∞. When0 ≤ u(y) ≤

1, biased sampling has an acceptance sampling interpretation. The valueY is first
sampled fromF0, and then with probabilityu(Y ) it is accepted, while with prob-
ability 1−u(Y ) this value ofY is rejected. Sampling continues until the first time
aY is accepted. That first acceptedY is the observed value ofX. If u(y) ≤ B for
someB > 0 thenu-biased sampling gives the same data distribution asv-biased
sampling withv(y) = u(y)/B, and so the acceptance sampling interpretation
carries over to any bounded biasing functionu.
The nonparametric likelihood forF is

L(F ) =
n∏
i=1

F ({Xi})u(Xi)∫
u(x)dF (x)

.

Suppose thatu(x) > 0 for all x, and letui = u(Xi). Then the NPMLE is easily
shown to be

F̂ = C
n∑
i=1

δXi

ui
, C−1 =

n∑
i=1

1
ui
. (6.1)

The NPMLE weights each observation in inverse proportion to its sampling prob-
ability. In the acceptance sampling setting this has the natural interpretation that
every accepted valueX represents1/u(X) sampled values of which on average
one was accepted. This downweighting is familiar in survey sampling, where it
includes stratified sampling and the more general Horvitz-Thompson estimator.
It is also well known in Monte Carlo simulation, where the method of impor-
tance sampling samples from a distribution other than the nominal one. When
u(x) = c > 0 for all x, then the NPMLEF̂ reduces to the usual NPMLEFn.
For length biased sampling the NPMLE of the mean ofF0 is∑n

i=1 u
−1
i Xi∑n

i=1 u
−1
i

=
(
1
n

n∑
i=1

X−1
i

)−1

.

This is the harmonic mean of the sample.
If u(x) = 0 is possible, then the NPMLE is not unique. Any mixture distri-

butionαH + (1 − α)F̂ , whereH puts all its probability on{x | u(x) = 0}, is
also an NPMLE, for0 ≤ α < 1. If there is such a thing as a cotton fiber of zero
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length, thenF0 could put probabilityα ∈ [0, 1) on such fibers and the distribution
of the data would be the same for any value ofα. The mean fiber length would
be affected byα, and any value between0 and the harmonic mean would be an
NPMLE for

∫
xdF (x). A pragmatic approach is to fixα = 0 and consider any

inferences to be onF restricted to the set{X | u(X) > 0}.
By considering the estimating equation

0 =
∫
m(x, θ)dF (x) =

∫
m(x, θ)
u(x)

dG(x),

we find that we can work directly with biased data, simply by replacing the esti-
mating functionm(x, θ) by m̃(x, θ) ≡ m(x, θ)/u(x). In particular, the NPMLE
is the solution̂θ to

n∑
i=1

m̃(Xi, θ) = 0,

and the profile empirical likelihood ratio function forθ is

R(θ) = max

{
n∏
i=1

nwi |
n∑
i=1

wim̃(Xi, θ) = 0,
n∑
i=1

wi = 1, wi ≥ 0

}
.

Tests and confidence regions for θ depend on the distribution of m̃(X, θ) under
the sample distributionG0.
Figure6.1displaysthewidthsof 46 shrubs, asreported inMuttlak & McDonald

(1990). These shrubs were obtained by transect sampling. Any shrub intersecting
a line on the ground was sampled. The probability of a shrub entering the sample
is thus proportional to its width. The top histogram shows the observed widths.
The bottom histogram shows the data weighted inversely to its sampling proba-
bility. The height of each bar is proportional to the sum of1/Xj , summed over
Xj in the corresponding interval.
The meanµ and varianceσ2, of the shrub widths are defined by

0 =
∫

[x− µ] dF (x), and

0 =
∫ [

(x− µ)2 − θ] dF (x),
and so, accounting for the bias, the NPMLE’s are defined through

0 =
n∑
i=1

X−1
i (Xi − µ), and

0 =
n∑
i=1

X−1
i

[
(Xi − µ)2 − σ2

]
.

Figure 6.2 shows the profile empirical likelihood ratio function for the mean
shrub width µ. Figure 6.3 shows the profile empirical likelihood ratio function
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Figure 6.1The top histogram shows the widths of 46 shrubs found by transect sampling.
The bottom histogram has the same total area, and the same bins, but each shrub is
weighted inversely to its width to correct for sampling bias.

for the standard deviationσ of shrub width. Taking account of the sampling bias
makes a big difference in the inferences, reducing the mean shrub widthµ and the
standard deviationσ.

6.2 Multiple biased samples

Now suppose thats samples are available,Xij ∈ R
d, for i = 1, . . . , s andj =

1, . . . , ni. All the observations are independent, but there ares different biases:
Xij ∼ Gi0, where

Gi0(A) =

∫
A
ui(x)dF0(x)∫
ui(x)dF0(x)

. (6.2)
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Figure 6.2The solid curve shows the empirical likelihood ratio for the mean shrub width,
after accounting for length biased sampling. The dotted curve does not account for length
biased sampling. The horizontal reference line designates a 95% confidence level using an
F1,45 criterion.

The functionsui(x) are real valued and nonnegative with

0 < νi(F0) ≡
∫
ui(x)dF0(x) <∞. (6.3)

Data of this kind could arise ins clinical trials with different enrollment criteria
for subjects, or with measurements on the same underlying phenomenon froms
different devices. They also arise in choice-based sampling in marketing. When
studying the brand preferences of consumers, samplei might correspond to con-
sumers whose brand preferences are known to belong in thei’th in a list of s
subsets of brands.

The NPMLE ofF0 is useful for the data fusion problem of combining these
differently biased observations. We will assume that the domain ofX is given by
X = {x|∑s

i=1 ui(x) > 0}. There can be no data points sampled from outside
of this domain. Our inferences are implicitly onF ′

0 whereF
′
0(A) = F0(X ∩

A)/F0(X ).
LetZ1, . . . , Zh be the distinct observations among the sampleXij values, and

letnik = #{Xij = Zk | 1 ≤ j ≤ ni}. LetF be a distribution putting probability

©2001 CRC Press LLC



 

0.2 0.4 0.6 0.8 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Figure 6.3The solid curve shows the empirical likelihood ratio for the standard deviation
of shrub width, after accounting for length biased sampling. The dotted curve does not
account for length biased sampling. The horizontal reference line is for 95% confidence
using anF1,45 criterion.

pk ≥ 0 onZk, with
∑h
k=1 pk = 1. Then the likelihood forF is

h∏
k=1

s∏
i=1

(
ui(Zk)pk∑h
l=1 plui(Zl)

)nik

.

As in the single sample unbiased case of Chapter 2.3, it is possible to ignore ties
and work with observation specific weightswij ≥ 0 onXij . The weights generate
pk if

pk =
s∑
i=1

ni∑
j=1

wij1Xij=Zk
.

The likelihood in terms of the weightswij is

s∏
i=1

ni∏
j=1

ui(Xij)wij∑s
l=1

∑nl

t=1 wltui(Xlt)
=

s∏
i=1

ni∏
j=1

ui(Xij)wij∑h
k=1 pkui(Zk)

. (6.4)

Notice that the denominator is unaffected by how the probabilitypk is allocated
among weightswij for Xij = Zk. It follows that for fixedpk, the maximizing
weights arewij = pk/mk wheremk is the number of observations in the com-
bined samples for whichXij = Zk. Interestingly, the weightwij does not depend
on which sample contributed the valueXij . For anypk the likelihood in terms
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of wij = pk/mk is a constant multiple of the likelihood in terms ofpk, and this
constant cancels when forming nonparametric likelihood ratios. The same argu-
ment goes through if

∑h
k=1 pk < 1, except that thenνi(F ) cannot be written as a

weighted sum of sample values.
The factorsui(Xij) in the numerator of(6.4)do not depend onwij and so they

may be ignored. The log likelihood may be taken to be
s∑
i=1

ni∑
j=1

log(wij)−
s∑
k=1

nk log

(
s∑
i=1

ni∑
j=1

wijui(Xij)

)
(6.5)

To find the NPMLE we must maximize the expression in (6.5) overwij ≥ 0
subject to

∑
i

∑
j wij = 1.

For s = 1, the sampling probability of an observation is known, apart from a
constant factor, and in Chapter 6.1 we saw that the NPMLE weights the data in
inverse proportion to that probability. Fors ≥ 2, matters are more complicated.
There is not always an NPMLE, and when an NPMLE exists it is not always
unique. But under mild conditions a unique NPMLE exists:

Theorem 6.1 A unique NPMLE exists if and only if for every proper subsetB ⊂
{1, . . . , s} ( ⋃

i∈B
{Xi1, . . . ,Xini

}
)
∩

( ⋃
i�∈B

{X | ui(X) > 0}
)

�= ∅.

Proof. Vardi (1985).

In words: there will not be a unique NPMLE if thes sample data sets can
be partitioned into two subsets, where no observation in the first subset could
possibly have been observed in the second subset. This does not mean that each
pair of sampling distributions has to overlap. A pair that does not overlap might be
bridged by a third sample. If even one of the samples, say samplei, hasui(X) > 0
for all X, then a unique NPMLE will exist.
To illustrate why the NPMLE might not be unique, takes = 2, let Xi =

{x|ui(x) > 0} for i = 1, 2 and suppose thatX1 ∩ X2 = ∅. If the distribution
ofXij fromGi0 is consistent with acceptance sampling fromF0 with acceptance
probabilityui(x) then it is equally consistent with an acceptance probability of
ui(x)/100. Such samples, even asni → ∞, cannot help us determine the rel-
ative weightF (Xi)/(F (X1) + F (X2)) that belongs on the domain of samplei.
If howeverX1 ∩ X2 = Z andPr(Xij ∈ Z) > 0 for both i = 1, 2, then we
may be able to estimateF (Z)/F (Xi) from theXij and put these together to esti-
mateF (Xi)/(F (X1) + F (X2)). It is possible to have a degenerate NPMLE with
F (Xi) = 1 if samplei has no observations inZ.
For s > 2, if two samples intersect, then we can estimate the relative prob-

abilities of their domainsXi. If we can estimate the ratiosF (Xi)/F (Xi′) and
F (Xi′)/F (Xi′′) then we can estimateF (Xi)/F (Xi′′). We can estimate the rela-
tive probabilities of other domains if there is a chain of ratios connecting them.
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Theorem 6.2 Suppose thatF0 is a distributionR
d, that for i = 1, . . . , s, the

functionsui satisfy(6.3), and that distributionsGi0 are defined by(6.2). Let G
be a graph ons vertices with an edge connecting verticesi and i′ if and only if∫
ui(x)ui′(x)dF0 > 0. ThenF0 is uniquely determined as a function ofGi0 for

i = 1, . . . , s, if and only if the graphG is connected. In that case the probability
that a unique NPMLE exists tends to1 asmini ni → ∞.

Proof. Gill, Vardi & Wellner (1988).

To maximize the nonparametric likelihood, suppose for a moment that we
know the valuesνi =

∫
ui(X)dF0(X). Let N =

∑s
i=1 ni, ν = (ν1, . . . , νs),

andUij = (u1(Xij), . . . , us(Xij)). Then let/(ν) maximize
∑
i

∑
j log(wij) −∑

i ni log(νi) subject to ∑
i

∑
j

wij = 1, and

∑
i

∑
j

wijUij = ν.

The computation of/(ν) reduces to empirical likelihood maximization for a
mean as described in Chapter 3.14, and the solution has

wij(ν) =
1
N

1
1 + δ′(Uij − ν)

where the Lagrange multiplierδ = δ(ν) satisfies∑
i

∑
j

Uij − ν
1 + δ′(Uij − ν) = 0.

To find the NPMLE we maximize

/(ν) =
∑
i

∑
j

log(wij(ν))−
∑
i

ni log(νi)

overν = (ν1, . . . , νs).
To incorporate estimating equations, we must now impose the additional con-

straint
s∑
i=1

ni∑
j=1

wijm(Xi, θ) = 0.

Givenν, the solution is

wij(ν, θ) =
1
N

1
1 + λ′m(Xij , θ) + δ′(Uij − ν)
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whereλ(ν, θ) andδ(ν, θ) satisfy∑
i

∑
j

Uij − ν
1 + λ′m(Xij , θ) + δ′(Uij − ν) = 0

∑
i

∑
j

m(Xij , θ)
1 + λ′m(Xij , θ) + δ′(Uij − ν) = 0.

The profile empirical likelihood ratio forθ is then the ratio

R(θ) =
maxν

∏
i

∏
j wij(ν, θ)

maxν
∏
i

∏
j wij(ν)

.

Undermild conditions, the asymptotic distribution of−2 log(R(θ0)) isχ2
(p) where

p is the dimension ofθ. See the references in Chapter 6.9.

6.3 Truncation and censoring

Truncation is an extreme version of biased sampling, where the bias function is

u(x) =
{

1 if x ∈ T
0 if x �∈ T , (6.6)

for some setT . Consider historical data on the heights of men drafted into an
army, where a minimum height restrictionH was in effect. For conclusions on the
heights of draft-aged men, such data represent a sample truncated toT = [H,∞).
Censoring is a milder form of information loss than truncation. An observation

is censored to the setC if instead of observingX we only observe the fact that
X ∈ C. A censored point is known to have existed, whereas a truncated point
produces no observation. In the example above, if we knew the number of draft-
aged men rejected because of the height restriction, then their heights would be
censored to the setC = (0,H).
Supposeθ is a quantity that depends in part on how a truncated random vari-

ableX is distributed over valuesX �∈ T . Then some assumptions are necessary
to get an estimate ofθ. The truncated data can never contain anyx �∈ T , but
perhaps there is a way to extrapolate fromx ∈ T tox �∈ T . In practice our extrap-
olation might introduce a systematic error that we can neither check nor correct.
Yet it may be better to patch in a possibly flawed extrapolation than to ignore the
truncation completely.
One way to extrapolate is to fit a parametric model forX with density or mass

function f(x; θ). Our sample is fromX ∼ f(x; θ) conditional onX ∈ T . For
such a model, the likelihood is

LTRUN(θ;X1, . . . ,Xn) =
n∏
i=1

f(Xi; θ)∫
T
dF (x; θ)

,
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with estimating equations

n∑
i=1

(
∂
∂θf(Xi; θ)
f(Xi; θ)

−
∂
∂θ

∫
T
dF (x; θ)∫

T
dF (x; θ)

)
= 0. (6.7)

Both parametric and empirical likelihood inferences can be based on (6.7).
Both inference methods give the same maximum likelihood estimateθ̂. Whether
θ̂ is estimating the desired quantity can depend on how accurate the paramet-
ric model is. Empirical likelihood confidence regions will have the right asymp-
totic coverage for the quantity being estimated byθ̂ under very weak conditions,
whereas parametric likelihood regions will have coverage levels sensitive to the
parametric model used.
Now suppose that we have two parametric modelsfj(x; θj) for j = 1, 2 with

θj ∈ R
pj , and that the quantity we are interested in can be written asτj(θj) un-

der modelj. For examplef1 might be a normal distribution andf2 might be a
gamma distribution. The valuesτj(θ̂j) will not in general agree with each other.
The nature of the discrepancy can be investigated using an empirical likelihood
confidence region for(τ1(θ1), τ2(θ2)) or for τ1(θ1)−τ2(θ2). This will not indicate
which, if either, of the parametric models provides a reliable extrapolation. But it
does allow us to judge whether the extrapolated answer is sensitive to the extrap-
olation formula, without knowing which, if either, parametric model is right.
In applications with censored and truncated data, the nature of the censoring

and truncation rules may vary from observation to observation. The general case
hasXi truncated toTi then censored toCi, takingCi = {Xi} for uncensored
data, andTi equal to the domain ofXi, usually a subset ofRd, for untruncated
data. The setsTi may be random. Apart from trivial exceptions, the setCi has to
be random, because it depends onXi. We consider coarsening at random (CAR),
in whichTi has been partitioned at random and independently ofYi into a number
of sets. The set that happens to containXi is observed asCi.
Some of the most widely studied types of censoring are listed below. Of these,

Examples6.1and6.2wil l beconsideredat greater length.Wewil l find that aform
of conditional likelihood is most suitable for them.

Example 6.1 (Right censoring)Here, the distribution of the real-valued random
variablesXi is of direct interest. For eachXi there is aYi ∈ R. ThisYi may be
random. IfXi ≤ Yi we observeXi, otherwiseXi is censored to(Yi,∞). We say
thatXi is right censored byYi. For example,Xi could be survival time after an
operation, withYi the time from the operation to the end of the study.

Example 6.2 (Left truncation) The pair(Xi, Yi) is observed if and only ifXi ≥
Yi. TheYi may be random. We say thatXi is left truncated byYi. In astronomy,
the brightnessX of an object may be left truncated by some functionY = h(Z)
of its distanceZ from Earth.
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Example 6.3 (Left truncation and right censoring) The random variableXi is
right censored byYi, and left truncated byZi < Yi. If Zi ≤ Xi < Yi thenXi
is observed directly. IfZi < Yi ≤ Xi thenXi is censored to(Yi,∞) and if
Zi > Xi then none ofXi, Yi or Zi are observed. For example,Xi could be the
survival time after a transfusion,Yi a corresponding censoring time, andZi the
time between the transfusion and the beginning of a study of transfused patients.

Example 6.4 (Double censoring)The random variableXi ∈ R is observed if
Zi ≤ Xi ≤ Yi, is right censored to(Yi,∞) if Xi > Yi, and is left censored to
(−∞, Zi) if Xi < Zi. HereZi ≤ Yi and either or both may be random.

Example 6.5 (Interval censoring) The random variableXi is censored to the
set(Zi,k, Zi,k+1] for Zi,1 < Zi,2 < Zi,Ki

. For example,Zi,k could be times at
which patients are studied or equipment is inspected, andXi the time of some
change in status. Interval-censored data are also known as current status data. The
usual likelihood for data from a continuous parametric distribution is motivated
by arguing that each component of each observation was interval censored to a
small interval.

Suppose thatX1, . . . , Xn are sampled from a common distributionF , and
are conditionally independent given right censoring timesY1, . . . , Yn. Let Z =
min(X,Y ) and letδ = 1X≤Y indicate an uncensored failure. By convention,X
is not considered censored whenX = Y . Similarly, if several observations are
tied at the same value ofZ, the censoring times are deemed to follow the failure
times by an infinitesimal amount.
Let X = (X1, . . . , Xn) andY = (Y1, . . . , Yn). The likelihood forF andG

from right-censored data is the product of a marginal and conditional likelihood

L(F,G;X ,Y) = L(F,G;Y)× L(F,G;X | Y) (6.8)

whereL(F,G;Y) = G(Y1, . . . , Yn) and

L(F,G;X | Y) =
∏
i:δi=1

F ({Xi})
∏
i:δi=0

F ((Yi,∞))

=
n∏
i=1

F ({Zi})δiF ((Zi,∞))1−δi . (6.9)

Any factor of00 in (6.9) is understood to be1. These likelihoods are nonparamet-
ric, but are easily modified ifF orG are known to belong to parametric families.
It is usual to base inferences forF on the conditional likelihood (6.9). That con-

ditional likelihood does not depend onG, and it can be computed from theZi and
δi without knowing theYi from uncensoredXi. Because the marginal likelihood
of theYi does not depend onF , using the conditional likelihood does not lead
to a loss of information onF . In the absence of a known functional relationship
betweenF andG, the conditional likelihood (6.9) gives the same likelihood ratio
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function forF as the full likelihood(6.8). We did not need to assume that theYi
were independent in order to settle on the conditional likelihood. Of course strong
dependence inYi could make the conditional likelihood very uninformative.
For left-truncated data, we never observeX < Y , but if Y is independent ofX

then we may reasonably hope to learn the distribution ofX, or at least that part
of it larger than the left end point of theY distribution. A conditional likelihood
approach is also applicable to left-truncated data, though the derivation is more
complicated.
Suppose thatX andY are independent from distributionsF andG, respec-

tively, and that independent(X,Y ) pairs are truncated to the set{(x, y) | x ≥ y}.
The likelihood is then

L(F,G ; X ,Y) = α−n
n∏
i=1

1Xi≥Yi
F ({Xi})G({Yi}) (6.10)

where

α =
∫∫

x≥y
dF (x)dG(y) =

∫
G((−∞, u])dF (u) =

∫
F ([u,∞))dG(u)

is the probability thatX ≥ Y .
The likelihood (6.10) may be factored into a product of marginal and condi-

tional likelihoods by either of

L(F,G;X ,Y) = L(F,G;X )× L(F,G;Y | X )
= L(F,G;Y)× L(F,G;X | Y)

where

L(F,G;X ) = α−n
n∏
i=1

G((−∞,Xi])F ({Xi})

L(F,G;Y | X ) =
n∏
i=1

1Xi≥Yi

G({Yi})
G((−∞,Xi])

L(F,G;Y) = α−n
n∏
i=1

F ([Yi,∞))G({Yi})

L(F,G;X | Y) =
n∏
i=1

1Xi≥Yi

F ({Xi})
F ([Yi,∞))

.

Suppose that interest centers onF . The conditional likelihood based onXi
givenYi depends onF but not onG, and hence is available for inference. Unlike
the case of right censoring, the marginal distribution ofYi depends onF , so that
even without a known link betweenF andG, there may be an information loss
from using the conditional likelihood. The conditional distribution ofYi givenXi
does not involveF , suggesting that the marginal distribution ofXi has all the
information onF , but the marginal distribution ofXi involvesG.
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If G is known, then the full likelihood(6.10)for F may be written

L(F ) =
n∏
i=1

1Xi≥Yi
F ({Xi})G({Yi})∫

G((−∞, u])dF (u)

∝
n∏
i=1

F ({Xi})∫
G((−∞, u])dF (u) . (6.11)

The likelihood (6.11) is proportional to the likelihood of biased sampling with
u(x) = G((−∞, u]) and so the NPMLE forF with G known is given by(6.1)
with ui = G((−∞,Xi]). The following theorem lends support to the use of
conditional likelihood forF when the distributionG is not known.

Theorem 6.3 Suppose thatXi is observed with independent left truncation by
Yi. In the joint NPMLE(F̂ , Ĝ) of (F,G), the distributionF̂ is the maximizer of
the conditional likelihoodL(F,G;X | Y) above.
Proof. Wang (1987) and Keiding & Gill (1990).

6.4 NPMLE’s for censored and truncated data

ForXi ∈ X ⊆ R
d independently sampled fromF and censored, by coarsening

at random, toCi, includingCi = {Xi} for uncensored data, the conditional (on
Ci) likelihood may be written

Lc(F ) =
n∏
i=1

∫
Ci

dF (x) =
n∏
i=1

F (Ci), (6.12)

and for truncated and censored data the conditional likelihood is

Lc(F ) =
n∏
i=1

∫
Ci
dF (x)∫

Ti
dF (x)

=
n∏
i=1

F (Ci)
F (Ti)

. (6.13)

The censored data likelihood (6.12) does not always have a unique maximum.
There are2n disjoint sets of the form

Ej =
n⋂
i=1

Dij

where eachDij is eitherCi or Cci = X − Ci. The union of theseEj is X .
Lettingwj = F (Ej),M = 2n, andHij = 1Ej⊂Ci

we can write the conditional
likelihood from (6.12) as

Lc(F ) =
n∏
i=1

( M∑
j=1

Hijwj

)
. (6.14)

ThusF is determined only up to the values ofwj .
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Theorem 6.4 There is a unique set of weightswj ≥ 0 with
∑M
j=1 wj = 1 that

maximize(6.14).

Proof. Let w = (w1, . . . , wM )′ belong to the closed, bounded, and convex set
S = {w | wj ≥ 0,

∑M
j=1 wj = 1}. After identifyingF (Ej) with wj , the function

Lc(w) is a continuous function on the compact setS, so it attains a maximum
there. This maximum is nonzero, and so/(w) = log(Lc) also attains a finite
maximum/m onS. It remains to show that this maximum is unique.
Suppose to the contrary that/(u) = /(v) = /m and thatuj′ > vj′ for some

j′. If there is noi′ with Hi′j′ = 1, then takingwj′ = 0 andwj = uj/(1 − uj′)
for j �= j′ we find /(w) > /(u) contradicting the maximality of/(u). So leti′

satisfyHi′j′ = 1 and putw = (u + v)/2. Convexity ofS implies thatw ∈ S.
Now /(w)− /m = /(w)− (/(u) + /(v))/2 is a sum ofn nonnegative terms, one
for eachi. The term fori′ is strictly positive, contradicting the maximality of/m.

A censored-data NPMLE is not necessarily a good estimator ofF . See Chap-
ter 6.9 for an example with bivariate censoring and for a remedy.
It is not practical to keep track of2n probability weights. For uncensored data,

at mostn of theEj are nonempty. As the next two theorems show, a great simpli-
fication occurs whenXi are real values andCi are all intervals, with or without
truncation.

Theorem 6.5 LetCi = [Li, Ri], and letEj = [pj , qj ] for j = 1, . . . ,m be the
set of intervals with endpoints taken fromU = ∪ni=1{Li, Ri} and that contain no
interior points fromU . Then there are uniquely determined probabilitieswj ≥ 0
onEj with

∑m
j=1 wj = 1 such thatF maximizesL if and only ifF (Ej) = wj .

Proof. Peto (1973).

Theorem 6.6 LetXi ∈ R be truncated toTi ⊆ R and then censored toCi, a fi-
nite union of disjoint closed intervals[Lik, Rik], k = 1, . . . ,Ki. LetEj = [pj , qj ]
for j = 1, . . . ,m be the set of intervals with endpoints taken fromU = ∪ni=1∪Ki

k=1

{Lik, Rik} and that contain no interior points fromU . LetD = ∪mj=1Ej . Then:

1. Any NPMLEF hasF (D) = 1, unlessTi ∩D = Ci ∩D for all i.

2. The likelihood depends onF only throughwj = F (Ej), j = 1, . . . ,m.

3. The likelihood is

Lc(F ) =
n∏
i=1

∑m
j=1Hijwj∑m
j=1Kijwj

whereHij = 1Ej⊆Ci
andKij = 1Ej⊆Ti

≥ Hij .

4. There are unique NPMLE weightswj , unless

(a) Hij = Hij′ , for some1 ≤ j < j′ ≤ m, and all i = 1, . . . , n, or,

(b) There is a subsetR withCi ∩D ⊂ R or Ci ∩D ⊂ Rc for all i.
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Proof. The results above are collected from Turnbull (1976).

If 4(a) above happens, the non-uniqueness is that the sumwj + wj′ is deter-
mined but notwj itself. Condition 4(b) is likethegraph condition inTheorem6.2.
When it happens,F (R) andF (Rc) cannot be determined.
Another simplification can be achieved if we restrict attention to those dis-

tributions with a given set of support points. In the sieved NPMLE, we take a
list of pointsx1, . . . , xn′ ∈ X , including at least one element from eachCi. If
there are indicesj �= j′ with xj′ ∈ Ci wheneverxj ∈ Ci then remove any
one suchxj from the list. We repeat this removal process until no more points
can be removed, and relabel the remaining points asx1, . . . , xm. The sieved
likelihood, for censored but not truncated data, isLSIEVE(F ) =

∏
i F (Ci) =∏

i

∑m
j=1 1xj∈Ci

F ({xj}).
Theorem 6.7 Given pointsx1, . . . , xm, there is a unique sieved-NPMLE maxi-
mizingLSIEVE(F ).

Proof. van der Laan (1995, Chapter 3.3).

6.5 Product-limit estimators

For real-valuedX subject to right censoring or left truncation, there is an ex-
plicit closed form for the NPMLE. These NPMLE’s are more conveniently de-
rived through the hazard function, defined below, than through the cumulative
distribution function.
The survival function isS(t) = F ([t,∞)) = 1−F ((−∞, t)). It is widely used

in medical applications, where it is natural to consider the fraction of subjects
surviving past timet. For continuous distribution functions with densityf , the
hazard function is defined as

λ(t) = lim
ε→0+

1
ε
Pr(X ≤ t+ ε | X ≥ t) =

f(t)
S(t+)

=
f(t)
S(t)

.

The productλ(t)dt gives the probability of failure before timet + dt, condi-
tional on surviving at least to timet. For continuously distributed dataλ(t) =
−d log(S(t))/dt, and soS(t) = exp(− ∫ t

0
λ(u)du).

For discrete distributions withF ({tj}) > 0, for a finite (or countably infinite)
number oftj , the hazard function is defined as

λj = Pr(X = tj | X ≥ tj) =
F ({tj})
S(tj)

.

For discrete distributionsS(t) =
∏
tj≤t(1− λj), F ({ti}) = λj

∏
tj<ti

(1− λj),
andF ((−∞, t]) = 1− ∏

tj≤t(1− λj).
The cumulative hazard is defined as

Λ(t) =
∫ t

0

dF (u)
F ((−∞, u)) ,
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which simplifies to
∫ t
0
λ(u)du for continuous distributions, to

∑
tj≤t λt for dis-

crete distributions, and to a sum of discrete and continuous hazards for distribu-
tions with discrete and continuous parts.
For right-censored data, the NPMLÊF must have positive probability at each

observed failure time. Let the observed failure times bet1 < t2 < · · · < tk,
suppose thatt1 > 0 ≡ t0, and definetk+1 = ∞. Let dj ≥ 1 be the number
of failures attj and suppose thatmj observations were censored in the interval
[ti, ti+1). The NPMLE puts0 probability inside the interval(ti, ti+1) for i < k,
because moving such probability toti+1 would increase at least one factor inLc
and would not decrease any of them. The number

rj = (di +mi) + . . .+ (dk +mk)

denotes the number of subjects at risk of failure just prior totj .
Let λj = Pr(X = tj | X ≥ tj) denote the hazard probabilities of the distribu-

tion F . The conditional likelihood given by(6.9)or (6.12)may be written

Lc(F ) =
k∏
j=1

λ
dj

j (1− λj)rj−dj ,

and so the NPMLE haŝλj = dj/rj . The CDF of the NPMLE may be written

F ((−∞, t]) = 1−
∏
j|tj≤t

rj − dj
rj

(6.15)

This is the celebrated Kaplan-Meier product-limit estimator.
If the largest observed failure time is greater than the largest observed censoring

time, then the NPMLE is unique. OtherwiseF ((−∞, tk]) < 1 and any distribu-
tion that satisfies (6.15) fort ≤ tk is also an NPMLE. A common convention to
force uniqueness is to place probability1− F ((−∞, tk]) on the largest observed
censoring time when that time is larger thantk.
There is also a product-limit estimator for left truncation ofX by an inde-

pendentY . Let F andG be distributions ofX andY , respectively. LetaG and
bG be the smallest and largest observable values ofY . FormallyaG = inf{y |
G((y,∞)) < 1}, andbG = sup{y | G((y,∞)) > 0}. The valuesaF andbF are
defined similarly. IfaG > aF , then the lower end of theF distribution cannot be
observed. We assume that eitheraG ≤ aF , or that we are satisfied with inferences
onPr(X ≤ t)/Pr(X ≥ aG). We also assume thatbG ≤ bF . If bG > bF , then
the upper end of theG distribution cannot be observed.
The assumption of independence betweenX andY is often reasonable, but is

not to be made lightly. In astronomy this assumption follows from a simplifying
idea that, at very large scales, space is the same everywhere and in every direction
(the cosmological principle). This independence is thought to be nearly, though
perhaps not exactly, correct. We suppose thatG is unknown, and so we use the
conditional likelihood based on the distribution ofX givenY .
It is convenient to work in terms of ordered observationsX(1) ≤ X(2) ≤ · · · ≤
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X(n). Let Y(i) denote their concomitants, that is(X(i), Y(i)) for i = 1, . . . , n are
the points(Xi, Yi), i = 1, . . . , n, after sorting onXi. Of course, theY(i) are not
necessarily in increasing order. To simplify the derivation, we suppose that there
are noi andj for whichXi = Yj . Candidates for the NPMLÊF put nonnegative
probability on every observed valueX(i) and put no probability anywhere else.
For such distributions,F ((Y(i),∞)) = F ((Zi,∞)), whereZi = max{X(j) |
X(j) < Y(i)}. The conditional likelihood is

Lc(F ) =
n∏
i=1

F ({X(i)})
F ((Zi,∞))

=
n∏
i=1

F ({X(i)})
F ((X(i),∞))Ki

,

where

Ki = #{j | Zj = X(i)}
= #{j | X(i) < Y(j) ≤ X(i+1)},

with X(n+1) = ∞.
Writing in terms ofλi = F ({X(i)})/F ((X(i),∞)),

Lc(F ) =
n∏
i=1

λi
∏i−1
j=1(1− λj)[∏i

j=1(1− λj)
]Ki

=
n∏
i=1

λi(1− λi)n−i−
∑ n

j=iKj .

This is maximized by values

λ̂i =
1

n− i+ 1− ∑n
j=iKj

=
1

#{j | X(j) ≥ X(i)} −#{j | Y(j) > X(i)}
=

1
#{j | Y(j) < X(i) ≤ X(j)} ,

so that

F̂ ((−∞, t]) = 1−
n∏
i=1

(
1− 1Xi≤t∑n

l=1 1Yl<Xi≤Xl

)
. (6.16)

Equation (6.16) is known as the Lynden-Bell estimator. The Lynden-Bell estima-
tor can be degenerate:̂F ((−∞,X(i)]) = 1 for somei < n is possible.

6.6 EL for right censoring

Table6.1presentstheAML data.Most of thevaluesindicatethetimeuntil relapse
of a patient whose leukemia has gone into remission. Those values with a+ sign
designate right-censored times.
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Maintained 9 13 13+ 18 23 28+
31 34 45+ 48 161+

Non-Maintained 5 5 8 8 12 16+
23 27 30 33 43 45

Table 6.1Shown are the number of weeks until relapse for patients whose acute myeloge-
nous leukemia (AML) has gone into remission. One group of patients received maintenance
chemotherapy, the other did not. Source: Embury et al. (1977).

The standard95% confidence interval forS(t) is Ŝ(t) ± 1.96(V̂ar(Ŝ(t)))1/2,
using Greenwood’s formula

V̂ar
(
Ŝ(t)

)
= Ŝ(t)2

∑
j|tj≤t

dj
rj(rj − dj) . (6.17)

These intervals are based on a central limit theorem. They do not respect range
restrictions, in that they can extend outside of the interval[0, 1]. WhenS(t) takes
an extreme value like0.99 or0.01, then symmetric intervals do not seem as natural
as intervals that extend a greater distance towards1/2 than away from1/2. These
standard intervals also tend to have poor coverage accuracy for moderaten.
Let t be a fixed time point for whichS(t) is of interest. Define the profile

empirical likelihood function

R(s, t) = max

{
k∏
j=1

λ
dj

j (1− λj)rj−dj

λ̂
dj

j (1− λ̂j)rj−dj

| 0 ≤ λj ≤ 1,
∏
tj≤t

(1− λj) = s

}
,

for S(t). A Lagrange multiplier argument shows that the maximizingλj satisfy

λj =
dj

rj + γ1tj≤t
, (6.18)

for a multiplierγ satisfying∑
j|tj≤t

log
(
rj − dj − γ
rj + γ

)
− log(s) = 0.

Theorem 6.8 shows that the empirical likelihood ratio may be used to construct
pointwise confidence intervals forS(t).

Theorem 6.8 For i = 1, . . . , n, letXi, Yi ∈ R be independent random variables
withXi ∼ F andYi ∼ G. Let (Zi, δi) = (min(Xi, Yi), 1Xi≤Yi

), i = 1, . . . , n
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be observed. Assume thatG((−∞, t)) < 1 and0 < S(t) < 1. Then

−2 logR(S(t), t) → χ2
(1),

in distribution asn → ∞.

Proof. Thomas & Grunkemeier (1975), Li (1995b), and Murphy (1995).

The top plot in Figure 6.4 shows the empirical likelihood function for S(20),
the probability that remission lasts for at least20 weeks, in each of the two groups
in the AML data. The likelihood curves overlap considerably. The survival differ-
ence is apparently not very large and the sample size is also small.

Themiddleplot in Figure6.4 showstheempirical likelihood ratio curvefor the
difference∆ = SM (20) − SN (20) in survival probabilities between the main-
tained (subscriptM ) and non-maintained (subscriptN ) groups. The probability
of going 20 weeks or more in remission could reasonably be larger for either
group. This likelihood ratio is defined as

R(∆) =
maxθ1−θ2=∆ L(θ1, θ2)
maxθ1,θ2 L(θ1, θ2)

where

L(θ1, θ2) = max

{
n∏
i=1

(nwi)δi

( ∑
j|tj>ti

nwj

)1−δi | wi ≥ 0,
n∑
i=1

wi = 1,

n∑
i=1

wiMi(1Yi≥20 − θ1) =
n∑
i=1

wi(1−Mi)(1Yi≥20 − θ2) = 0,

}
whereMi is 1 for the maintained group and0 for the non-maintained group.

The bottom plot in Figure 6.4 shows the empirical likelihood curve for the
difference in medians between the two groups. This plot was computed by first
computing

L(θ1, θ2) = max

{
n∏
i=1

(nwi)δi

( ∑
j|tj>ti

nwj

)1−δi | wi ≥ 0,
n∑
i=1

wi = 1,

n∑
i=1

wiMi(1Yi≤θ1 − 1/2) =
n∑
i=1

wi(1−Mi)(1Yi≤θ2 − 1/2) = 0,

}
on a fine grid of(θ1, θ2) values, then taking

R(∆) =
maxθ1−θ2=∆ L(θ1, θ2)
maxθ1,θ2 L(θ1, θ2)

,

as before. To maximize overθ1 with θ1 − θ2 fixed at∆ is to profile out a variable
that does not enter the estimating equations in a smooth way. There are few results
of thiskind,but thepresent caseiscovered by Theorem 10.1. Themedian duration
of remission does not differ significantly between these two groups.
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Figure 6.4The top figure shows empirical likelihood curves for the probability that re-
mission lasts at least 20 weeks. There is one curve for each of the treatment groups. The
curve for the maintained group peaks at 0.7045, lying slightly to the right of the curve for
the non-maintained group which peaks at 0.5956. The middle figure shows the empirical
likelihood ratio function for the difference between the probabilities of remission lasting
at least 20 weeks. This curve peaks at 0.1088. The bottom curve is for the difference in
median times to relapse between the two groups. Each plot has a horizontal reference line
at the approximate 95% confidence level using aχ2

(1) criterion.
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6.7 Proportional hazards

The most convenient way to incorporate predictor variables into survival time
likelihoods is through the hazard function. Suppose thatX ∈ R is a survival time,
Y ∈ R is a corresponding censoring time, andU ∈ R

d is a vector of predictors.
LetZ = min(X,Y ) andδ = 1X≤Y as before. Cox’s proportional hazards model
has survival functions

S(Xi | Ui = ui) = S0(Xi)exp(u′
iβ),

for a baseline survival functionS0, and a vector of parametersβ. If S0 is a con-
tinuous survival function, then this model has hazard function

λ(Xi | Ui = ui) = λ0(Xi) exp(u′
iβ).

The exponential model for covariates keeps the hazard function nonnegative. It
also means that the effect of changingUi is to make a proportional increase or
decrease in the hazard rate, for all times. The baseline survival distribution cor-
responds to a random variableX with covariate vectorU = 0. To make the
baseline correspond to a default valueU0, it is only necessary to replace eachUi

byUi − U0.
The data can be organized through two sequences of events unfolding in time.

The first sequence specifies the time of the next failure to occur, and the second
sequence specifies which of the subjects currently under study is the one to fail
at that time. WithS0 completely unknown, it is reasonable that only the second
sequence contains information onβ. Suppose that there are no ties among theZi.
For j = 1, . . . , k =

∑
i δi, let the item labeled(j) be the one with thej′th largest

of the observed failure times{Zi | δi = 1}. LetRj = {i | X(j−1) < Zi ≤ X(j)}
be the set of individuals at risk of failure, just prior to timeX(j), takingX(0) = 0.
The partial likelihood is

LP (β) =
k∏

j=1

exp(u′
(j)β)∑

i∈Rj
exp(u′

iβ)
,

after cancelingλ0(X(j))∆t from the numerator and denominator in each of the
k factors. This partial likelihood can be extended, with some difficulty, to take
account of ties inZi, for observations not necessarily having having tiedUi andδi.

The partial likelihood behaves like an ordinary parametric likelihood. Maxi-
mizing it provides consistent asymptotically normal estimates ofβ, under mild
assumptions, and the profile likelihood formed by maximizing overS0 can be
used to construct confidence regions forβ.

6.8 Further empirical likelihood ratio results

Asymptoticχ2 distributions have been obtained for numerous truncation and cen-
soring settings. Some theorems are quoted here. Some more are described in
Chapter 6.9.
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For left-truncated data of Example 6.2 let Lc(F ) be the conditional likelihood
L(F,G;Y | X ) given on page 138. Define

Rt(p) =
max{Lc(F ) | F ((−∞, t]) = p}

maxF {Lc(F )} .

Theorem 6.9 LetX ∼ F0 and Y ∼ G0 be independent from continuous dis-
tributions. Assume thatinf{x | F0(x) > 0} > inf{x | G0(x) > 0} and that
F0(t) = p0 > 0. Then−2 logRt(p0) → χ2

(1) asn → ∞.

Proof. Li (1995a, Theorem 1).

Suppose that(Xi, Yi, Zi) ∈ R
3 are independent and identically distributed,

with X doubly censored, byYi on the right and by Xi on the left, as in Exam-
ple 6.4. Let FX , FY , andFZ be the distributions ofX, Y , andZ, respectively. If
Z < X ≤ Y , let U = X andδ = 0, if X > Y , let U = Y andδ = 1, and if
X ≤ Z, letU = Z andδ = −1.

Then the conditional likelihood function forFX is

Lc(F ) =
n∏
i=1

F ({Ui})δi=0F ((Ui,∞))δi=1F ([0, Ui))δi=−1,

usingxA as a shorthand forx1A . Let θ =
∫
q(x)dFX(x), for a known functionq,

and define

R(θ) =
max{Lc(F ) | ∫

q(x)dF (x) = θ}
maxF {Lc(F )} .

Theorem 6.10 LetR andθ be as described above. Suppose thatFX ,FY , andFZ

are continuous distributions, thatFX([A,B]) = 1, for some0 ≤ A < B < ∞,
that Pr(Z < u ≤ Y ) > 0 for all u ∈ [A,B], that FZ([0, B]) = 1, and that
FY ([0, A)) = 0. Suppose thatq is a left continuous function of bounded variation
on [A,B] with

∫
q2(x)dFX(x) − (

∫
q(x)dFX(x))2 > 0. Then−2 logR(θ0) →

χ2
(1).

Proof. Murphy & van der Vaart (1997,Theorem 2.1).

Now consider current status dataas in Example 6.5, with only one observation
time Z, but with a Cox model covariateU ∈ R. The event time isX, and we
observeZ andδ = 1Xi≤Zi

. Suppose that conditionally onU , the hazard function
of X is λ(t) exp(θU) for a parameterθ ∈ R. The conditional likelihood in terms
of the cumulative hazard ofX is

L(Λ, θ) =
n∏
i=1

(
1− exp(−eθUiΛ(Zi))

)δi
(
exp(−eθUiΛ(Zi))

)1−δi

.

Now define

R(θ) =
maxΛ{L(Λ, θ)}
maxΛ,η{L(Λ, η)} ,
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whereΛ is maximized over the space of nondecreasing functions continuous from
the right with limits from the left and taking values in[0, C] for a known bound
C, andθ is maximized over a parameter setΘ.

Theorem 6.11 For the current status setting above let the observation timeZ
have a continuous positive density function on[A,B] for some0 < A < B < ∞,
where the true cumulative hazardΛ0 ofX satisfiesΛ0(A−) > 0 andΛ0(B) < C.
LetΛ0 be differentiable on[A,B]with a derivative everywhere above someε > 0,
let U be bounded withE(Var(U | Z)) > 0, and assume that the true valueθ0

is interior toΘ. Finally, assume thatφ(Z) has a bounded derivative on[A,B]
where

φ(Z) =
E(Uψ(U,X, δ)2 | Z)
E(ψ(U,X, δ)2 | Z) , and

ψ(U,X, δ) = eθ0U
[
δ

exp(− exp(θ0U))Λ(X)
1− exp(− exp(θ0U))Λ(X)

− (1− δ)
]
.

Then−2 logR(θ0) → χ2
(1) asn → ∞.

Proof. Murphy & van der Vaart (1997,Theorem 2.2).

A form of cumulative hazard estimating equation can be used to define param-
eters in survival analysis. There, the parameterθ solves

∫
q(x, θ)dΛ(x) = C for

some constantC.

Theorem 6.12 For right-censored data as described in the conditions of Theo-
rem6.8, suppose that q(x) is a left continuous function with

0 <

∫ |q(x, θ)|m
F ([x,∞))G([x,∞))

dΛ(x) < ∞, m = 1, 2.

Then−2 logR(θ0) → ∞ whereR(θ) is an empirical likelihood ratio defined
through the hazard function at observed failure times, and maximized subject to∫
g(x, θ)dΛ(x) = C.

Proof. Pan & Zhou (2000,Theorem 5).

6.9 Bibliographic notes

Biased sampling

Bratley, Fox & Schrage (1987) is a standard reference on Monte Carlo that in-
cludes importance sampling. Cochran (1977) and Lohr (1998) are standard refer-
ences on finite population sampling. Cox (1967) proposed the harmonic mean for
length biased data. The shrub data are from Muttlak & McDonald (1990). Jones
(1991) uses them to investigate kernel density estimation from length biased sam-
ples.
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The problem of constructing an NPMLE from one length biased and one unbi-
ased sample was considered by Vardi (1982). Cosslett (1981) proposes an NPMLE
for choice-based sample data. Vardi (1985) and Gill et al. (1988) consider multiple
samples each with their own biasing conditions. Vardi (1985) gives an algorithm
for computing the NPMLE, and shows that the NPMLÊF is a sufficient statistic
for the unknownF0.

Empirical likelihood for a combination with one biased and one unbiased sam-
ple was considered by Qin (1993). Qin proves an ELT for the mean with one
biased and one unbiased sample and states that the result holds more generally.

Qin & Zhang (1997) study a problem in which the bias functions in multiple
biased sampling contain parameters. In groupi the data are a biased sample de-
fined throughui(x, ηi), incorporating unknown parameter vectorsηi. They were
motivated by case-control studies, where samples are taken of people with and
without a rare condition. Empirical likelihood methods can be used to draw infer-
ences on theηi, as well as to test the goodness of fit of the parametric specification
of the bias function. Fokianos, Peng & Qin (1999) use this idea to test the good-
ness of a logistic link function. Qin (1999) considers three samples,Xi ∼ F ,
Yi ∼ G, andZi ∼ λF + (1 − λ)G for an unknown mixture proportionλ.
The distributionsF andG have densitiesf and g that are assumed to satisfy
log(g(x)/f(x)) = β0 + xβ1. Qin (1999) finds asymptotic chisquared distribu-
tions for likelihood ratio tests ofλ andβ1.

Qin (1998) considers empirical likelihood inference in upgraded mixture mod-
els. This setting combines a “good sample” of directly observed dataZ ∼ F , with
a “bad sample” of data from a densityp(x) =

∫
p(x|z)dF for a conditional den-

sity p(x|z). These models originate with Hasminskii & Ibragimov (1993). The
name is from van der Vaart & Wellner (1992), who develop a discrete consis-
tent estimator ofF . An example from Vardi & Zhang (1992) hasX = ZU for
U ∼ U(0, 1) independently ofZ. The KDD CUP 2000 data mining competition
(Kohavi, Brodley, Frasca, Mason & Zheng 2001) featured Internet log entries, in-
cluding some complete sessions of lengthZ and some clipped sessions that only
included the first�UZ� entries for a uniformU . The winning entry of Rafal Kus-
tra, Jorge Picazo, and Bogdan Popescu showed that clipping produced an artifact
wherein the rate at which visitors left a site appeared to increase with the dura-
tion of their session, although the true departure rate declined with duration. Qin
(1998) shows how to use empirical likelihood inferences on upgraded mixture
models, and how to incorporate parameterized data distortionsp(x | z; θ).

Censoring and truncation

Peto (1973) considers NPMLE’s for general patterns of interval censored real
values, and proves Theorem 6.5. The proof of Theorem 6.4 is adapted from the
argument in Peto (1973).

An example of a bad NPMLE arises for bivariate failure timesXi = (Xi1,Xi2)
whereXij is subject to right censoring byYij . If Xi1 is censored butXi2 is not,
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thenCi = {(x1,Xi2)|Yi1 < x1 < ∞} is a ray of infinite length in the plane. IfXi

have a continuous distributionF then there will never be anXi′ ∈ Ci for i′ �= i.
As Tsai, Leurgans & Crowley (1986) note, such additional points are necessary
to properly distribute probability withinCi, and without them the NPMLE is not
even consistent. van der Laan (1996) proposes a way to fix this problem in which
a ray likeCi is replaced by a thin strip, with a width that decreases to0 asn → ∞.

Turnbull (1976) is a definitive reference on NPMLE’s for combinations of cen-
sored and truncated real-valued data. Turnbull (1976)’s description of censoring
is a form of coarsening at random. Heitjan & Rubin (1991) define and illustrate
coarsening at random and show that under coarsening at random, the conditional
likelihood is proportional to the full likelihood. Coarsening at random includes
information loss due to missing data components or rounding.

Turnbull (1976) provides a self-consistency algorithm for finding the NPMLE.
This algorithm is an example of the EM algorithm (see Dempster, Laird & Ru-
bin (1977) and Baum (1972)). Efron (1967) used self-consistency to derive the
Kaplan-Meier estimator. There is as yet no ELT for the general setting Turnbull
considers.

The survival, hazard, and cumulative hazard functions are defined in Fleming &
Harrington (1991), as well as in Kalbfleisch & Prentice (1980), who use a survivor
functionPr(X ≥ t) instead of the survival functionPr(X > t).

Kaplan-Meier estimator

Kaplan & Meier (1958) introduced the product-limit estimator for right-censored
survival times, using an NPMLE argument. Similar estimators had previously
been used by actuaries. The variance estimate of the Kaplan-Meier estimate is
from Greenwood (1926). The NPMLE derivation is based on Kalbfleisch & Pren-
tice (1980), who also present a derivation of Greenwood’s formula.

Thomas & Grunkemeier (1975) gave a heuristic proof of Theorem 6.8. This
was later made rigorous by Li (1995b) and by Murphy (1995). Murphy (1995)
proves an ELT for inferences on the cumulative hazard function. Equation (6.18)
was obtained by Thomas & Grunkemeier (1975) and independently by Cox &
Oakes (1984, Chapter 4.3) who use it to derive Greenwood’s formula(6.17)from
the curvature of the censored data empirical log likelihood.

Adimari (1997) considers empirical likelihood inferences for the mean of a
distribution under independent right censoring. He finds an asymptotic chisquared
distribution for2n

∑n
i=1 p̃i log(1 + λ′(Ti − µ)) where p̃i is the Kaplan-Meier

probability of the observed failure timeTi andλ satisfies
∑n

i=1 p̃i(Ti − µ)/(1 +
λ′(Ti − µ)) = 0.

Pan & Zhou (2000) proveTheorem 6.12. They also establish a chisquared cali-
bration for parameters

∫
qn(x)dΛ(x) whereqn is a data-dependent function. Such

parameters often arise where a data-based estimate of one quantity is plugged into
an equation for another.
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The AML data come from Embury et al. (1977). They are reproduced in Miller,
Gong & Munoz (1981).

Lynden-Bell and astronomy

Efron & Petrosian (1994) explore some data where objects that are either too
bright or too dim are truncated. The dim objects are not visible, while the bright
ones are possibly not the sort of object of interest. They introduce a nonparametric
estimate of the distribution function of brightness for such doubly truncated data
and provide a bootstrap-based test of the cosmological principle.

Keiding & Gill (1990) and Woodroofe (1985) provide a detailed analysis of
left-truncated sampling. The NPMLE in this case was found by Lynden-Bell
(1971) and is known as the Lynden-Bell estimator. Lynden-Bell considered the
more general setting in which an(X,Y ) pair was observed with probability
u(X,Y ), allowing a model in which the probability of observing an object of
given brightness decreases smoothly from1 to 0 as its distance from Earth in-
creases. Lynden-Bell (1971) gives a small data set of40 3CR quasars. The NPMLE
is degenerate, putting positive weight on only three of the quasars. Woodroofe
(1985) describes conditions leading to this degeneracy and conditions in which
the probability of a degenerate NPMLE vanishes asn → ∞. Lynden-Bell (1971)
also implements a fix in which the histogram of an intermediate quantity is re-
placed by the nearest unimodal one.

Wang (1987) provesTheorem 6.3. Keiding & Gill (1990) provideanother proof
and add thecaveat that themaximizer F̃ of theconditional likelihood isnot acom-
ponent of the joint NPMLE (F̂ , Ĝ) in cases where F̃ is degenerate. Li (1995a)
proves Theorem 6.9. Li, Qin & Tiwari (1997) consider the case where there is
a known parametric family of distributions forG, but not forF . They use the
marginal distribution of theXi because in this setting it can have more informa-
tion than the conditional distribution of theXi given theYi. They also show how
to get empirical likelihood ratio confidence regions for the probabilityα that an
observation is not truncated.

Other

The proportional hazards model in Chapter 6.7 was proposed by Cox (1972).
The partial likelihood argument for it is due to Cox (1975). Bailey (1984) con-
sidered the joint likelihood forβ andS0 taking jumps at observed failure times.
He showed that the estimate ofβ obtained by maximizing the likelihood overβ
andS0 is asymptotically equivalent to the one obtained by maximizing the partial
likelihood. The resulting estimate of the cumulative hazard is equivalent to the
one in Tsiatis (1981). Confidence regions forβ or for the cumulative hazard (at
finitely many points) can be obtained from the curvature of the log likelihood.
Bailey (1984) remarks that the presence of a large number of nuisance parameters
does not lead to difficulty. Murphy & van der Vaart (2000) consider the problem
of infinite dimensional nuisance parameters more generally.
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Murphy & van der Vaart (1997) prove Theorems 6.10 and 6.11. They also es-
tablishχ2 limits for some frailty models incorporating random effects into the
proportional hazards framework.

In this chapter, survival analysis was viewed as analysis of life times that might
be missing or partially observed. The modern treatment of survival analysis treats
each subject’s data as a counting process observed over a time window. The num-
ber of deaths for an individual is a counting process that starts at0 and may
increase to1 in the time window of observation. A second counting process takes
the value1 if the individual is at risk of failure and0 otherwise, whether the reason
be failure or censoring. For a more comprehensive treatment of survival analysis,
using the theory of counting processes, see Fleming & Harrington (1991) and
Andersen, Borgan, Gill & Keiding (1993), with a very accessible applied presen-
tation in Therneau & Grambsch (2000). Counting process models extend naturally
to handle competing risks from different causes of death, events such as infections
which can recur for individuals, and transitions between states such as cancer and
remission.

The dual likelihood of Mykland (1995) is an extension of empirical likeli-
hood to martingales. Dual likelihood inferences should cover many or most of
the counting process examples, though this is outside the scope of the present
text.

6.10 Exercises

Exercise 6.1Suppose thatX1, . . . , Xn are IID with the exponential probabil-
ity density functionf(x; θ) = θ exp(−θx)1x>0. Thusθ is the failure rate per
unit time and1/θ = E(X). Suppose thatY1, . . . , Yn are censoring times in-
dependent ofX1, . . . , Xn, and let the observations beZi = min(Xi, Yi) and
δi = 1Xi<Yi

. Write an expression for the parametric conditional likelihood of
X1, . . . , Xn givenY1, . . . , Yn, in terms ofZi andδi. Find the conditional MLE
θ̂. Is this quantity interpretable, in the case whereXi are not exponentially dis-
tributed?

Exercise 6.2Suppose thatF puts weightwi ≥ 0 on xi and thatG puts weight
vj ≥ 0 on yj , where

∑n
i=1 wi =

∑n
j=1 vj = 1. Let uij = 1xi>yj

, and define
α = Pr(X > Y ) =

∑n
i=1

∑n
j=1 wivjuij . Show by Lagrange multipliers that

wi =

(
n∑

j=1

uij∑n
k=1 wkukj

)−1

for the NPMLE in the Lynden-Bell setup.
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CHAPTER 7

Bands for distributions

This chapter considers confidence bands for a distribution function and some
related functions. Chapter 5.8 describes bands for kernel density estimates. For
X ∈ R, the cumulative distribution function is

F(x) = F ((−∞, x]) = Pr(X ≤ x)

taken as a function ofx.
A confidence band forF(x) is a pair of functionsL(x) andH(x) for which

Pr(L(x) ≤ F(x) ≤ H(x), ∀x ∈ R) = 1− α (7.1)

under independent sampling ofXi ∼ F . The randomness in (7.1) arises from the
fact thatL andU depend onX1, . . . ,Xn, although this is suppressed from the
notation. Some exact confidence bands are available, others are asymptotic.

If the inequalities in (7.1) were imposed only atB pointsx, the result could
be described as aB-dimensional hyper-rectangular confidence region. Bands are
essentially infinite dimensional hyper-rectangles. As such, they are do not neces-
sarily correspond to tests with the greatest power. Ellipsoids or other shapes are
often better. Bands have the advantage that they can be easily plotted.

Bands are also of interest for some related functions. The quantile function
Q(u) is defined through

Q(u) = F−1(u) ≡ inf{x | u ≤ F(x)}, 0 < u < 1. (7.2)

The definition (7.2) makesQ unique even whenF(x) = F(x′) = u for x �= x′.
For independent real-valued dataX1, . . . ,Xn ∼ F andY1, . . . , Ym ∼ G, the

QQ plot is formed by plotting an estimate ofQQ(x) = G−1(F(x)). If the sample
QQ plot lies far from the 45◦ line QQ(x) = x, then the distributionsF andG
differ.

For three or more samples from distributionsF1, . . . , Fk, we can select one of
the distributions, sayF1, as a baseline, and define ak − 1 dimensional quantile-
quantile function by(F−1

2 (F1(x)), . . . ,F−1
k (F1(x))), overx.

The survival function isS(t) = F ((t,∞)) = 1−F ((−∞, t]). It is widely used
in medical applications, as is the cumulative hazard function

Λ(t) =
∫ t

0

dF (u)
F ((−∞, u))

.

These are discussed in Chapter 6.5.
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7.1 The ECDF

The empirical CDF is the valuêF(x) = #{Xi ≤ x}/n, taken as a function ofx.
The95% Kolmogorov-Smirnov bands forF are of the form̂F(x)±D0.95

n , where
D1−α

n is defined in terms of the random variable

Dn ≡ sup
−∞<x<∞

∣∣∣F̂(x)− F(x)
∣∣∣ , (7.3)

byPr(Dn ≤ D1−α
n ) = 1− α.

Such bands can have exact coverage levels for finiten, because the distribu-
tion of Dn for Xi ∼ F is the same for any continuous distributionF . If F is
not continuous, then Kolmogorov-Smirnov bands have greater than the nominal
coverage level. To see why the distribution ofDn does not depend onF , write the
order statistics of the sample asX(1) ≤ X(2) ≤ . . . ≤ X(n), and introduce ran-
dom variablesUi = F(Xi). TheUi are independent observations from theU(0, 1)
distribution, and have order statisticsU(i) = F(X(i)). For continuousF the supre-
mum in (7.3) occurs either immediately to the left or right of an observationX(i),
so

Dn = max
1≤i≤n

max
(∣∣∣∣ i− 1

n
− F(X(i))

∣∣∣∣ , ∣∣∣∣ in − F(X(i))
∣∣∣∣)

= max
1≤i≤n

max
(∣∣∣∣ i− 1

n
− U(i)

∣∣∣∣ , ∣∣∣∣ in − U(i)

∣∣∣∣) .

For any continuousF , Dn can be expressed in terms of the order statistics of
a uniform sample, and soD1−α

n can be calculated for one distribution, such as
F = U(0, 1), and then applied to any continuous distribution. The hypothesis
that Xi have CDFF is rejected at levelα whenF is not contained within the
bands at allt.

Where the upper band goes above1 it is replaced by1, and similarly the lower
band is replaced by0 where it goes below0. The Kolmogorov-Smirnov bands
are widely used, but they are not particularly sensitive in the tails. To address this
problem, weighted Kolmogorov-Smirnov bands, of the form

Dnψ = sup
−∞<x<∞

ψ(F(x))
∣∣∣F̂(x)− F(x)

∣∣∣ ,
have been proposed. For example, the choice

ψ(z) = (z (1− z))−1/2 (7.4)

weights each pointx in inverse proportion to the standard deviation ofF̂(x), and
so puts more weight on the tail regions.

The random variablenF̂(x) has the binomial distribution with parametersn
andp = F(x). Kolmogorov-Smirnov bands are based on the most extreme dis-
crepancy between the observed and expected binomial random variables. The
weighted version with weights (7.4) takes account of the unequal variances of
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those binomial random variables. Empirical likelihood bands may be constructed
using the most extreme binomial likelihood at anyx.

Empirical likelihood forF(x) at a single pointx was presented in Chapter 3.6.
For0 < p < 1, and−∞ < q < ∞, define

R(p, q) = max

{
n∏
i=1

nwi |
n+1∑
i=0

wiZi(p, q) = 0, wi ≥ 0,
n+1∑
i=0

wi = 1

}
,

with Zi(p, q) = 1Xi≤q − p, takingX0 = −∞ andXn+1 = ∞, so thatZ0 =
1 − p andZn+1 = −p. An asymptotic confidence interval forF(x) is {p |
−2 logR(p, x) ≤ χ2

(1)}.
To get a confidence band forF, we consider the distribution of the most extreme

pointwise likelihood, via

En = sup
−∞<x<∞

− logR(F(x), x).

Let c1−α
n satisfyPr(En ≤ c1−α

n ) = 1− α. Then the band(L(x),H(x)) with

L(x) = min
{
p | − logR(p, x) ≤ c1−α

n

}
H(x) = max

{
p | − logR(p, x) ≤ c1−α

n

}
is a100(1−α)% confidence band forF(x). First we consider constructingL and
H givenc1−α

n , then we consider how to findc1−α
n .

7.2 Exact calibration of ECDF bands

It is computationally easy to obtain an exact calibration for empirical likelihood
bands. The reason is that for any set of numbersa1, . . . , an andb1, . . . , bn, there
is a recursive algorithm to compute

Pr
(
ai ≤ U(i) ≤ bi, i = 1, . . . , n

)
.

See the discussion of Noé’s recursion in Chapter 7.4. Noé’s recursion also applies
to weighted Kolmogorov-Smirnov confidence bands.

From equation(3.15)in Chapter 3.6,

− 1
n
logR(p, x) = p̂ log(p̂/p) + (1− p̂) log((1− p̂)/(1− p)), (7.5)

wherep̂ = p̂(x) = #{Xi ≤ x}/n = Fn((−∞, x]), andp = F(x). For fixedp̂,
equation (7.5) is a convex function ofp with a minimum of0 atp = p̂. ThusL(x)
andH(x) can be easily found by safeguarded searches, like those described in
Chapter 2.9, starting in the intervals(0, p̂) and(p̂, 1), respectively. Convexity inp
of (7.5) implies that− logR(p, x) ≤ c1−α

n if and only if L(x) ≤ p ≤ H(x).The
bandsL(x) andH(x) are piecewise constant functions, taking jumps at then
observed valuesX(i). Therefore, it is only necessary to compute them atn + 1
different points. LetLi andHi be the values ofL(x) andH(x), respectively,
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on the open interval(X(i),X(i+1)), for i = 0, . . . , n, with X(0) = −∞ and
X(n+1) = ∞.

Having found either theLi or theHi, the other ones can be found by symmetry
through

Li = 1−Hn−i.

Note thatL(X(i)) = min(Li−1, Li) = Li−1 andH(X(i)) = max(Hi−1,Hi), for
1 ≤ i ≤ n. Therefore,H(x) is continuous from the right andL(x) is continuous
from the left.

To calibrate the curves we need to findc1−α
n . The extreme value ofEn must

take place at or just to the left of an order statisticX(i). Thus

En = max
1≤i≤n

max
(− logR (

F(X(i)),X(i)−
)
,− logR (

F(X(i)),X(i)

))
.

Suppose thatF is continuous. ThenR(p, q)withXi ∼ F is the same asR(p,F(q))
on dataUi = F(Xi). Thus we may write

En = max
1≤i≤n

max
(
− logR

(
U(i),

i

n
−

)
,− logR

(
U(i),

i

n

))
= max

1≤i≤n
max

(
− logR

(
U(i),

i− 1
n

)
,− logR

(
U(i),

i

n

))
.

NowEn ≤ c1−α
n is equivalent to

ai ≡ Li−1 ≤ U(i) ≤ H(i) ≡ bi, i = 1, . . . , n.

It follows that Nóe’s algorithm can be employed to find the coverage probability
for any value ofc1−α

n . A one-dimensional numerical search can then be employed
to find the value ofc1−α

n .
Critical valuesc1−α

n can be precomputed and tabulated. It may be more conve-
nient to store them as a function of n. The function values in Table 7.1 give very
accurate coverage for the standard coverage levels0.95 and0.99, for sample sizes
up to1000.

7.3 Asymptotics of bands

The confidence bands of the previous section were constructed without employ-
ing any asymptotics. This was made possible by Noé’s recursion. These bands
have good power properties. Suppose thatXi have a continuous distributionF .
Then the empirical likelihood confidence band of level1−α has better asymptotic
power for rejecting an alternativẽF �= F than a weighted Kolmogorov-Smirnov
band of level1 − α. This holds simultaneously for all weighted Kolmogorov-
Smirnov bands and all alternatives̃F �= F . Such universal optimality is surpris-
ing becauseF̃ might only differ fromF in a narrow interval, and a weighted
Kolmogorov-Smirnov band might be constructed to be particularly sensitive to
departures fromF in just that one interval. See Chapter 7.4. The power consid-
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Coverage95% to 95.01%
Sample sizen = 1:

2.9957
Sample sizes1 < n ≤ 100:

3.0123 + 0.4835 log(n)− 0.00957 log(n)2 − 0.001488 log(n)3

Sample sizes100 < n ≤ 1000:
3.0806 + 0.4894 log(n)− 0.02086 log(n)2

Coverage99% to 99.01%
Sample sizen = 1:

4.60517
Sample sizes1 < n ≤ 100:

4.626 + 0.541 log(n)− 0.0242 log(n)2

Sample sizes100 < n ≤ 1000:
4.71 + 0.512 log(n)− 0.219 log(n)2

Table 7.1Shown are approximate critical valuesc1−α
n , for empirical likelihood confidence

bands for the CDF from Owen (1995). The nominal coverage level is 1−α, either 0.95 or
0.99. The actual coverage level is between the nominal level, and the nominal plus 0.0001.
The sample sizes are fromn = 1 ton = 1000.

ered is of large deviations type. Further large deviations results are described in
Chapter 13.5.

The empirical likelihood confidence bands are based on the distribution of the
most extreme of2n binomialp-values, arising from an upper and a lower bound at
each ofn points. Thesep-values are strongly correlated with each other because
they are based on the same data. It is interesting to compare the critical value
of the likelihood used in setting bands with the finite degrees of freedom case.
Figure 7.1 plots c0.95n versusn for 1 ≤ n ≤ 1000. The effective degrees of
freedom corresponding tocn are defined to bed such thatPr(χ2

(d) ≤ 2cn) = 0.95.
The factor of2 enters because in parametric settings the test statistic is minus
twice a log likelihood wherec0.95n was developed for a negative log likelihood.
Chisquareds on fractional degrees of freedom are Gamma distributions.

Forn = 1, the effective degrees of freedom ared = 2. The effective degrees of
freedom increase very slowly withn, to d = 3 atn = 7, to d = 4 atn = 62, and
to d = 5 at somen > 1000. The effective degrees of freedom would be slightly
different at a confidence level other than0.95. The effective degrees of freedom
are very nearly linear incn.

The casen = 1 is interesting. It involves just one quantile. Asn → ∞ for one
quantile aχ2

(1) limit is appropriate. The effect ofn = 1 instead ofn = ∞ is to
change the degrees of freedom from1 to2.
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Figure 7.1The left plot shows the critical likelihood threshold for exact 95% empirical
likelihood confidence bands for the distribution function. The sample sizes range from 1
to n. A critical likelihood ofc corresponds to an effective degrees of freedom ofd where
Pr(χ2

(d) ≤ 2c) = 0.95. The right plot shows effective degrees of freedom versus sample
size. The two quantities have nearly the same dependence on sample size. This is nearly
linear on a log scale as shown in the right plot.

7.4 Bibliographic notes

Exact confidence bands for the CDF based on empirical likelihood were pub-
lished by Owen (1995). Hollander, McKeague & Yang (1997) find asymptotic
confidence bands for the survival function,1− F, from right-censored data.

The weights(7.4) were proposed by Anderson & Darling (1952). The better
known Anderson-Darling statistic is based on an integral overx, not an extreme as
presented here. It corresponds to an infinite dimensional ellipsoidal region instead
of an infinite dimensional hyper-rectangle.

The recursive algorithm for finding the probability that the ECDF from aU(0, 1)
sample stays within a given band is due to Noé (1972). It takesO(n) space,
and appears to be numerically stable forn ≤ 1000. Noé’s algorithm is given
in Shorack & Wellner (1986). The fact that the bands described here give a test
with better asymptotic power than any weighted Kolmogorov-Smirnov test at any
alternative toU(0, 1) was proved by Berk & Jones (1979) using the notion of
relative optimality discussed in Berk & Jones (1978).

Qin & Lawless (1994) show that the error in estimating a distribution function
is smaller if side information is used. Zhang (1996a) and Zhang (1999) describe
confidence bands for the distribution function, given some side information ex-
pressed through estimating equations.
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Switzer (1976) computes a confidence band for the QQ function by invert-
ing Smirnov’s two sample rank test. Confidence bands for the quantile function
are given by Zhang (1997), by resampling from the NPMLE. Li, Hollander, Mc-
Keague & Yang (1996) present confidence bands for the quantile function from
censored data. Einmahl & McKeague (1999) create empirical likelihood-based
confidence tubes for QQ plot relating samples from two or more populations.
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CHAPTER 8

Dependent data

Empirical likelihood was motivated by independent identically distributed data.
AsTheorem 4.1 shows, the requirement for identically distributed datacan bere-
laxed. When the observations are dependent, then this usually has to be accounted
for in constructing confidence regions and tests. The ways of handling dependent
data with empirical likelihood parallel the methods from parametric likelihood
and the bootstrap. Failure to account for dependence among the data can destroy
the coverage properties of confidence regions.

In order to construct nonparametric confidence regions for dependent data, we
must assume something about the nature of the dependence. For some time series
problems, we assume that the dependent data are driven by an unobserved set of
independent random variables. For some other time series, we assume that there
is possibly very strong dependence between relatively few pairs of observations.
By contrast, some finite population sampling settings have very weak dependence
between many or even all pairs of observations.

8.1 Time series

Chapter 8.10 gives some background references on time series. Here we pro-
vide some definitions. A time series is a sequence of observationsYi ∈ R

d,
i = 1, . . . , T , whereYi+1 is observed one time unit afterYi. The time unit could
be a fixed amount of real time, such as a day or year, or it could simply indicate
the order in which values were observed.

Models with independentYi are seldom appropriate for time series data. There
is generally some dependence among series values to account for. Time series are
usually modeled as realizations of stochastic processes in which(Y1, . . . , YT ) is
drawn from a joint distribution onRdT .

For some joint distributions ofY1, . . . , YT , there is clearly no way to learn about
the underlying stochastic process. As an extreme example, suppose thatYi =
Z + ei for all i ≥ 1, whereei are independent of each other and of the random
variableZ. Such data are less informative about the mean ofYi than is one single
data value from the distribution ofZ. Another hard case hasYi = µi + ei where
µi is an arbitrary unknown sequence of values inR

d, andei are independent with
mean zero. Some assumptions are needed in order that the amount of information
in theYi about the underlying process should increase withT .

A widely used assumption is thatYi for i = 1, . . . , T areT consecutive obser-
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vations from an infinite series. . . , Y−1, Y0, Y1, . . . having a stationary distribu-
tion. This means that the joint distribution of any finite set of observations is un-
affected by a time shift ofk units. Thus(Yr, Ys, . . . , Yt) has the same distribution
as (Yr+k, Ys+k, . . . , Yt+k), for anyk and anyr, s, . . . , t. A weaker assumption
has some low order stationary moments. For example, in a real-valued time series
there may be some set ofa, b, . . . , c values for whichE(Y a

r × Y b
s × · · · × Y c

t ) is
unaffected by a time shift ofk units.

A stationarity assumption addresses the problem in the second hard case. A
stationary series would have to have a common valueµi = µ. The first hard case,
Yi = Z + ei, is stationary if theei are IID, so another condition is needed to rule
this case out.

Under a mixing condition, the dependence between observations before and
including timet and observations fromt+ k onward becomes negligible ask →
∞. For a rigorous description of mixing, see the references in Chapter 8.10. Let
A be a random variable that takes the value0 or 1 depending on what the series
does at times up to timet. Let B be a0 or 1 random variable depending on
what the series does from timet + k on. It is natural to writePr(A) for E(A),
identifyingA with the event thatA = 1. If the future is independent of the past
thenPr(A ∩B) = Pr(A) Pr(B). Now measure the dependence through

α(k) = sup
t

sup
A,B

|Pr(A ∩B)− Pr(A) Pr(B)|. (8.1)

TheYi areα-mixing if α(k) → 0 ask → ∞. If Yi is stationary, then it is not
necessary to maximize overt in (8.1).

A mixing condition rules out the first hard case. The seriesZ + ei is notα-
mixing outside of trivial cases. Theorems that use mixing usually also stipulate
thatα(k) goes to zero sufficiently fast ask → ∞.

The discussion above emphasizes the time domain approach to time series.
In the frequency domain approach, we study how much of the variance in the
series comes from oscillations at different frequencies. Suppose thatYt ∈ R is a
stationary time series, with meanE(Yt) = µ and autocovariancesγk = E((Yt −
µ)(Yt+k − µ)). The spectral density function ofYt is defined as

f(ω) =
1
π

[
γ0 + 2

∞∑
k=1

γk cos(ωk)
]
, 0 ≤ ω ≤ π,

when this exists. The variance ofYt is γ0 =
∫ π

0
f(ω)dω and the interpretation

of f(ω) is that frequencies in the interval[ω1, ω2] contribute
∫ ω2

ω1
f(ω)dω of this

variance.
The periodogram is a sample version of the spectral density function

I(ωj) =
1
π

[
γ̂0 + 2

∞∑
k=1

γ̂k cos(ωk)
]
,

using estimateŝγk = T−1
∑T−k

i=1 (Yi − Y )(Yi+k − Y ). Under mild conditions,
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E(I(ω)) → f(ω) asT → ∞, but becauseVar(I(ωj)) does not converge to0
asT → ∞, the periodogram is usually smoothed somehow, when an estimate of
f(ω) is required.

8.2 Reducing to independence

Parametric likelihood methods often tackle dependent data by expressing the ob-
servations as functions of some other variables assumed to be statistically inde-
pendent. One approach to empirical likelihood is to use the estimating equations
from those models.
The autoregressive model is widely used in parametric modeling of time series

data. As the name describes, the data series is generated by a regression on its
own past. Suppose for example thatei ∼ N(0, σ2) are independent, that

Yi = β0 + β1Yi−1 + ei, i = 1, . . . , T, (8.2)

and that the series started off with an unobserved normally distributedY0 inde-
pendent of theei. If |β1| < 1, the distribution ofYi tends to an equilibrium
distributionN(µ, σ2

y) asi→ ∞, whereµ = β0/(1−β1) andσ2
y = σ2/(1−β2

1).
If Y0 ∼ N(µ, σ2

y), then theYi all have the same distribution.
We will suppose that|β1| < 1 and then reparameterize equation (8.2) as

Yi − µ = β1(Yi−1 − µ) + ei, i = 1, . . . , T. (8.3)

The parametric likelihood for the autoregressive model (8.3) is

L =
T∏
i=1

f(Yi | Y1, . . . , Yi−1;µ, β1, σ)

=
e
− 1

2σ2
y

(Y1−µ)2

√
2πσy

T∏
i=2

e−
1

2σ2 ((Yi−µ)−β1(Yi−1−µ))2

√
2πσ

. (8.4)

The special treatment ofY1 in (8.4) is awkward. The conditional (onY1) like-
lihood

Lc =
T∏
i=2

f(Yi | Y1, . . . , Yi−1;µ, β1, σ)

=
T∏
i=2

1√
2πσ

exp
(
− 1
2σ2

(
(Yi − µ)− β1(Yi−1 − µ)

)2
)

(8.5)

treats the data more symmetrically. UsingLc instead ofL sacrifices some of the
information available fromY1. This information loss is small, especially when
|β1| is close to1. Furthermore, there is the possibility that the series has not yet
reached the equilibrium distribution. ThenL is not the likelihood butLc is still
the conditional likelihood givenY1.
We can use the conditional likelihood to generate estimating equations. For

©2001 CRC Press LLC



 

i ≥ 2, let ei = ei(µ, β1) = Yi − µ− β1(Yi−1 − µ), θ = (µ, β1, σ)′ and

Zi = Zi(θ) = (ei, (Yi − µ)ei, e2i − σ2)′.

Then the estimating equations are
∑T

i=2 Zi = 0.
The empirical likelihood approach is then based on

R(θ) = sup

{
n∏

i=1

wi | wi > 0,
n∑

i=1

wi = 1,
n∑

i=1

wiZ1+i = 0

}
,

wheren = T − 1. If the ei are independentN(0, σ2) then the limiting distribu-
tion of−2 logR with r parameters constrained isχ2

(r). The empirical likelihood
inferences go through under some weaker conditions, using results for the dual
likelihood described below. Theei do not have to be normal, nor identically dis-
tributed. They do have to be nearly independent, so that(1/n)

∑
i ZiZ

′
i estimates

the variance matrix of(1/
√
n)

∑
i Zi.

It is convenient that inferences may be based on the limiting distribution of
logR(θ), though it is is troubling that in time series modelsR is no longer a like-
lihood ratio. Ifθ0 is the true value of the parameter thenZi(θ0) are independent,
but for θ 	= θ0 Zi(θ) are not independent, and so it is hard to consider

∏
i wi to

be the probability of the observations. The dual likelihood is one way to explain
whyR has likelihood asymptotics. Write

Dθ(λ) =
n∏

i=1

(1 + λ′Zi(θ))−1.

For the correct value ofθ, theZi are independent and the test forθ = θ0 usingR
is the same as the test forλ = 0 usingDθ.
The autoregressive model(8.3) is known as the AR(1) model because it uses a

regression on one past data point. In an AR(k) model we write

Yi − µ =
k∑

j=1

βj(Yi−j − µ) + ei. (8.6)

The estimating equations for the AR(k) are a natural extension of those for AR(1).
If an AR(k) series has uncorrelatedei with mean0 and constant variance, then it
will approach an equilibrium distribution, under conditions onβj . Letu1, . . . , uk
be the solutions to

1−
k∑

j=1

βju
j = 0. (8.7)

Theui are complex numbers, not necessarily all distinct. The AR(k) series ap-
proaches an equilibrium if and only if alluj lie outside the unit circle in the
complex plane.
We can form estimating equations for very general regressions, linear or nonlin-

ear, relatingYi to past valuesYi−j as well as past and present values of covariates
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St. Lawrence River flow

Figure 8.1Flow of the St. Lawrence river in cubic meters per second, at Ogdensburg, New
York. The data are annual values from 1860 to 1957. Source: Yevjevich (1963).

Xi, An asymptoticχ2 distribution for empirical likelihood inferences holds very
generally for non-explosive series using dual likelihood.
For a model including predictors at lags of up tok time steps, we obtainn =

T − k estimating function values to reweight. In software implementations, it can
be a nuisance to have the number of estimating function values differ from the
number of data values, or differ from model to model. A simple remedy is to
defineZi = 0 for 1 ≤ i ≤ k. It is easy to show that maximizing

∏T
i=1 log(nwi)

subject to
∑T

i=1 wiZi = 0 and
∑T

i=1 wi = 1 places weight1/T on anyZi that
equals zero, and that the empirical likelihood ratio based onZk+1, . . . , ZT does
not change whenZ1 = · · · = Zk = 0 are adjoined to the sample.
Figure 8.1 shows annual flow of water in theSt. Lawrence river. These values

are clearly not independent. The correlation between one year’s flow and the next
is about0.71.
We consider an AR(3) model for this data set. LetY1, . . . , Y97 be the raw val-

ues, andXi = Yi − µ be centered values. We use estimating equations

Zi =

{
(Xi, 0, 0, 0, 0)′, 1 ≤ i ≤ 3
(Xi, eiXi−1, eiXi−2, eiXi−3, e

2
i − exp(2τ))′, 4 ≤ i ≤ 97

(8.8)

whereei = Xi−
∑3

j=1 βjXi−j . These describe an autoregression ofYi on its past
3 lags, with an error standard deviation ofexp(τ). Instead of takingZ1 through
Z4 equal to0, the first component was modified slightly. It is customary in autore-
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j β̂j −2 logRj(0)

1 0.627 30.16
2 −0.093 0.48
3 0.214 4.05

Table 8.1An AR(3) model was fit to the St. Lawrence River flow data. Shown are the
coefficient estimateŝβj , and the empirical likelihood values for testing thatβj = 0.

gressive modeling to estimateµ by Y = (1/T )
∑T

i=1 Yi. Neither the conditional
nor the unconditional likelihood leads tôµ = Y , but equations(8.8)do.
The mean flow is estimated to bêµ = 6818.6 cubic meters per second. The

standard deviation ofei is estimated to beexp(τ̂) = exp(6.006) = 405.9 cubic
meters per second. This describes the uncertainty in a linear prediction of one
year’s river flow, based on the previous three years’ data. Table 8.1 presents the
estimated autoregressive coefficients as well as the empirical likelihood test statis-
tics for each coefficient to be zero. The lag 1 coefficientβ1 is clearly nonzero,β2

could reasonably be zero. Aχ2
(1) test rejectsβ3 = 0 at just below the5% level as

does anF test.
It is interesting to consider whetherβ2 = β3 = 0 is tenable. Imposing both con-

straints can only reduce the empirical likelihood compared to the test ofβ3 = 0
alone. This lower likelihood must, however, be compared to a distribution appro-
priate to a two-dimensional hypothesis. As is well known, omnibus tests that can
detect multiple kinds of departure from a hypothesis often do so with reduced
power compared to more specific tests. In this instance, a test of the hypothesis
β2 = β3 = 0 hasp-value somewhat above5%, while a test ofβ3 = 0 has a
p-value below5%.
Not being able to rejectβ2 = β3 = 0 is not the same as proving that they are

zero. We retain these coefficients in the model, judging that there is more to lose
in dropping them should they matter than in retaining them if they do not. People
can reasonably differ in these judgments. The model then gives a95% confidence
interval forτ of (5.871, 6.134) using aχ2

(1) calibration. Exponentiating, we get a
confidence interval of(354.6, 461.3) for σ.

8.3 Blockwise empirical likelihood

We do not always know a model in which the data are generated from a series of
independent observations. A weaker assumption is that the data have a stationary
distribution, or stationarymoments, as described in Chapter 8.1. Stationarity alone
cannot support a good asymptotic theory. An additional condition, such as one on
theα-mixing coefficients described in Chapter 8.1, is required.
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Figure 8.2Both figures show empirical likelihood contours for two of the autoregressive
parameters for the St. Lawrence river flows. The figure on the left uses two degrees of
freedom, appropriate for two parameters. The contour levels correspond to 50, 90, 95, and
99 percent confidence. The solid circle shows that the origin has a statistical significance
level between 5 and 10 percent. Here the hypothesisβ2 = β3 = 0 is not rejected at the 5%
level, but the hypothesisβ3 = 0 is rejected. The figure on the right illustrates how this can
happen, by redrawing the contours using theχ2

(1) calibration. The hypothesisβ3 = 0 was
rejected because a horizontal line segment throughβ3 = 0 lies outside the 95% confidence
contour based on 1 degree of freedom.

A bootstrap method for handling stationary mixing time series is to resample
the data in blocks of lengthM > 1. By concatenating randomly sampled blocks
of consecutive data points, the resampled series can capture some of the structure
from the original series. Fork small compared toM , resampled observationsk
apart are likely to be genuine observation pairs separated byk units in the orig-
inal data. Whenk is large compared toM then resampled observation pairsk
units apart are essentially independent in the resampled series, matching the weak
dependence in the original series.
Suppose now thatθ is a parameter of the joint distribution ofr ≥ 1 consecutive

observationsYt−r+1, . . . , Yt, defined by

E(m(Xt, θ)) = 0

whereXt = (Y ′
t−r+1, . . . , Y

′
t )

′ bundlesr consecutive observations from the orig-
inal series. Thus ifYt ∈ R

d, thenXt ∈ R
dr.

The blocking idea can also be used in empirical likelihood. Starting with the
seriesXt, form blocks of lengthM with starting points separated byL time units.
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That is,
Bi =

(
X(i−1)L+1, . . . , X(i−1)L+M

)
, i = 1, . . . , n

where

n =
⌊
T −M

L
+ 1

⌋
.

Here�z� denotes the largest integer that is less than or equal toz. ValuesL be-
tween1 andM inclusive are reasonable. WithL =M , the blocks do not overlap.
TakingL > M would leave someXt values unused.
Now define the blockwise estimating function

b(Bi, θ) =
1
M

M∑
j=1

m(X(i−1)L+j , θ).

Of course, ifE(m(Xt, θ)) = 0 thenE(b(Bi, θ)) = 0 too. If L = M → ∞, as
T → ∞, then with some assumptions, the dependencies amongb(Bi, θ) become
negligible. Now blockwise empirical likelihood inferences forθ are based on the
empirical likelihood ratio

R(θ) = sup

{
n∏

i=1

wi | wi > 0,
n∑

i=1

wi = 1,
n∑

i=1

wib(Bi, θ) = 0

}
.

ForL
.= αM with α < 1, the dependencies do not become negligible, because

there is a fixed fraction of overlap between consecutive blocks.

Theorem 8.1 Under conditions given in Kitamura (1997), includingM → ∞
andMT−1/2 → 0

−2
(

T

nM

)
logR(θ0) → χ2

(q)

asT → ∞, whereq is the dimension ofθ.

Proof. Kitamura (1997).

The factorT/(nM) accounts for the overlap in the blocks. It would have to be
there even if the time series were IID. IfT is a multiple of the block sizeM and
if L = M , so the blocks do not overlap, thenT/(nM) = 1. ForL = αM , with
α < 1, the blocks overlap, and to compensate

T

nM
=

T⌊
T−M
αM + 1

⌋
M

.= α.

Thus when the blocks overlap, the asymptotic distribution of−2 logR(θ0) is ap-
proximatelyα−1χ2

(q) ranging fromχ
2
(q) toMχ2

(q) asL ranges fromM to 1.
Figure 8.3 shows the 5405 years of bristlecone pine tree ring widths from

Campito Mountain in California. The last year in the data set is1969. The units
are0.01 millimeters. The series values range from0 to 99. There are several in-
teresting features in this data, one of which is that downward spikes tend to be
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Campito tree ring data

Figure 8.3Shown are 5405 years of bristlecone pine tree ring data from Campito Moun-
tain, California. Time increases from top to bottom of the figure, going from left to right
within each of 6 ranges. The bottom range is for the years 1001 through 1969, where the
series ends. Moving up one range corresponds to going back 1000 years. The data values
are between 0 and 99. Within a range the data are plotted between lower and upper refer-
ence lines corresponding to values 0 and 100. The data are in units of 0.01 mm. The data
are from Fritts et al. (1971) and are available on Statlib.

larger than upward ones. There were39 years in which the tree ring width was
more than0.2mm larger than the average of the previous10 years but145 years
in which the width was more than0.2mm smaller than the average of the previous
10 years. We could not capture such asymmetry in an AR model with normally
distributed errors.

The natural estimate of the probability of such a downward spike is145/(5405−
10) = 0.027, because there are145 successes in5395 trials. A binomial con-
fidence interval for this probability would not be appropriate because it would
ignore the dependence in the data.
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Figure 8.4The horizontal axis shows the probability that the Campito tree ring width
decreases by more than 0.2mm from its average over the previous 10 years. The vertical
axis shows the block empirical likelihood ratio, including an adjustment for overlapping
blocks. A 95% confidence interval extends from 0.0214 to 0.0326, as indicated by two
vertical segments.

Define derived time series

Wi = Yi − 1
10

10∑
j=1

Yi−j , and

Zi =

{
1, Wi < −20
0, Wi ≥ −20.

If Yi is a stationary series then so areWi andZi. We are interested in inferences
onE(Zi). We take a block size ofM = 50 years, and starting points separated
byL = 10 years, and constructBi as above.
For these data, theW andZ series have length5395 so that is the appropriate

valueof T . Thevalueof n is �(5395− 50)/10 + 1� = 535. Figure8.4 shows the
empirical likelihood curve for these blocked data. The empirical log likelihood is
multiplied byT/(nM) = 5395/(535×50) = 0.2017 to adjust for block overlap.
This is equivalent to multiplying theχ2

(1) threshold value by1/0.2017 = 4.96.
The95% confidence interval for the probability of a large downward spike ranges
from 2.14% to 3.26%.
ChoosingM andL can be difficult. Here are some guidelines, with the caveat

that blocked empirical likelihood is a new method. Suppose at first that we take
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L = M and look for the right size of non-overlapping block. The asymptotic
theory suggests thatM should tend to infinity in order to control the dependence
among blocks. IfT/M = c, then for very largeT the coverage of empirical like-
lihood should be like that for the mean ofc independent blocked random vectors
Bi. Sendingc to infinity is necessary in order for the asymptotic coverage to set
in. If we felt that ordinary empirical likelihood coverage properties were satisfac-
tory for sample sizesc and above, then we might takeM as the nearest integer to
T/c. The valuec that we would use would depend on the dimension ofBi.
Suppose thatm(Xi, θ) were really independent and normally distributed, and

that we have grouped them. Then we have lost some efficiency. Instead ofT ob-
servations with mean0 and varianceVm say, we have onlyT/M observations
b(Bi, θ) having mean0 and varianceVm/M . Our confidence regions for blocked
data will not be as good as for the unblocked data, but it will primarily be the dif-
ference between usingT/M degrees of freedom instead ofT degrees of freedom.
The sample size reduction byM is largely compensated by a variance reduction
ofM . Similar comments apply if the data are independent, but not normally dis-
tributed. Thisefficiency loss isexplored in Exercise8.6.
In time series examples the data are not usually independent. The errors in

treating small blocks as independent, when they are not, can be very large. Thus
it seems that caution would dictate larger values ofM .
The value ofLwould seem to be less crucial.L can range from1 toM . Smaller

values ofL are usually more statistically efficient, though diminishing returns
seem likely. The number of blocks grows asL decreases, increasing the compu-
tational effort.

8.4 Spectral method

The moving average model of order1, denoted by MA(1) has

Yi − µ = ei + α1ei−1

where|α1| < 1, andei are independent identically distributed random variables
with mean0 and varianceσ2. By substituting forei−1 we find that the MA(1)
model is an ARmodel of infinite order withβk = αk

1 for k ≥ 1. We could base our
inferences forθ = (µ, σ, α1)′ on the expected values ofYi−µ, (Yi−µ)(Yi−1−µ)
and(Yi − µ)2, written in terms ofθ. But such inferences are not efficient. They
do not capture the information aboutα1 in higher order lags than the first.
The moving average model of order,, MA(,) hasYi−µ = ei+

∑�
j=1 αjei−j ,

and the ARMA(k, ,) model hasYi − µ described as an AR(k) model with MA(,)
errors. Estimating equations for MA and ARMA models are more complicated
than those for AR models. See Chapter 8.10.
An alternative to reweighting the estimating equations of an ARMA model is

to proceed through the spectrum, as outlined here. The spectrum may be written
in terms of the parameters of the ARMA model, althoughµ does not enter. The
periodogram of a time series provides a noisy estimate of the spectrum. We can
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take the estimate at�(T − 1)/2� different frequencies. Asymptotically, these are
independent exponential random variables with means equal to the true spectrum
at the corresponding frequencies. The terms in the exponential log likelihood can
be treated as a log likelihood and reweighted with aχ2 limit. See Chapter 8.10
for references.

8.5 Finite populations

In many applications the sample is taken from a finite population. Theory and
methods for sampling finite populations have historically had their impetus in
survey sampling. The same problems now arise in some data mining applications.
Computers that analyze a population of records now have to keep up with other
computers that generate the data, making it attractive to work with a sample.
Suppose that the sample hasn observations made on a population ofN individ-

uals. The statistical problem may be to estimate something about the whole finite
population from the sample. In other settings, we seek inferences on an infinite
superpopulation from which theN finite sample observations were drawn before
we sampledn of them.
Several features make sampling finite populations different from the usual sta-

tistical problems. First, for inferences on the population, we get the answer with-
out error ifn = N . A related feature is that the problems of estimating a pop-
ulation total, or even of estimatingN when it is unknown, may arise for finite
populations, but not for infinite ones. Next, in finite populations it is especially
common for there to be some variables with known population means or totals.
These may be variables that were measured in a census, or they may be quantities
that are constantly updated as records are added to a database. By taking account
of the known population values, we can get sharper estimates for things that we
do not know. Finally, there are a variety of strategies that can be employed in
sampling to get better answers at lower cost. In stratification, we take separate
samples within subpopulations perhaps overweighting an important rare group,
such as records for fraudulent credit card transactions. In cluster sampling, we
partition the population into groups of contiguous individuals, and take a sample
of the groups.
In a simple random sample allN !/[n!(N − n)!] ways of selectingn of N

observations are equally probable. Whenn� N , then the fact that the population
is finite may often be ignored. But ifn/N is not negligible, the finiteness of the
population introduces a dependence described below that should not be ignored.
The customary notation for a simple random sample is that the population val-

ues areYi ∈ R
q, measured on individualsi = 1, . . . , N . The simple random sam-

ple is then denoted byyi, vectors measured on sampled individualsi = 1, . . . , n.
There is understood to be no connection between the sample and population in-
dices. In particular,y1 is not necessarilyY1.
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The population mean ofY is

Y =
1
N

N∑
i=1

Yi,

which is estimated by

y =
1
n

n∑
i=1

yi =
1
n

N∑
i=1

YiZi, (8.9)

whereZi is one if population elementi is in the sample and zero otherwise. The
population variance ofY is defined to be

SY Y =
1

N − 1

N∑
i=1

(Yi − Y )(Yi − Y )′,

which we suppose is invertible. By elementary calculations with equation (8.9),
in whichZi are random andYi are fixed, we find that

Var(y) =
1
n

(
1− n

N

)
SY Y . (8.10)

The finite population correction factor1− n/N arises from negative correlations
among theZi. For two population members, if one is sampled then it is less likely
that the other one is sampled. These negative correlations are usually very small,
but there areO(N2) of them, and together they cause an important variance re-
duction whenn/N is not small.
The standard approach to inference for simple random samples is to obtain an

unbiased estimate

syy =
1

n− 1

n∑
i=1

(yi − y)(yi − y)′.

of SY Y and plug it into (8.10), getting

V̂ar(y) =
1
n

(
1− n

N

)
syy. (8.11)

Then, under a central limit theorem fory, we have(y − Y )′(V̂ar(y))−1(y − Y )
is asymptoticallyχ2

(q). WhenYi ∈ R, the standard95% confidence intervals for

Y arey ± 1.96(V̂ar(y))1/2.
Central limit theorems for finite sampling are a bit more subtle than those for

infinite populations. As we letn → ∞, we must also haveN → ∞ to keep
n ≤ N . Indeed, we assume thatN − n → ∞, for otherwisey is determined
by the average of a small number of excluded points. Finally there has to be a
condition on the sequence of finite populations so that in the limit eachZiYi is
asymptotically negligible compared to

∑n
i=1 yi. A commonly used condition is

that(1/N)
∑N

i=1 |Yi|3 ≤ B for all N .
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8.6 MELE’s using side information

In finite population settings, the effective use of side information (called auxiliary
information in this context) is a very important issue. Maximum empirical likeli-
hood estimates for finite populations have been more thoroughly studied than em-
pirical likelihood ratios. MELE’s allow us to incorporate side information while
obeying range restrictions.
Suppose now the population consists of vectorsUi ∈ R

u of underlying quan-
tities with Yi = Y(Ui) ∈ R

p for some functionY. We take a simple random
sample of valuesui, observingyi = Y(ui). Similarly, letXi = X(Ui) ∈ R

q and
xi = X(ui). We suppose that the population meanX is known to us. Introducing
the functionX allows us to encode a known mean or quantile of a component of
Ui throughX(Ui) = Uij or X(Ui) = 1Uij<Q − α. If one componentUij repre-
sents a categorical variable taking a finite numberc of values, and we know the
population proportions in thec categories, we can encode this knowledge through
c − 1 components ofX(Ui) taking values0 or 1. In general,X encodes a finite
numberq of quantities whose population means are known.
The population variance ofX, denotedSXX , is defined analogously withSY Y .

To avoid inessential complications, assume thatSXX has full rank. Define

SXY =
1

N − 1

N∑
i=1

(Xi −X)(Yi − Y )′.

Suppose at first thatp = 1. For any vectorβ of q components

Ŷ β =
1
n

n∑
i=1

yi − (xi −X)′β

is an unbiased estimate ofY . The usual estimate(8.9)which ignores thexi cor-

responds toβ = 0. The variance of̂Y β is at a minimum forβLS = S−1
XXSXY ,

which is usually unknown. The regression estimator ofY is Ŷ REG= Ŷ β̂ where

β̂ =
( n∑

i=1

(xi − x)(xi − x)′
)−1 n∑

i=1

(xi − x)(yi − y).

Wemaywrite the regression estimator as a weighted combination of data values

Ŷ REG=
1
n

n∑
i=1

(
1− n

n− 1
(xi −X)′s−1

xx (x−X)
)
yi, (8.12)

wheresxx is the sample version ofSXX . For largen we expect the estimator̂β

to be close toβLS and thenŶ β̂ has variance near the optimal value.

If p > 1, then we may still estimateY by the weighted combination (8.12).
The optimality results for a univariateY apply to any linear combination of com-
ponents of the multivariateY .
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A practical concern with equation(8.12) is that some of theyi can receive
negative weights. The result is that range restrictions are not obeyed. Estimated
variances can be negative, and estimated cumulative distribution functions can be
decreasing over some intervals.
An empirical likelihood approach enforces nonnegative weights. We findwi

satisfying
n∑

i=1

wi(xi −X) = 0, and
n∑

i=1

wi = 1 (8.13)

and maximizing
∑n

i=1 log(nwi) subject to (8.13). Then we estimateY by the
maximum empirical likelihood estimator

Ŷ MELE =
n∑

i=1

wiYi. (8.14)

For smalln or largeq it may happen thatX is not in the convex hull ofx1, . . . , xn.

Then the weights required for̂Y MELE do not exist, and so neither does the MELE.
In that case we may have to use regression, and accept some negative weights, or
decide not to impose some or all of the known population means.
The MELE has similar asymptotic properties to the regression estimator, but it

respects range restrictions. Below is a theorem for the casep = q = 1.

Theorem 8.2 Suppose thatn,N , andN − n increase to∞ such that

1
N

N∑
i=1

|Yi|3 < B, and
1
N

N∑
i=1

|Xi|3 < B

for someB <∞. Then

√
n
Ŷ MELE− Y

σY |X
→ N(0, 1)

where

σ2
Y |X =

(
1− n

N

)(
SY Y − S2

XY

SXX

)
.

Proof. Chen & Qin (1993).

The asymptotic variance of̂Y MELE in Theorem 8.2is the same as that of̂Y REG.

Variance estimates for̂Y REG can be used for̂Y MELE.

8.7 Sampling designs

A simple random sample is not always the most efficient way to gather data. In
stratified sampling one divides the population into a finite numberH of strata.
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Let the population have elementsYhi = Y(Uhi) corresponding to individuals
i = 1, . . . , Nh in stratah = 1, . . . , H. Stratified sampling takes a simple random
sample ofnh observations from stratumh, yielding observationsyhi = Y(uhi).
Each stratum is sampled independently.
In cluster sampling, the population is partitioned into groups as for stratified

sampling. The groups comprise individuals that are conveniently sampled to-
gether, such as inhabitants of a block, or files created in a time window. Instead of
taking a simple random sample from within each group, a simple random sample
of the groups is taken. From each sampled group, we might take all individuals,
or possibly a simple random sample, or even a cluster sample.
Clustering and stratification can be combined in complicated ways, as for ex-

ample, clusters of clusters within strata, with auxiliary variables having known
population and/or stratummeans. The Horvitz-Thompson and generalized regres-
sion estimators provide a unified approach to estimatingY . For each unit in the
population letΠi be the probability that it is included in the sample. Similarly, let
πi be these probabilities for then observations actually included in the sample.
The Horvitz-Thompson estimator ofY is

Ŷ HT =
1
N

n∑
i=1

yi
πi

=
1
N

N∑
i=1

YiZi

Πi
, (8.15)

whereZi is again an indicator variable for inclusion in the sample. The estimator
(8.15) does not require that we know all theΠi, only those for the individuals
actually sampled. It weights items inversely to their inclusion probability, just as
was done in Chapter 6.1.
Given known values forX, the generalized regression estimator is

Ŷ GREG= Ŷ HT − (X̂HT −X)′β̂HT (8.16)

where, for scalarYi, β̂HT minimizes the weighted sum of squares
n∑

i=1

π−1
i

(
(yi − Ŷ HT)− (xi − X̂HT)′β

)2

.

Known stratum sizes can be incorporated intoX as known population means of
stratum indicator variables.
The estimator (8.16) may be written as a weighted sum ofyi values, and the

same weights are employed for multivariateYi. The generalized regression es-
timator does not necessarily respect range restrictions. Once again, a solution is
available using an MELE, subject to a convex hull condition. Non-existence of the
MELE does provide a diagnostic that the GREG estimator is using some negative
weights, constituting a form of extrapolation.
To construct an MELE that takes account ofπi, we maximize

L(w) =
∑
i∈s

di logwi (8.17)
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wheredi = 1/πi is called a design weight, subject to constraints
∑

i∈s wi = 1
and

∑
i∈s wi(Xi − X) = 0. Heres is the sample, and writing the summation

limits asi ∈ s reminds us that the sample size may be random. The motivation
for L is that it is an unbiased estimate of the log likelihood

∑N
i=1 logWi that we

would use for inferences on a superpopulation, if we had observed the entire finite
population.
Using some foresight, we construct the Lagrangian

G =
∑
i∈s

di log(wi)−Dλ′
∑
i∈s

wi(Xi − X̄) + γ
(
1−

∑
i∈s

wi

)
,

whereD =
∑

i∈s di. Setting
∑

i∈s wi∂G/∂wi = 0 givesγ = D, and∂G/∂wi =
0 gives

wi =
di
D

1
1 + λ′(Xi −X)

whereλ satisfies

0 =
∑
i∈s

di(Xi −X)
1 + λ′(Xi −X)

.

The MELE
Ŷ MELE =

∑
i∈s

wiYi,

respects range restrictions and is close to the generalized regression estimator:

Theorem 8.3 If asN andn increase to∞,maxi∈s ‖Xi −X‖ = op(n−1/2),( ∑
i∈s

di(Xi −X)(Xi −X)′
)−1( ∑

i∈s
di(Xi −X)

)
= Op(n−1/2),

andmax1≤i≤N ‖Yi‖ is bounded, then̂Y MELE = Ŷ GREG+ op(n−1/2).

Proof. Chen & Sitter (1999) show that the MELE and GREG weights differ by
op(n−1/2) and then the bound onYi completes the proof.

Theorem8.3 applies to various formsof cluster sampling. For probability sam-
pling within L strata, we introduceL(w) =

∑L
h=1

∑
i∈sh

dhi log(whi). See
Chapter 8.10.

8.8 Empirical likelihood ratios for finite populations

Now we consider empirical likelihood ratios. For simple random sampling, let

R(µ) = max

{
n∏

i=1

nwi|wi ≥ 0,
n∑

i=1

wi = 1,
n∑

i=1

wiyi = µ

}
.

FromTheorem 8.2, it is reasonable to expect that −2(1− n/N)−1 logR(Y ) will
have an asymptoticχ2

(p) distribution. A more general result, including stratified
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sampling is cited in Chapter 8.10. The factor of1−n/N plays a similar role to the
factor used in blockwise empirical likelihood in Chapter 8.3. It is not surprising
that a correction must be employed, becauseR was derived forN = ∞ and is
not a finite population likelihood ratio.
One way to build the finite population assumption into the likelihood is to sup-

pose that there areK distinct values ofYi in the population. Let them beYi, for
i = 1, . . . ,K and suppose thatYi appearsNi times in the population andni times
in a simple random sample. If theYi are known then the population is described
by the parameter(N1, . . . , NK), which has a hypergeometric likelihood

L(N1, . . . , NK) =
(
N

n

)−1 K∏
i=1

(
Ni

ni

)
. (8.18)

This likelihood is difficult to work with, because it is only defined over integerNi.
However, in the limit withNi/N → wi andn/N → 0, a likelihood proportional
to

∏n
i=1 wi emerges.

8.9 Other dependent data

This section describes some other settings with dependent data, where an empiri-
cal likelihood analysis might add value.
Longitudinal data arise as repeated measures, usually over time, on a series of

subjects. Such data are commonly found in biomedical applications. They can be
arranged into multiple time series, one per subject. The statistical issues may be
to describe the typical time trend of a subject, the subject-to-subject variation in
the trends, or the effects of covariates such as treatments.
Random fields are generalizations of time series to higher dimensional index

spaces. The observations may be taken on a grid inR
g, or at scattered sites, or

continuously, or on some hybrid such as along line transects, as was done for
the shrub width data in Chapter 6.1. Spatial point processes are scattered obser-
vations, such as the locations of trees or galaxies, where the random locations
themselves are under study.

8.10 Bibliographic notes

Time series

Box, Jenkins & Reinsel (1994), Cryer (1986), and Anderson (1994) provide back-
ground material on time series. Politis, Romano & Wolf (1999) provide an ap-
pendix with results on mixing on which equation(8.1) is based. There are many
different nomenclatures for describing spectral densities and their estimates. The
account in Chapter 8.1 follows Chatfield (1989).
The idea of describing a dependent series through a series of independent

“shocks” is a powerful one that Box et al. (1994) attribute to Yule (1927). This ap-
proach underlies most parametric work on time series in the time domain. Efron
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& Tibshirani (1986) propose a bootstrap based on resampling residuals from an
autoregression.
The dual likelihood, due to Mykland (1995), takes the Lagrange multiplierλ

to be the parameter. For each fixed parameter valueθ the test ofθ corresponds
to a test ofλ = 0 for theZi = m(Xi, θ). For IID data the dual and empirical
likelihoods coincide. The dual likelihood applies also to time series and survival
analysis settings with martingale estimating equations. Very generally the dual
likelihood statistic is close to a quadratic statistic (like the Euclidean likelihood),
and has aχ2 limit. Mykland (1995) also presents a notion of Bartlett correctability
for this martingale setting.
Hipel & McLeod (1994) analyze the St. Lawrence river flow data. They identi-

fied an AR(3) model for it, and recommend constraining the lag2 coefficient to be
zero. The data are from Yevjevich (1963). They are repeated in Hipel & McLeod
(1994) and are also available from Statlib.
Chuang & Chan (2001) study unstable autoregressions in which(8.7) has at

least one root on the unit circle, but no roots inside the unit circle. They show
that both the empirical log likelihood ratio statistic and the usual quadratic test
statistic have the same (nonχ2) limiting distribution.
Politis et al. (1999) trace the development of blockwise approaches for the boot-

strap. Carlstein (1986) proposed non-overlapping blocks for variance estimation.
Künsch (1989) and Liu & Singh (1992) developed versions for confidence re-
gions. Politis & Romano (1994) propose amethod of sampling with random block
lengths, so that the resampled series are stationary, conditionally on the observed
one. Politis et al. (1999) remark that more overlap among blocks (smallerL) gives
more efficiency.
Blockwise empirical likelihood was developed by Kitamura (1997), for esti-

mating equations and for smooth functions of means. Kitamura (1997) also ex-
tends the results from Qin & Lawless (1994) to stationary time series, and estab-
lishes Bartlett correctability for some time series versions of empirical likelihood.
The Bartlett correction supposes thatM is of exact orderT 1/3. Then Bartlett cor-
rection improves the order of coverage error fromT−2/3 to T−5/6. The blocking
used in Chapter 8.3 takes simple averages over blocks. Kitamura (1997) raises
the possibility of taking weighted averages within blocks and relates this idea to
kernel methods of smoothing the spectrum.
Kitamura (1999) applies a pre-whitening filter to the time series before apply-

ing blockwise empirical likelihood. The filter subtracts a linear combination of
past series valuesYt−k from Yk. The linear combination is chosen to make the
filtered series more nearly, even if not exactly, uncorrelated, allowing a smaller
block size.
Hipel & McLeod (1994) give an estimate of the spectrum for the Campito tree

ring data. Those data are available on Statlib, with an attribution to Fritts et al.
(1971).
Some properties of a time series, such as its spectrum, are not functions of a

finite dimensional margin, but depend instead on the whole infinite dimensional
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joint distribution of the data. For these Kitamura (1997) describes an approach
based on blocks of blocks, paralleling the blocks of blocks bootstrap of Politis &
Romano (1992).
Estimation in MA and ARMA models is described in Box et al. (1994) and

Hipel & McLeod (1994). Maximum likelihood algorithms usually require back
forecasting of error terms from before the start of the data and the formation of
a sum of squares of estimated errors. As a result, the estimating equations being
solved are not explicit.
Forming a likelihood from the distribution of the periodogram is known as

Whittle’s method after Whittle (1953). Bootstrap-resampled periodograms have
been used by Ramos (1989) to generate new estimators by Rao-Blackwellization.
Franke & Ḧardle (1992), Janas (1994), and Dahlhaus & Janas (1996) propose
inferences based on resampled periodograms.
The spectral approach to empirical likelihood is due to Monti (1997), who also

proposes a Bartlett correction. Monti (1997) presents a confidence region for the
parameters of an ARMA(1, 1) model fit to a series of197 chemical process con-
centration readings from Box et al. (1994). The region is asymmetric, extending
farther toward the origin where the series would be independent than away from
it where the series would be explosive. The parametric region is elliptical.
Monti (1997) simulates some MA(1) processes with parameter values in(0, 1).

Two error distributions are considered:N(0, 1) andχ2
(5) − 5. For simulations

with Gaussian errors, methods based on the Gaussian likelihood did best, but for
non-Gaussian errors, empirical likelihood inferences had better coverage than the
customary asymptotic ones, particularly for parameter values close to the bound-
ary of the invertibility region.

Finite populations

Hartley & Rao (1968) provide one of the earliest NPMLE arguments, using the
discrete likelihood(8.18). They also show how to optimize that likelihood over
integer values to find the MLE. Hartley & Rao (1968) also provide what may be
the very first MELE, maximizing a continuous version of the likelihood subject to
a constraint on the mean. They do not consider nonparametric likelihood ratios,
but show instead that the MELE closely approximates the regression estimator for
which there are well-known variance estimates. They also consider a Bayesian
formulation using a Dirichlet prior.
Chen & Qin (1993) present empirical likelihood for samples from a finite pop-

ulation. In addition toTheorem 8.2, they also present a consistent estimate of the
variance of the MELE based on the jackknife. Under a superpopulation model
with a continuous CDF forY , Chen & Qin (1993) characterize the asymptotic
behavior of the reweighted CDF ofY , using empirical likelihood weights based
on knownX. Chen & Qin (1993) show that the MELE reproduces several well
known estimates from survey sampling. A categoricalX with known category
frequencies gives rise to the post-stratified estimator ofY . The MELE of the me-
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dian of one variable, using as auxiliary information the known median of another
variable, gives rise to a raking estimator.
Chen & Sitter (1999) formulate an empirical likelihood that respects design

weights, and they use it to construct MELE’s. Their statement of Theorem 8.3
does not put any conditions onYi. In a personal communication, Jiahua Chen in-
dicates that the conditions on theYi should be the same as those on theXi. Chen
& Sitter (1999) show that the conditions in Theorem 8.3 are satisfied for sam-
pling proportional to population size (pps) with replacement, for the Rao-Hartley-
Cochran method (of pps without replacement), and for cluster sampling. Chen &
Sitter (1999) alsoshow how todefineanMELEfor samplingdesignswithinstrata,
using side information. Zhong & Rao (2000) provide a central limit theorem for
the MELE based on independent simple random samples within strata. They also
show that the empirical likelihood ratio can be used to form confidence regions,
if a correction generalizing1− f to the stratified case is applied.
Sitter & Wu (2000) consider estimating quadratic population quantities defined

as
∑N

i=1

∑N
j=1 φ(Yi, Yj) for some functionφ. Variances and covariances are the

motivating statistics. They modify the design effect likelihood(8.17)to take ac-
count of pairwise inclusion probabilitiesπij = Pr(ZiZj = 1), and obtain range
respecting estimators that incorporate side information.
Wu & Sitter (2001) consider a setting where the entire populationX1, . . . , XN

is known but only the sampledy1, . . . , yn are available. Then using a working
model to link the mean and variance ofYi to Xi, they develop estimators of̄Y
that are consistent generally, and efficient if the working model holds.
Zhong, Chen & Rao (2001) consider combining multiple finite samples to esti-

mate a common feature, such as a mean or CDF, when some of the samples have
distorted observations.
MELE’s for survey sampling have a lot in common with variance reduction

methods in Monte Carlo. Hesterberg (1995b) presents the usual Monte Carlo vari-
ance reduction methods in terms of reweighted sample points.

Other dependencies

Longitudinal data are the subject of Diggle, Liang & Zeger (1994). They are usu-
ally analyzed by techniques in the companion papers Liang & Zeger (1986) and
Zeger & Liang (1986). Bootstrap methods and references for spatial processes are
discussed by Davison & Hinkley (1997, Chapter 8). A parametric model may be
used, or the data can be resampled in spatial blocks. Loh (1996) considers empiri-
cal likelihood confidence regions for the mean based on Latin hypercube samples.

8.11 Exercises

Exercise 8.1The GARCH(1,1) model is widely used for financial time series.
Let ei be a sequence of independent random variables with mean0 and variance
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1. The series values areYi = eiσi where the varianceσ2
i evolves in time as

σ2
i = α0 + α1Y

2
i−1 + β1σ

2
i−1.

This model captures the volatility clustering phenomenon often seen in financial
data, where increases in variance have been seen to persist. It can also give rise
to fatter than normal tails for theYi distribution, even if theei are normally dis-
tributed.
Let θ = (α0, α1, β) and suppose thatei are independentN(0, 1). Obtain con-

ditional likelihood estimating equations forθ.

Exercise 8.2Suppose that we suspect that the random variablesei inExercise8.1
are not normally distributed but instead have some skewness. IfYi are returns
to holding an asset, negative skewness corresponds to downward price move-
ments having a fatter tail than upward ones. Formulate estimating equations for
the GARCH(1,1) model that support the construction of confidence intervals for
the skewness.

Exercise 8.3For the block approach to empirical likelihood, observationX1 is
always contained in blockB1. If T leaves a remainder ofM when divided byL,
thenXT appears in blockBn, but otherwiseXT does not appear in any block.
Redefine the blocks, so that they have lengthM , have starting points separated by
L units, and so thatXT is always used (in the last block) whileX1 may or may
not be used at all.

Exercise 8.4For the Campito tree ring data, the event of interest happened145
times in5395 yearly trials. The confidence interval for the event probability, tak-
ing account of dependence in the data, extends from0.0214 to 0.0326. How much
narrower (or wider) would the95% confidence interval be for a problem with145
occurrences in5395 independent trials?

Exercise 8.5What is the first year in the Campito tree series? (Hint: the year
before 1 A.D. was 1 B.C., there being no year0.)

Exercise 8.6Suppose thatZ1, . . . , Z200 ∼ N(µ, σ2), independently, with both
µ andσ unknown. Statistician A has all the data and constructs an exact95%
confidence interval, of random lengthLA, for µ using thet(199) distribution as
usual. These same observations are then averaged in blocks of10 and sent to
Statistician B. This statistician getsYj = (Z10(j−1)+1+ · · ·+Z10(j−1)+10)/10 ∼
N(µ, σ2/10) for j = 1, . . . , 20, and constructs an exact95% confidence interval
for µ of random lengthLB , using thet(19) distribution. A is clearly better off than
B. Find the mean, variance, and histogram ofLB/LA, by simulation.
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CHAPTER 9

Hybrids and connections

This chapter considers hybrid methods in which empirical likelihood is combined
with other methods. There are a number of problems where a parametric like-
lihood is known or trusted for part, but not all, of the problem. In those cases,
hybrid methods fill in the gaps with empirical likelihood. Similarly, an empiri-
cal likelihood can be combined with a Bayesian prior distribution, the bootstrap,
and various jackknives. Bootstrap calibration of empirical likelihood is discussed
elsewhere (Chapters 3.3 and 5.6.), as is a hybrid between empirical likelihood and
permutation tests (Chapter 10.3).

There are also deep connections between empirical likelihood and other non-
parametric methods of inference. This is not surprising. Loosely speaking, two
methods that are asymptotically correct to some order might be expected to agree
to at least that order. Connections to bootstraps, jackknives, and sieves are pre-
sented.

9.1 Product of parametric and empirical likelihoods

Consider a setting with two samplesX1, . . . ,Xn andY1, . . . , Ym. Suppose that
all n + m observations are independent, and that we have a trusted parametric
model in whichYi ∼ g(yi; θ), but no such model is available forXi. For example,
Yi may be from an instrument shown by experience to be normally distributed
while theXi may be from a newer kind of equipment. Similarly, the inter-arrival
timesYi for a queue may be known to have an exponential distribution, but the
service timesXi may not belong to a known parametric family.

A natural approach is to form a likelihood that is nonparametric in the distribu-
tion F of theXi but is parametric in the distributionG of theYi. That is,

L(F, θ) =
n∏
i=1

F ({Xi})
m∏
j=1

g (Yj ; θ) ,

with likelihood ratio function

R(F, θ) =
n∏
i=1

nwi

m∏
j=1

g(Yj ; θ)

g(Yj ; θ̂)
,

where as usualF =
∑n
i=1 wiδXi

for weightswi ≥ 0,
∑n
i=1 wi = 1, andθ̂ is the

parametric MLE ofθ computed from theYi data.
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Suppose that we are interested in a parameterφ defined through estimating
equations

E (h(X,Y, φ)) =
∫∫
h(x, y, φ)dGθ(y)dF (x) = 0.

If h(X,Y, φ) only involvesX, or only involvesY , then ordinary empirical or
parametric likelihood, respectively, is available. When both distributions are in-
volved, define

R(φ) = max
F,θ
R(F, θ)

subject to
n∑
i=1

wi

∫
h(Xi, y, φ)dGθ(y) = 0.

Under mild conditions (see Chapter 9.11), an asymptoticχ2 calibration with de-
grees of freedom equal to the dimension ofh is appropriate.

9.2 Parametric conditional likelihood

Consider independent(Xi, Yi) pairs, fori = 1, . . . , n, with Xi ∈ R
p andYi ∈

R
q. Now suppose that we have a parametric density or mass functiong(y|x; θ)

for the conditional distribution ofY givenX but no parametric likelihood for the
marginal distribution ofX. Then the hybrid likelihood is

L(F, θ) =
n∏
i=1

F ({Xi})g(Yi | Xi; θ). (9.1)

More generally, withm−n ≥ 0 further observations withXi but notYi measured,
the likelihood is

L(F, θ) =
m∏
i=1

F ({Xi})
n∏
i=1

g(Yi | Xi; θ). (9.2)

Exercise9.1 considers observations with Yi but notXi measured.
It is natural to suppose that there is no known relationship betweenθ andF .

If the statistic of interest only involves theX distribution, or only involves the
distribution ofY givenX, then we may use a marginal empirical likelihood of
X or a parametric conditional likelihood ofY givenX, respectively. But if the
statistic of interest involves both distributions, then there is something to be gained
by using (9.1) or (9.2).

Suppose, for example, that givenX = x, the responseY has theN(β0+β1x+
β2x

2, σ2) distribution. We might want to know the valuex0 = −β1/(2β2). This
x0 represents a minimum ofE(Y | X = x) if β2 > 0. It is a maximum if
β2 < 0. The averageX value deviates from this optimum by an amount∆ =
E(X) + β1/(2β2). This∆ represents the amount of the correction that needs to

©2001 CRC Press LLC



 

be applied to the averageX value to reach the optimum. It depends on both the
parametric and nonparametric parts of the data description.

An asymptoticχ2 distribution has been shown for this hybrid likelihood ratio
(see Chapter 9.11) for a problem incorporating some side information. That the-
orem has a scalar parameter of interestµ defined through a smooth estimating
equationE(h(X, θ, µ)) = 0. There is no reason to suppose that the scalar setting
is special here, and so it is reasonable to believe that the hybrid likelihood can be
used to generate tests and confidence regions quite generally.

It is interesting to consider the reverse situation where the marginal likelihood
is parametric and the conditional likelihood is empirical. Letf(x; θ) be the para-
metric density or mass function ofX. LetG0,x(Y ) be the conditional distribution
of Y givenX = x, and letGx(Y ) be a candidate. Assuming no ties, the likelihood
is

L(θ,GX1 , . . . , GXn
) =

n∏
i=1

f(Xi; θ)GXi
(Yi).

Maximizing this likelihood is degenerate if there are no ties among theXi. The
NPMLE for θ matches the parametric one, but everyGXi

is a point mass at the
corresponding value ofYi. If there are a small number of distinctXi with a large
number of occurrences each, then NPMLE’s for them are not degenerate. Failing
that, a model linkingGx for differentx values is required. IfGx(y) = G(y −
h(x)), for a known functionh(x), or more generallyGx(y) = G(y−h(x, γ)) for
a parameter vectorγ, then the likelihood

L(θ,G, γ) =
n∏
i=1

f(Xi; θ)G(Yi − h(Xi, γ))

is not necessarily degenerate.

9.3 Parametric models for data ranges

Another case where parametric and empirical likelihoods mix is where the data
Xi are thought to follow a parametric modelf(xi; θ), over a subset of their range.
For example, the random variableXi may be thought to be normally distributed
over some central values[−M,M ] but not necessarily in the tails. Or theXi
may be positive random variables known to have an exponential tail,f(x; θ) ∝
exp(−θx) for x > x0. As in the previous sections, we might get a sample that is
partly parametric and partly nonparametric, but in this case it is not known which
likelihood applies to an observation until that observation becomes available.

Suppose thatX ∼ f(x; θ) for x ∈ P0, but not necessarily forx 
∈ P0. Introduce
the shorthandP0(x) for 1x∈P0 . The appropriate likelihood hybrid is then

n∏
i=1

[f(Xi; θ)]
P0(Xi) w

1−P0(Xi)
i ,
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wherewi ≥ 0, wi = 0 whenXi ∈ P0, taking 00 = 1, and we impose the
constraint ∫

P0

dF (x; θ) +
n∑
i=1

wi(1− P0(xi)) = 1.

Again under mild conditions including smoothness inθ of the parametric distri-
bution (see Chapter 9.11), the combined likelihood has the asymptoticχ2 distri-
bution that one would expect.

9.4 Empirical likelihood and Bayes

Let θ be a parameter with estimating equationE(m(X, θ)) = 0. Suppose that we
are willing to specify a prior densityπ(θ) for θ, but that we have no parametric
family for the distributionF of X. The opposite situation, where a parametric
model is given forθ but we are reluctant to specify a prior, is very commonly
approached with flat non-informative prior distributions.

We will suppose that
∫
θ∈Θ
π(θ)dθ = 1. Then a natural procedure is to take the

posterior distribution ofθ to be

L(θ|X1, . . . , Xn) =
π(θ)R(θ)∫

θ∈Θ
π(θ)R(θ)dθ

, (9.3)

whereR(θ) is the profile empirical likelihood ratio function forθ. There is as
yet little known about how well this proposal works. Some theory and simula-
tions showing the asymptotic accuracy of posterior probability statements com-
puted fromL(θ|X1, . . . , Xn), whenθ is a univariate mean, are described in Chap-
ter 9.11.

The process is simply to multiply the empirical likelihood by a prior distri-
bution, and then renormalize to a proper density function. This appears to avoid
putting a prior on the space of all distributionsF , or even on the whole simplex
of multinomial weights. The rationale behind the process is as follows: Empirical
likelihood is approximately using a least favorable family forθ. This is a para-
metric family of the same dimension asθ. The prior distribution onθ induces a
prior distribution on this same family. Multiplying the prior on the family by the
likelihood on the family yields a posterior density on the family.

If nuisance parametersν are defined jointly withθ throughE(m(X, θ, ν)) = 0,
then we place a priorπ(θ, ν) on θ andν. The posterior distribution onθ andν is
then proportional toπ(θ, ν)R(θ, ν), and the posterior distribution forθ is obtained
by integrating outν.

9.5 Bayesian bootstrap

To describe the Bayesian bootstrap, suppose at first that the distributionF0 at-
taches probability1 to the known finite set{z1, . . . , zk}. This constraint will be
lifted later. Thezj may be inR

d or even in more general spaces. Then there is
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a finite dimensional parametric space of candidate distributionsF defined by the
parameter vectorω = (ω1, . . . , ωk)′ ∈ Sk−1 with ωj = F ({zj}). The unit prob-
ability simplexSk−1 is defined in equation(2.6), replacingn there byk.

The Bayesian bootstrap places a Dirichlet prior onθ. The Dirichlet prior is
proportional to1ω∈Sk−1

∏k
j=1 ω

mj

j . If the sample containsnj observations equal
to zj , then the posterior distribution is also a Dirichlet, and is proportional to
1ω∈Sk−1

∏k
j=1 ω

mj+nj

j . The choicemj = −1 is particularly convenient. If there
are anyzj with nj = 0, then the posterior distribution is improper, having an
infinite integral. That posterior can be interpreted as placing probability1 onθj =
0 for everyj with nj = 0. Then the posterior distribution is proportional to

1ω∈Sk−1

∏
j:nj>0

ω
nj−1
j

∏
j:nj=0

1ωj=0. (9.4)

The unobservedzj for whichnj = 0 do not appear in the posterior distribution,
and this lifts the constraint that we have to know what they are.

The Bayesian bootstrap samples from the posterior distribution implied by (9.4).
To generate a sample from the posterior distribution, drawn independentU(0, 1)
random variablesUi, transform them into exponential random variablesYi =
− log(Ui), and then takewi = Yi/

∑n
j=1 Yj . The sampled value ofωj is then∑

i:Xi=zj
wi. For a statisticT (F ), the resampled value isT (

∑n
i=1 wiδXi

). The
Bayesian bootstrap sample consists ofB independently sampled values ofT . The
posterior probability of a setC is estimated by the fraction of theB resampledT
values that happen to be inC, and a posterior moment is simply the average over
B sampled values of the corresponding power ofT .

The empirical likelihood is proportional to
∏k
j=1 ω

nj

j . Apart from the way un-
observedzj are handled, the empirical likelihood is obtained as a posterior dis-
tribution for the non-informative Dirichlet prior havingmj = 0. This is a non-
parametric analogue of the familiar fact that the posterior is proportional to the
likelihood, when a non-informative prior is used.

9.6 Least favorable families and nonparametric tilting

Empirical likelihood works with ann-dimensional family of distributions sup-
ported on the sample points. For dataXi ∈ R

d, we maximize the empirical
likelihood subject to a constraint like

∑
i wiXi = µ. As µ varies through ad-

dimensional space, ad-dimensional subfamily of the multinomial distributions
arise as constrained maxima. This family may be indexed byµ, or by the La-
grange multiplierλ.

For a statisticθ = T (F ) ∈ R
p, there is usually a reduction to ap-dimensional

family of multinomial distributions. Similarp-dimensional subfamilies may also
be defined through other discrepancies such as empirical entropy or the Euclidean
likelihood.

The nonparametric tilting bootstrap draws samples from members of one of
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these lower dimensional subfamilies of multinomial distributions. For a scalar
parameterθ such as the univariate mean, there is a univariate family of distribu-
tions. Denote the generic member of this family byFθ and letwi(θ) = Fθ{Xi}.
Bootstrap samples can be drawn from these multinomial distributions by taking
X∗b
i = XJ(i,b), where fori = 1, . . . , n andb = 1, . . . , b the indicesJ(i, b) are

independent withPr(J(i, b) = k) = wk(θ). Thenθ̂∗b is the value of̂θ on the data
X∗b

1 , . . . , X
∗b
n . The values

θL = min{θ | Pr(θ̂∗ ≥ θ̂ ; Fθ) ≥ α/2},
θU = max{θ | Pr(θ̂∗ ≤ θ̂ ; Fθ) ≥ α/2},

are the lower and upper limits, respectively, of the nonparametric tilting approxi-
mate100(1− α)% confidence interval.

It can be very laborious to sample from many members of a parametric family,
searching for the desired endpoints. Importance sampling can be used to reweight
data from one distributionFθ to obtain unbiased expectations under another dis-
tribution Fθ′ . The nonparametric tilting bootstrap samples fromFθ̂ with every
wi = 1/n, and so the importance sampling weight is

∏n
i=1 nwJ(i,b)(θ) in boot-

strap sampleb. A further advantage of importance sampling is that the simulations
for different values ofθ are coupled, which makes it more likely that the search
for endpoints can be done by looking for the point at which a monotone function
is zero. Using the Kullback-Liebler family gives an especially convenient expo-
nential tilting form for the importance sampling weight factors.

A least favorable parametric family is sometimes described as one in which the
estimation problem is hardest, sometimes as one in which the estimation problem
is as hard as in a parametric problem. Usually difficulty is measured through a
discrepancy measure. So if a statistic is defined throughT (F ) andθ0 is the true
value ofT , then family might consist of distributionsFθ for which T (Fθ) = θ,
and subject to this, a distance measureD(Fθ0 , Fθ) is minimized.

Empirical likelihood, nonparametric tilting, and some other methods described
in Chapter 9.11 all employ least favorable families. These methods use random,
sample based families. The value of a least favorable family is that it has not made
the statistical problem artificially easy.

It is possible to construct some parametric families in which inference is out-
landishly hard, although still not least favorable. TheN(0, 1) distribution is a
member of the family

f(x; θ) = (1− ε)N(0, 1) + εN(θ/ε, 1). (9.5)

Here f(x; θ) has meanθ. For ε = 10−100 and any reasonable sample size, it
would be very hard to estimateθ. Using multinomial families on the data rules
out unreasonably hard cases like (9.5).
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9.7 Bootstrap likelihood

Suppose that we compute an estimateT̂ = T (F̂ ) of θ = T (F0), using an IID
sampleX1, . . . , Xn ∈ R

d. In a parametric family indexed byθ, the probability
density functionf(T̂ ; θ) could be interpreted as a partial likelihood forθ. The
qualifier “partial” reflects thatf does not give the joint density ofX1, . . . , Xi, but
just that of the function̂T computed from them. In Chapter 13.3 a similar density
is called a pseudo-likelihood.

The bootstrap likelihood uses two levels of resampling, some density estima-
tion, and some regression smoothing to estimatef(T̂ ; θ) from the data. We will
suppose thatT (F ) ∈ R. For r = 1, . . . , R, let X∗r

1 , . . . , X
∗r
n be a bootstrap

sample of the data, with correspondingT valueT̂ ∗r. Then forr = 1, . . . , R and
s = 1, . . . , S, letX∗rs

1 , . . . , X∗rs
n be a bootstrap sample fromX∗r

1 , . . . , X
∗r
n with

correspondingT value T̂ ∗rs. A preliminary bootstrap likelihood at̂T ∗r is then
estimated by a kernel density estimate

L(T̂ ∗r) = f̂(T̂ ; T̂ ∗r) =
1
Sh2

S∑
s=1

K2

(
T̂ ∗rs − T̂
h2

)
,

whereK2 is a kernel function (Chapter 5) andh2 is a bandwidth.
It is possible to haveL(T̂ ∗r) 
= L(T̂ ∗r′) even whenT̂ ∗r = T̂ ∗r′ . For this rea-

son, and to interpolate, the bootstrap likelihood is defined through further smooth-
ing, such as

LB(θ) = f̂(T̂ ; θ) =

∑R
r=1K1

(
T̂∗r−θ
h1

)
L(T̂ ∗r)∑R

r=1K1

(
T̂∗r−θ
h1

) ,

for the kernelK1 and bandwidthh1, or through some other scatterplot smoother.
The bootstrap likelihood has been shown to match the empirical likelihood, but

only to first order. Much of the research on bootstrap likelihood aims at reducing
the computational burden. See Chapter 9.11.

9.8 Bootstrapping from an NPMLE

The usual form of the bootstrap resamples from the empirical distributionFn.
In IID sampling the empirical distribution is the NPMLE. In settings with side
information,Fn is not the NPMLE, and an attractive alternative is to use empirical
likelihood to construct the NPMLÊF , and then resample from̂F . When the side
information is specified byE(m(X, θ, ν)) = 0 then the NPMLE of Chapter 3.10
is F̂ =

∑n
i=1 wiδXi

, wherewi ≥ 0,
∑n
i=1 wi = 1,

∑n
i=1 wim(Xi, θ, ν) = 0,

and
∏n
i=1 nwi is maximized subject to these constraints. Similarly, when the data

were obtained by biased sampling, then bootstrapping from the NPMLE becomes
attractive.

Resampling fromF̂ is straightforward. LetCi =
∑i
j=1 wj , with the under-

standing thatC0 = 0. To generate a bootstrap sample drawnB independent
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U(0, 1) random variablesU bi , for 1 ≤ i ≤ n and1 ≤ b ≤ B. Turn these into
resampled observations whereXbi = Xj wheneverCj−1 < U

b
i ≤ Cj . This pro-

ducesB bootstrap data sets(Xb1, . . . ,X
b
n), for b = 1, . . . , B.

The Euclidean likelihood can also be used to define an NPMLE from which to
resample. But sampling from the Euclidean likelihood NPMLE is hard to define
in cases where somewi < 0.

9.9 Jackknives

The jackknife is a leave-one-out method of forming confidence regions for a sta-
tistical quantityθ. Suppose that the true value isθ0 = T (F0) ∈ R

p and the
sample value isT (F̂ ). For a candidate distributionF =

∑n
i=1 wiδXi

where
wi ≥ 0 and

∑n
i=1 wi = 1, defineT (w1, . . . , wn) = θ(F ). The NPMLE is

θ̂ = T (1/n, . . . , 1/n). DefineT−i = θ((1 + 1/n)F̂ − (1/n)δXi
), the value ofθ

on a hypothetical sample of then− 1 observations other thanXi. Now let

T−• =
1
n

n∑
i=1

T−i, and

S =
n∑
i=1

(T−i − T−•)(T−i − T−•)′.

The value(n− 1)(T−• − T (F̂ )) is often used as an estimate of the bias inT (F̂ ),
and the corresponding bias-corrected estimate ofT (F ) is nT (F̂ )− (n− 1)T−•.
Also S or (n − 1)S/n can often be used to estimate the variance ofT (F̂ ) or of
T−•. Forp = 1, a simple 95% confidence interval forθ0 may then be calculated
asT (F̂ )± 1.96

√
S.

The infinitesimal jackknife is based on the linear approximation

T (w1, . . . , wn) = θ̂ +
n∑
i=1

wiTi(F̂ ),

where

Ti(F ) = lim
ε→0

T ((1− ε)F + εδXi
)− T (F )

ε
. (9.6)

In the infinitesimal jackknife, a variance estimate forθ̂− θ0 can be constructed
as

1
n2

n∑
i=1

Ti(F̂ )Ti(F̂ )′.

The coefficientn−2 can be replaced by1/(n(n− 1)) in order to get an unbiased
variance estimate for the variance of linear statistics of the formT (w1, . . . , wn) =∑n
i=1 wiQ(Xi). One of the algorithms for maximizing empirical likelihood (see
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Figure 9.1The upper left plot shows the reweighings of the data used by the bootstrap,
for n = 3. The upper right and lower left show the jackknife and infinitesimal jackknife
reweightings, respectively. The lower right plot depicts a region used by empirical likeli-
hood.

Chapter 12.6) is an empirical likelihood test of whether theTi(F̂ ) have mean
θ0 − θ̂. They have samplemean 0.

Figure 9.1 compares the points in the simplex used in nonparametric infer-
ences, forn = 3. When the infinitesimal jackknife fails it is often because it only
uses reweightings that are a negligible distance from the center(1/n, . . . , 1/n).
It works with a linear approximation toT , and this may be inadequate ifT is
nonlinear enough. The jackknife has similar difficulties because the points it uses
are onlyO(1/n) away from the center. Even when they do not fail, approxima-
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tions based on expansions around the MLE can work badly in some settings. Lin-
earization inference in nonlinear least squares, Greenwood’s formula in survival
analysis, and Wald tests are often found to be inferior to methods that are not so
strongly localized around the MLE.

The bootstrap and empirical likelihood achieve greater generality than the jack-
knives in part because they consider reweightings at a distance (or average dis-
tance) ofO(n−1/2) from the center. The difference is illustrated by the median,
for which the jackknife and infinitesimal jackknife do not provide consistent vari-
ance estimates.

9.10 Sieves

In some nonparametric problems, there is an infinite dimensional family of esti-
mators and an MLE does not exist. For example, consider the problem of estimat-
ing the densityf from an IID sample of random variablesXi ∈ [0, 1]. The density
f is a nonnegative function integrating to1 over [0, 1]. The natural likelihood to
use isL(f) =

∏n
i=1 f(Xi), butL(f) is unbounded over the family of densities,

thus there is no NPMLE.
A sieve approach to this problem is to consider a regularized set of densities,

such as densities that are piecewise constant on[0, 1] with the allowed disconti-
nuities at knotstj = j/m for j = 1, . . . ,m − 1. Given a value ofm > 1, the
NPMLE is a histogram estimator. The NPMLE might not be unique if someXi
equals sometj , but a unique choice can be forced by takingf to be continuous
from the left. The sieve approach to the histogram estimator letsm → ∞ at a
suitable rate, asn → ∞. Sieves are more general than the histogram estimator,
and the controlling parameterm is not always integer valued. For example, a sieve
could be constructed by taking all continuous densities with

∫ 1

0
f(x)2dx < m.

Empirical likelihood can be thought of as a sieve method. The family of candi-
date distributions is usually all those that reweight the sample. It may also include
distributions that put some weight on a number of non-observed values. Two fea-
tures of empirical likelihood distinguish it from sieve methods. First, the family
of candidate distributions is random, as it depends on the sample. Second, the
emphasis is shifted from maximum likelihood to likelihood ratios.

While sieves originated to handle an infinite dimensional parameter set, they
may also be applied in problems with an infinite number of estimating equation
constraints. Some examples of such problems appear in Chapter 10.

The sieved empirical likelihood (SEL) has been developed for some condi-
tional moment restriction problems. Suppose thatX andZ are jointly distributed
random variables and that the estimating equation

E(m(Z, θ) | X = x) = 0 (9.7)

holds for allx. Then, of course,E(m(Z, θ)) = 0 holds unconditionally, too, but
(9.7) is a more stringent condition. For instance, in a regression model we might
haveZ = (X ′, Y ′)′, andm(Z, θ) = Y − g(X, θ). Letu(X) be a vector of func-
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tions ofX. ThenE(u(X)(Y − g(X, θ))) = 0 and if u has enough component
functions in it, we get an overdetermined set of unconditional estimating equa-
tions forθ.

A lower bound is known for the variance of an asymptotically unbiased esti-
matorθ̂ from n IID observations:

nVar(θ̂) ≥ V0 ≡
(
E

(
D(X)′Ω(X)−1D(X)

))−1

whereD(x) = E(∂m(Z, θ)/∂θ | X = x) andΩ(x) = E(m(Z, θ)m(Z, θ)′ |
X = x). Moreover, the solution to estimating equationsE(u(X)m(Z, θ)) = 0
attains this asymptotic variance bound for the (usually unknown) vectoru0(x) =
D(x)′Ω(x)−1. The functionsu(X) are called instrumental variables andu0 are
the optimal instruments.

A sieved empirical likelihood approach imposes(9.7)at then sample valuesxi,
using some smoothing. LetKij = K((xi − xj)/h), for a kernel functionK and
bandwidthh, and letKi• =

∑n
j=1Kij . Define the conditional empirical log like-

lihood functionLi(F ) =
∑n
j=1Kij log(wij) for F ({Zj} | Xi) = wij ≥ 0 and∑n

j=1 wij = 1. MaximizingLi subject to
∑n
j=1 wijm(Zj , θ) = 0 is the same

weighted empirical likelihood problem we solved in Chapter 8.7 for finite pop-
ulation sampling designs, withKi• playing the role ofD there. Let the solution
be F̂i with weightsŵij(θ), and now define?(θ) =

∑n
i=1 log ŵii(θ), and letθ̂

maximize?(θ).

Theorem 9.1 Let (Xi, Zi) be IID. Under some mild conditions that uniquely
identify the true valueθ0, conditions that impose smoothness onm, and condi-
tions onK andh,

√
n(θ̂ − θ0) → N(0, V0). Further, if θ̃ maximizes?(θ) subject

to s conditionsC(θ) = 0 where∂C/∂θ has ranks, then−2(?(θ̃)− ?(θ̃)) → χ2
(s)

asn→ ∞.
Proof. Fan & Gijbels (1999) and Kitamura, Tripathi & Ahn (2000).

More general random sieves have been proposed, particularly for certain re-
gression problems. In linear regression models relatingYi to a predictorXi and
a parameterβ, there is a residualei = Yi − X ′

iβ. In certain models, however,
there is no uniqueei that can be computed from a givenXi, Yi andβ. A simple
example without anyXi, is the following mixed effects model

Yij = θj + αi + εij , i = 1, . . . , n, j = 1, . . . , k

for scalar parametersθj and independent errorsαi, εij , with mean0, Var(αi) =
σ2

1 , andVar(εij) = σ2
2 . Given θ = (θ1, . . . , θk) andYi = (Yi1, . . . , Yik) we

cannot computeei = (αi, εi1, . . . , εik) though we do know thatαi + εij = Yij −
θj .

For a random sieve model, we can identify a setBi(θ) known to containei. For
the random effect example

Bi(θ) = {(αi, εi1, . . . , εik) | αi + εij = Yij − θj , j = 1, . . . , k} .
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If Bi(θ) is not a finite set of points, the random sieve method selects a set of points
Eij ∈ Bi(θ), j = 1, . . . , ni. For largern, the numbersni increase to give better
coverage ofBi. Consider a family of distributions, with the generic memberF
putting probabilitypij ≥ 0 on the observation(Xi, Yi, Eij) for i = 1, . . . , n and
j = 1, . . . , ni with pi =

∑ni

j=1 pij and
∑n
i=1 pi = 1. The sieved likelihood is the

maximum of
∏n
i=1 pi over members of the family satisfying a set of constraints.

For random effects the constraints might express thatE(αi) = 0, Var(αi) = σ2
1 ,

and that forj = 1, . . . , k, E(εij) = E(εij − σ2
2) = E(αiεij) = 0. Methods for

choosing theEij are in articles cited in Chapter 9.11.

9.11 Bibliographic notes

Parametric-empirical hybrids

Qin (1994) presents the semi-empirical likelihood, in which an empirical likeli-
hood is used for one sample and a parametric one is used for the other. He consid-
ers the example whereXi andYj are scalars and interest centers onE(X)−E(Y ).
Qin (2000) considers multiplying a parametric conditional likelihood by an em-
pirical marginal one, and presents a theorem from Qin (1992) establishing aχ2

(1)

limit for a statistic defined through a smooth estimating function. Qin (2000)
simulates some examples that Imbens & Lancaster (1994) treated by generalized
method of moments, and remarks that the likelihood formulation makes it easier
to incorporate observations whereXi but notYi was measured. Those examples
consider samples augmented by side information from the census.

Qin & Wong (1996) present another semi-empirical likelihood in which the
data are parametric or not, depending on their values. They consider the case
where the parametric model holds ifx ≤ T0, and establish aχ2 calibration for
a univariateθ that enters the likelihood smoothly. Moeschberger & Klein (1985)
consider a parametric model for a tail subject to censoring combined with a non-
parametric model to the left of that tail.

Lazar (2000) studies the product of a prior density on the univariate mean and
an empirical likelihood for that mean. She shows that the posterior distribution is
asymptotically normal, as one would expect from an asymptotically quadratic log
likelihood. As a result, we can expect in general that the computed posterior prob-
abilities of intervals are asymptotically justified. The arguments parallel those of
Monahan & Boos (1992) for parametric likelihoods. In simulations, accuracy can
be measured by finding the distribution under sampling of the posterior probabil-
ity attached to the set(−∞, µ] whereµ is the true mean. This posterior probability
should have nearly a uniform distribution. Figure 1 of Lazar (2000) shows an ex-
ample in which the accuracy is good forn = 50 but perhaps not forn = 10.
Figure 2 shows an example where the accuracy appears good withn = 20.
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Bootstrap connections

The Bayesian bootstrap was proposed by Rubin (1981). Newton & Raftery (1994)
illustrate its use on a number of frequentist inference problems. The bootstrap
likelihood was proposed by Davison, Hinkley & Worton (1992). Some computa-
tional improvements are given in Davison, Hinkley & Worton (1995) and Pawitan
(2000).

Efron (1981) introduces the nonparametric/exponential tilting bootstrap. Fur-
ther results for it appear in DiCiccio & Romano (1990), as described below under
least favorable families. Efron emphasizes the Kullback-Liebler family but also
presents a version using a nonparametric likelihood discrepancy, giving rise to
the same family of distributions in the simplex that empirical likelihood uses.

Zhang (1999) resamples from an NPMLE constructed to incorporate side in-
formation in the form of estimating equations. He produces confidence bands and
tests for the distribution function of a scalar random variable, and confidence in-
tervals for the mean and variance of a scalar. Zhang (1997) constructs confidence
bands for the quantile function by bootstrapping from an NPMLE. Hall & Pres-
nell (1999b) term this the b-bootstrap, and they show its wide applicability and
describe the asymptotic behavior.

Ren (2001) defines the leveraged bootstrap. The leveraged bootstrap takes IID
samples of sizem from an NPMLE. The bootstrap samples are IID, even though
the original data was subject to interval censoring. Careful calibration makes up
for the discrepancy.

Chuang & Lai (2000) describe a hybrid method in which they construct a para-
metric family on the simplex of observation weights and use the bootstrap in that
family. They find good results this way for some hard inferential problems such as
the analysis of group sequential trials, explosive time series, and Galton-Watson
processes.

Least favorable families

The notion of a least favorable family is due to Stein (1956). He used it to re-
duce nonparametric problems to parametric ones that were at least as hard. Efron
(1981) shows a least favorable family property of the one-dimensional multino-
mial sub-family. Whenθ is the mean, the Fisher information in the sub-family is
the inverse of the sample variance, holding forFX̄ and even for other membersFθ.

DiCiccio & Romano (1990) show that one can construct ap-dimensional sub-
family of multinomial distributions using any of various discrepancy measures.
Once one has such a family, one can bootstrap within it, use the likelihood func-
tion in it, or use another distance function in it. They show that one-sided cov-
erage errors areO(1/n) for the nonparametric tilting bootstrap. They also show
that the reduced family is least favorable for more general statistics than the mean.
Hesterberg (1999) investigates exponential tilting bootstrap confidence intervals
for nonlinear statistics, using importance sampling. He compares likelihood- and
entropy-based intervals.
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Empirical likelihood corresponds to using the likelihood ratio function in the
least favorable family defined by the likelihood discrepancy. Lee & Young (1999)
recommend defining ap-dimensional parametric family through the exponential
discrepancy, and following up with a likelihood ratio test in that family. Corcoran
et al. (1995) recommend using the exponential discrepancy (empirical entropy) to
form ap-dimensional family, and then using the Wald test (a sandwich estimator)
within that family. They report some simulations in which aχ2 calibration is quite
accurate for this combination. Davison & Hinkley (1997, Chapter 10) recommend
a Rao test within a family formed by exponential discrepancies.

Where Efron (1981) considers sampling from various members of a data-deter-
mined least favorable family, theb-bootstrap and related papers above pick a sin-
gle best-fitting member of that family and resample from it.

Other connections

The jackknife was introduced by Quenouille (1949) for correcting bias in esti-
mates. Tukey (1958) showed that it can be used to construct variance estimates.
The infinitesimal jackknife is due to Jaeckel (1972). Hesterberg (1995a) pro-
poses a “butcher knife” formed by taking divided differences in(9.6) with ε =
O(n−1/2). By varying the sample more thanO(1/n) this results in a more widely
applicable jackknife. See also Shao & Tu (1995) for a discussion of jackknives
that deleted of n observations.

Saddlepoint approximations allow one to construct approximate sampling den-
sities for statistics. Monti & Ronchetti (1993) provide a formula that allows one to
translate between empirical likelihoods and saddlepoint densities for statistics de-
fined through estimating equations. Reid (1988) provides a survey of saddlepoint
methods.

The connection between empirical likelihood and random sieves is given by
Shen, Shi & Wong (1999), who also consider a random effects model like the
one in Chapter 9.10 but incorporating predictorsXij . Shen et al. (1999) describe
methods for selecting a finite set of points within eachBi(θ).

The results in Theorem 9.1 are based on independent work by Fan & Gijbels
(1999) and Kitamura et al. (2000). They combination of smoothing and empirical
likelihood studied there was proposed by LeBlanc & Crowley (1995).

Fan, Zhang & Zhang (2001) describe a sieve-based approach to problems such
as nonparametric regression, including testing whether a smooth function, or in-
deed an additive model, might be linear. They obtain more general Wilks’s type
results with−r logR approximatelyχ2

ν(n) with non-integer numbers of degrees
of freedomν(n) → ∞ asn → ∞ andr not necessarily equal to2. Their for-
mulation has a parametric conditional likelihood with a parameterθ(x) estimated
nonparametrically as a smooth function ofx. Fan & Zhang (2000) make an ex-
tension to an empirical conditional likelihood for the nonparametricθ(x).
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9.12 Exercises

Exercise 9.1Suppose that there is no parametric model for the marginal distri-
bution ofX but there is a parametric density or mass functionf(y|x; θ) for the
conditional distribution ofY givenX. Write a hybrid likelihood assuming that
(Xi, Yi) are observed fori = 1, . . . , n1, Xi only is observed fori = n1 +
1, . . . , n1 + n2, andYi only is observed fori = n1 + n2 + 1, . . . , n1 + n2 + n3.
Assume that missingness ofXi orYi is non-informative in the sense of coarsening
at random.

Exercise 9.2The standard95% confidence interval for the univariate sample
mean isX̄ ± 1.96s wheres2 = (n − 1)−1

∑n
i=1(Xi − X̄)2. What is the ra-

tio of the length of the leave-one-out jackknife version of the95% confidence
interval to the length of the standard 95% confidence interval?

Exercise 9.3The jackknife is known to fail for the median, and it seems to be
because only a small number ofT−i values are possible for a given sample. But
the jackknife provides a reliable confidence interval forPr(X ≤ Q), so long as
0 < Pr(X ≤ Q) < 1. Describe how to employ the jackknife to construct a
confidence set for the median. If necessary assume that the observations are IID
from a distribution having a unique median and a positive density function on an
open interval containing that median.

Exercise 9.4Derive a bias estimate based in the infinitesimal jackknife.
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CHAPTER 10

Challenges for EL

This chapter is devoted to problems where empirical likelihood has difficulties,
and to ways of mitigating those difficulties. As a case in point, empirical like-
lihood inferences on the number of distinct possible values from a distribution
is completely degenerate. The confidence interval only includes the number of
distinct values in the sample, and that value is completely wrong for continuous
distributions.

As a less outlandish example, the natural way to define empirical likelihood
tests for symmetry or independence are degenerate. The root cause is that these
conditions are equivalent to an infinite number of estimating equations. It is, how-
ever, possible to use a known point of symmetry, or known independence, as a
side condition in inferences. In some settings this is degenerate, in some it re-
duces to ordinary empirical likelihood, and in others it gives something new. It
is also possible to test for approximate symmetry or approximate independence,
defined through a finite subset of the infinite set of constraints.

For some parametric likelihoods, the usual asymptotic theory does not hold.
This can happen when the range of data values depends on the parameter, when
the true value of the parameter is on the boundary of the set of possible values,
or when the value of one parameter does not affect the predictions, if a second
parameter is zero. Empirical likelihood based on the estimating equations from
these likelihoods cannot be expected to have aχ2 calibration.

10.1 Symmetry

The distributionF ofX ∈ R, is symmetric about a centerc, if every interval(a, b)
has the same probability as the interval(c− b, c− a). In the familiar case where
F has a density or mass functionf , symmetry means thatf(c + x) = f(c − x),
which we can rewrite asf(x) = f(2c− x).

A natural approach to nonparametric inference under symmetry is to construct
a familyFS of symmetric distributions that put positive probability on every ob-
servation. Such a family can be represented withn + 1 parameters: the centerc
of symmetry, and weightswi attached toXi, which by symmetry also attach to
X̃i = 2c−Xi. We suppose that

∑n
i=1 wi = 1/2. Under this setting the probabil-

ity thatF puts onx is
∑n
i=1 wi(1Xi=x+1X̃i=x

), so thatx is double counted if it
is both a data point and the reflection of a data point.

First we consider whether nonparametric likelihood can help identify the center
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Figure 10.1The raw data are temperatures of six solid-state electronic devices, in degrees
Celsius. The function shown is the empirical likelihood for the center of symmetry, assum-
ing a symmetric distribution. The likelihood ratio takes the value 1/2 at each of the six data
values. Source: Hahn & Meeker (1991, Chapter 13).

c of symmetry. Define the pointscij = (Xi + Xj)/2 for 1 ≤ i ≤ j ≤ n. For
continuously distributed data, there are no ties among thecij . If c is not one of
thecij , then the nonparametric likelihood is maximized atwi = 1/(2n) and takes
the valueL0 = (2n)−n. Whenc = cii = Xi, the likelihood(2wi)

∏
j �=i wj takes

on a maximum value ofL1 = 2(2n)−n. Finally, if c = cij for j 
= i, then the
likelihood (wi + wj)2

∏
k �∈{i,j} wk takes on maximum valueL2 = 4(2n)−n.

Thus nonparametric likelihood arguments lead to a degenerate inference on
c, under sampling from continuousF . Then(n − 1)/2 points cij with i < j
maximize the likelihood, next come then pointscii = Xi with a likelihood ratio
of 1/2, and finally every other point in the real line, with a likelihood ratio of1/4.
Figure 10.1 shows this function for the operating temperatures of six solid-state
electronic devices. Even the midpoint between the two largestXi is a mode of the
likelihood ratio function.

Although testing for symmetry and estimating a point of symmetry are degen-
erate, imposing a known symmetry as side information is not necessarily degen-
erate. In some cases this side information does not change empirical likelihood
inferences, and in some it gives a new and nondegenerate method.

Suppose we know thatF is symmetric aboutc. ThenF ({x}) = F ({2c − x})
for all x. This symmetry can be imposed as a side constraint onF , to sharpen
inferences onθ defined byE(m(X, θ)) = 0, for some functionm. We place
weightswi onXi and weightswi onX̃i = 2c−Xi, wherewi ≥ 0 and

∑n
i=1 wi =

1/2.
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The functionm has even and odd parts defined by

mE (X, θ) =
1
2

[
m (X, θ) +m (2c−X, θ)

]
, and

mO (X, θ) =
1
2

[
m (X, θ)−m (2c−X, θ)

]
.

Now m = mE + mO, and the odd part has weighted mean zero by symmetry.
Thus the definition ofθ may be replaced byE(mE(X, θ)) = 0. Operationally,
we replacem bymE and apply empirical likelihood as usual. Ifm = mE then
empirical likelihood is unchanged by this operation, and so imposing symmetry
this way does not make any difference. Ifm = mO then the equations are degen-
erate, reducing toE(0) = 0 for all θ. An odd function is known to have mean zero
under a symmetric distribution, and data are not required to draw that conclusion.
If m has nonzero odd and even parts, then the result can be nondegenerate and
different from the usual empirical likelihood.

The following three examples illustrate the possible cases. In each of themX
is a real random variable known to be symmetric about a valuec.

Example 10.1 (Mean under symmetry)For x, µ ∈ R, the estimating function
m(x, µ) = x − µ, defines a univariate meanµ. ThenmE(x, µ) = c − µ = 0,
telling us what we already know (µ = c), and without making any use of the data.

Example 10.2 (Variance under symmetry)BecauseE(X) = c, the variance
σ2 of X is defined by the estimating equationE((X − c)2 − σ2) = 0, so that
m = (x − c)2 − σ2. Thism is even, and so empirical likelihood inferences are
unchanged by replacingm bymE.

Example 10.3 (Tail probability under symmetry) Suppose that we are wish to
estimate a tail probabilityθ = Pr(X > x). To avoid trivialities, assume that
x 
= c, andminiXi < x < maxiXi. The estimating function forθ ism(X, θ) =
1X>x − θ. Thism has nondegenerate even and odd parts

mE (X, θ) =
1
2

(
1X>x + 1X<2c−x

)
− θ,

mO (X, θ) =
1
2

(
1X>x − 1X<2c−x

)
− θ.

Thus, for this case, empirical likelihood inferences imposing symmetry are non-
degenerate and different from empirical likelihood inferences that do not impose
symmetry. Knowing thatX is symmetric allows us to use data from one tail of
the distribution to estimate a probability in the other tail. In practice, of course,
we would have to be fairly sure of the symmetry to trust an estimate of one tail
based on data from the other. Forx > c, we could get the same result by replacing
everyXi by Zi = max(Xi, 2c −Xi), drawing inferences onPr(Z > x) = 2θ,
and dividing out the factor of2 from this probability.
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One consequence of symmetry ofF is that odd (antisymmetric) functions of
X−c have mean zero. Suppose thatφ(x) = −φ(−x), so thatφ is odd. If

∫ |φ(x−
c)|dF (x) < ∞, then

∫
φ(x − c)dF (x) = 0. Conversely, this property can be

used as a definition of symmetry aboutc, through specially chosen functions of
the form

φa,b (x) = 1a<x<b − 1−b<x<−a. (10.1)

We might replace symmetry by a weaker concept using only some finite num-
berr of conditions

∫
φj(x − c)dF (x) = 0, for j = 1, . . . , r. Instead of testing

for symmetry aboutc, we testE(φj(X − c)) = 0 for j = 1, . . . , r. If we have a
specific value ofc such asc = 0 in mind, then we may simply test whether these
r functions all have mean0. If we wish to test for symmetry about an unknown
center, then all values ofc that are not rejected form a conservative confidence
region for the center of symmetry. If this region is empty, then we infer thatF is
not a symmetric distribution.

Here are some signed moment functions that might be used to approximate
symmetry

Mj (z) = sign (z) |z|j−1
, j = 1, 2, . . . . (10.2)

A vanishing signed momentE(Mj(X − c)) corresponds toX having medianc,
whenj = 1 and meanc, whenj = 2. An alternative is to use a set of functions
φaj ,bj of the form (10.1) for a set of intervals(aj , bj).

For672 National Football League (NFL) games of American professional foot-
ball, the observed pointspread was compared to the pointspread established by
professional book-makers. We will look at the values ofF − U − S whereF is
the actual number of points scored by the team favored to win,U is the number
scored by the underdog team, andS is the published pointspread — the number
of points by which the favorite was expected to win. The spreadsS take values
that are integer multiples of 1/2 point. Figure 10.2 shows a histogram of these
observed minus expected pointspreads. The data appear to be nearly normally
distributed, with a center near zero and a surprisingly large standard deviation
of 13.86 points. Thus about95% of observed pointspreads came within plus or
minus28 points of the prediction.

It is plausible that data like these should be centered around0. Even-money
bets on whether the favorite beats the pointspread make most sense if the median
discrepancy is close to zero. Otherwise bettors would catch on and exploit the
difference. Because the data are nearly normally distributed, the mean may be a
better estimate of the center of symmetry than the median. Also, if there are bets
made that pay proportionally to the number of points by which the pointspread is
beaten (or missed), then those bettors might pay attention to the mean difference
between observed and predicted point spreads.

Figure 10.3 shows empirical likelihood curves for the mean and the median of
the pointspread data. The sample mean is very close to zero, and the true mean
seems to be within roughly one point of zero. The sample median is between−1
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Figure 10.2For each of 672 NFL games, the betting-line pointspread has been subtracted
from the observed one as described in the text. The data come from Stern (1991). The data
are plotted as a histogram on the left, and in a normal QQ plot on the right.

point and−1/2 point, and the true median appears to be between−2 points and
1/2 point.

Now suppose that we consider a center of symmetryθ for which

0 = E(1X>θ − 1X<θ), and

0 = E(X − θ),
corresponding to signed moment functionsM1 andM2 from equation(10.2)
above. The empirical likelihood ratio function forθ is plotted in the lower panel
of Figure10.3. Theunusual shape iseasily explained. Consider a joint likelihood
surface for the mean and median of the data. For a fixed value of the mean, that
surface has step discontinuities as the median crosses observed data values. For a
fixed value of the median, the surface is smooth as the mean varies. The function
shown is a transect along the45◦ line of the joint mean-median likelihood sur-
face. This function takes jumps at the same points where the likelihood function
for the median does. Between those jump points, it varies smoothly. The sawtooth
shape of the likelihood curve gives a 95% confidence region that is a union of four
disjoint intervals. The likelihood is relatively high at, and just to the left of, multi-
ples of1/2 point. The smallest interval containing all four parts of the confidence
interval forθ is narrower than either of the intervals for the mean or the median.

If we were not confident that the mean and median were at the same point, we
could test this by examining the maximum value overθ of the empirical likelihood
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Figure 10.3The top plot shows empirical likelihood curves for the mean and for the me-
dianof thepointspreaddata inFigure10.2. Thebottomplot showstheempirical likelihood
for a centerθ that is simultaneously the mean and the median of the distribution.

for the hypothesis thatθ is both the mean and median ofX. At the MELE θ̂,
the log empirical likelihood is−0.498. Using aχ2

(1) calibration, we obtain ap-

value ofPr(χ2
(1) ≥ −2 × (−0.498)) = 0.318, so there is no reason to reject the

presumed equality of the mean and median.
Further analysis shows that using the first three signed moments does not make
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much difference to the empirical likelihood ratio function, but that using the fourth
and higher signed moments calls into question the symmetry of the data. Because
these higher order signed moments have very heavy tails, dominated by the small
number of extreme games, it does not seem wise to use them. If one were inter-
ested in imposing higher order symmetry, it would be preferable to use a set of
bounded functionsφj , perhaps of the form given in (10.1).

10.2 Independence

Suppose that(X,Y ) ∈ R
2 and that we want to test for independence ofX and

Y . As with the problem of symmetry, a direct formulation of empirical likelihood
leads to a degenerate answer.

Suppose that the data are(Xi, Yi) pairs,i = 1, . . . , n, from a continuous joint
distribution. Consider a distribution forX that has weightui onXi and a distribu-
tion for Y with weightvj onYj . Under independence ofX andY , the weight on
the pair(Xi, Yj) is uivj . Without an assumption of independence, a distribution
can put weightwij wherewij is not necessarily of product form. To maximize the
likelihood without assuming independence, putwij = 0 if i �= j andwii = 1/n.
To maximize the likelihood ratio assuming independence putui = vj = 1/n. As
a result, the likelihood ratio for independence isn−2n/n−n = n−n, without re-
gard to the data. Thus the empirical likelihood test for independence is degenerate
on continuous data.

If the (Xi, Yi) pairs are from a discrete distribution, with finitely many pos-
sible values, the situation changes. Then the empirical likelihood test becomes a
standard multinomial likelihood test of independence. Significance levels for that
likelihood ratio test can be set using theχ2

(r−1)(s−1) distribution whereX takesr
distinct values andY takess distinct values.

For the problem of symmetry, tests were degenerate, but some nondegenerate
methods arose when symmetry was imposed as a side constraint. A similar effect
occurs when independence is imposed as a side constraint.

Suppose that we know thatX ∈ R
p andY ∈ R

q are independent. Then there
is no difference betweenn paired observations(X,Y ) and two unpaired samples
of X andY . Because the data are effectively unpaired, there is no real need for
the sample sizes to be equal. Suppose then thatXi ∼ F0 for i = 1, . . . , n, and
Yj ∼ G0 for j = 1, . . . ,m are independent. We are interested inθ defined by

E (h (X,Y, θ)) = 0.

Here are example functionsh that are of interest in applications,

h1 (X,Y, θ) = X − Y − θ, and

h2 (X,Y, θ) = 1X>Y − θ.
Whenp = q, the functionh1 can be used for inferences onE(X)−E(Y ). When
p = q = 1, the functionh2 can be used for inferences onPr(X > Y ).

Let F =
∑n

i=1 uiδXi
andG =

∑m
j=1 vjδYj

whereui ≥ 0, vj ≥ 0, and
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∑n
i=1 ui =

∑m
j=1 vj = 1. The likelihood of the pair(F,G) is

∏n
i=1 ui

∏m
j=1 vj .

This is maximized by takingui = 1/n andvj = 1/m, so the likelihood ratio
function is

∏n
i=1 nui

∏m
j=1mvj . The estimating equation is

n∑
i=1

m∑
j=1

uivjh (Xi, Yj , θ) = 0.

The profile empirical likelihood ratio function forθ is

R (θ) = max

{
n∏

i=1

nui

m∏
j=1

mvj |
n∑

i=1

m∑
j=1

uivjh (Xi, Yj , θ) = 0,

ui ≥ 0,
n∑

i=1

ui = 1, vj ≥ 0,
m∑

j=1

vj = 1

}
.

Under mild conditions−2 logR(θ0) → χ2
(d) whered is the dimension ofθ. A

nonrigorous argument is given in Chapter 11.4 for the case of two samples with a
scalar functionh(X,Y, θ) and a scalarθ.

Independence corresponds to an infinite set of constraints. These take the form
E(φ(X)η(Y )) = E(φ(X))E(η(Y )) for everyφ, η pair withE(|φ(X)η(Y )| <
∞. If independence ofX andY is in doubt, and we want to test it, we can retain
the original(Xi, Yi) pairings and then for a listj = 1, . . . , r of functionsφj and
ηj test whetherE(φj(X)ηj(Y )) = E(φj(X))E(ηj(Y )).

10.3 Comparison to permutation tests

A disadvantage of testing approximate symmetry or approximate independence is
that symmetry or independence can be violated by a data distribution satisfying
all of the estimating equations used in the approximate test. This motivates taking
a large value ofr, to get a test sensitive to more kinds of departures. For largerr, a
largerχ2

(r) threshold must be surpassed in order to reject independence. So large
r can result in less power than smallr. Judgment is required in order to selectr
conditions that cover either the likely departures, or if possible, the consequen-
tial departures, from symmetry or independence. A sieve method (Chapter 9.10)
letting r = r(n) → ∞ asn→ ∞ might provide an effective approach.

Permutation tests are commonly used for testing independence, and similar
procedures are available for testing symmetry. For a permutation test of indepen-
dence one starts with a statisticT ((Xi, Yi), i = 1, . . . , n) for which larger values
represent greater departures from independence ofX andY . Then theYi are per-
muted with respect to theXi, replacingYi by Yπ(i) where(π(1), . . . , π(n)) is a
uniform random permutation of(1, . . . , n). A uniform random permutation takes
each of then! possible permutations with probability1/n!. Then a histogram is
made of the valuesT ((Xi, Yπ(i)), i = 1, . . . , n) taken byT under a large number
of independent random permutations. If the originalT value is in the largest5%
of this histogram, then independence is rejected at the5% level. Whenn! is not
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too large then it is possible to consider all the permutations instead of sampling
them.

As with empirical likelihood tests of approximate independence, these permu-
tation tests can fail to detect those departures from independence which do not
have a strong effect onT . The statisticT can be constructed as a composite of
some numberr of test statistics, each of which is sensitive to one aspect of de-
pendence betweenX andY . Once again there is a trade-off in the value ofr.

Compared to permutation tests, empirical likelihood offers the advantage of
using the data to combine ther test statistics. Consider testingE(mj(Xi, Yi)) =
0, simultaneously for allj = 1, . . . , r, for real-valued estimating functionsmj . A
permutation test could take

T =
r∑

j=1

( n∑
i=1

mj(Xi, Yi)
)2

as its test criterion. But it might be better to weight the criteria, either a priori or
based on the data. An empirical likelihood test based onR0 = max

∏n
i=1 nwi

subject to constraintswi ≥ 0,
∑n

i=1 wi = 1, and
∑n

i=1 wimj(Xi, Yi) = 0 for
j = 1, . . . , r uses the data to combine the individual tests.

The significance level for the test can be based on an asymptoticχ2 distribution
for R0 under the null hypothesis thatXi andYi are independent. We can also use
the permutation distribution ofR0 directly. ForN random permutationsπ(i) of
1, . . . , n, computeR0 on the data pairs(Xi, Yπ(i)), i = 1, . . . , n. If the original
R0 is smaller thanαN of the permutedR0 values, then reject the null hypothesis
at levelα.

10.4 Convex hull condition

Empirical likelihood confidence regions for the mean are nested within the convex
hull of the data. Their coverage level is necessarily smaller than that of the convex
hull itself. This constraint is limiting whenn is small,p is large, or the confidence
level1− α is high.

The Euclidean likelihood and some other members of the Cressie-Read family
do not restrict the weightswi to be nonnegative, thus allowing the reweighted
mean

∑
i wiXi to escape the convex hull of the data.

The empirical likelihood-t method also produces confidence regions for the
mean that can escape from the convex hull. For testing whetherE(X) = µ, the
constraint

∑n
i=1 wiXi = µ is replaced by(

n∑
i=1

wi(Xi − µw)(Xi − µw)′
)−1/2 (

µw − X̄)
=

(
1
n

n∑
i=1

(Xi − X̄)(Xi − X̄)′
)−1/2 (

X̄ − µ) ,
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whereµw =
∑n

i=1 wiXi.
For d = 1, the new constraint equates two quantities. The first is the number

of weighted standard deviations by which the reweighted mean differs fromX̄.
The second is the number of unweighted standard deviations by whichX̄ differs
from the candidate meanµ. Notice that the reweighted mean is notµ. If it were,
the result could not escape the convex hull. Ford > 1 a similar interpretation can
be made in terms of analogous Mahalanobis distances(u− µ)′S−1(u− µ).

The empirical likelihood-t method is analogous to the bootstrap-t method. It
replaces a quantity by a studentized version of that quantity. The empirical likeli-
hood-t constraints can be applied to nonparametric likelihoods other than empir-
ical likelihood. For empirical likelihood-t, a Bartlett correction is available. See
Chapter 10.8.

10.5 Inequality and qualitative constraints

Many interesting hypotheses are expressed in terms of inequalities, not equal-
ities. For example, ifµ1, . . . , µk are the means ofk different populations, the
constraints

µj+1 − µj ≥ 0, j = 1, . . . , k − 1, (10.3)

impose a qualitative constraint thatµj is a nondecreasing function of the group
labels. Estimating and testing of parameters subject to isotone constraints like
(10.3) is known as order restricted inference.

Another qualitative constraint that might be useful is stochastic monotonicity.
Suppose that(X,Y ) ∈ R

2 are jointly observed and we are sure thatY can only
increase ifX increases. Stochastic monotonicity corresponds to infinitely many
constraints of the formPr(Y ≥ y|X = x) ≥ Pr(Y ≥ y|X = x′) for all y and all
x ≥ x′.

A standard technique for imposing unimodality constraints is to impose mono-
tonicity constraints on either side of a modec ∈ R. Whenc is not known, then an
outer loop searching over candidate modes is required.

A widely studied qualitative constraint forX ∈ [0,∞) is thatf has a non-
increasing density. The NPMLE in this setting is known to be a mixture ofU [0, x)
distributions, characterized as the smallest concave function lying above the em-
pirical CDF.

Some results have been obtained for empirical likelihood ratios in inequality
constrained problems. Suppose that a parameterθ ∈ R

p is defined by

E(m(X, θ)) = 0,

wherem(X, θ) ∈ R
p, and consider the hypotheses

H0 : gj(θ) = 0, j = 1, . . . , k, and

H1 : gj(θ) ≥ 0, j = 1, . . . , k,
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wherek ≤ p. The functionsgj may represent all the constraints of the qualitative
feature we are interested in or a judiciously chosen subset of them.

Two statistical problems of interest are the testing ofH1 and the testing ofH0

assuming thatH1 holds. Following parametric likelihood theory, we define

R(θ) = max

{
n∏

i=1

nwi |
n∑

i=1

wim(Xi, θ) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
and then

R0 = max {R(θ) | gj(θ) = 0, j = 1, . . . , k} , and

R1 = max {R(θ) | gj(θ) ≥ 0, j = 1, . . . , k} .
The hypothesisH1 is rejected ifR1 is too small, and assumingH1, the further
constraintH0 is rejected ifR0/R1 is too small.

This poses two new problems for empirical likelihood. The first is how to max-
imize an empirical likelihood subject to inequality constraints. The second is how
to calibrate the likelihood ratios. These issues are described in the references in
Chapter 10.8. Here we summarize the calibration results.

The asymptotic distribution of−2 logR1 is not necessarily chisquared. The
null hypothesis is quite heterogenous. Perhaps the true valueθ0 hasgj(θ0) = 0
for somej, andgj(θ0) > 0, for otherj. There may be as many as2k different
cases to consider. It is known that under mild conditions, forQ > 0,

lim
n→∞Pr(−2 logR1 ≤ Q) =

k∑
i=0

γi Pr(χ2
(i) ≤ Q),

whereγi = γi(θ0) ≥ 0 are weights that sum to1, andχ2
(0) = 0. This limiting dis-

tribution of−2 logR1 is known as a chi-bar squared, often writtenχ̄2. A chi-bar
squared distribution commonly applies to parametric likelihoods in the presence
of inequality constraints. Similarly,

lim
n→∞Pr(−2 log(R0/R1) ≤ Q) =

k∑
i=0

γi Pr(χ2
(k−i) ≤ Q)

with the sameγi(θ0).
Eachγi is a sum of products of probabilities that certain multivariate normal

random variables have no negative components. The normal vectors have mean
zero and it is possible to construct sample estimates of their covariance matrices.

10.6 Nonsmooth estimating equations

Theorem 3.4 allows us to construct tests and confidence regions for parameters
defined through very general estimating equations. Theorem 3.6 justifiesprofiling
out nuisance parameters, but only from smooth estimating equations.

Let θ and a nuisance parameterν be defined throughE(m(X, θ, ν)) = 0 for
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a nonsmooth estimating functionm(X, θ, ν). Then profiling outν raises both
theoretical and numerical challenges.

In this text we have encountered several problems of this type: the interquar-
tile range defined through(3.21), a problem in regression tolerance intervals de-
fined by(4.16)through(4.19), the sensitivity and specificity of logistic regression
(Chapter 4.7), and the difference between medians of censored data.

Some results are known for problems in which the estimating equations are
smoothed, with decreasing smoothness asn → ∞. The theorem below requires
no smoothing:

Theorem 10.1 For i = 1, . . . , k, let Xij ∈ [0,∞) for j = 1, . . . , ni be fail-
ure times from distributionFi. Suppose that allFi have a common medianθ0,
and thatFi is a continuous distribution with densityfi wherefi(θ0) > 0. Let
Yij ∈ [0,∞) be corresponding right censoring times from distributionGi, where
Gi([θ0,∞)) > 0. Assume that allXij and Yij are independent. LetZij =
min(Xij , Yij) andδij = 1Xij≤Yij

, and define

L(F1, . . . , Fk) =
k∏

i=1

ni∏
j=1

F ({Zij})δijF ((Zij ,∞))1−δij

R(θ1, . . . , θk) =
max {L(F1, . . . , Fk) | Fi([θi,∞)) = 1/2, i = 1, . . . , k}

maxF1,...,Fk
{L(F1, . . . , Fk)} ,

andR(θ) = R(θ, θ, . . . , θ). Then−2maxθ logR(θ) → χ2
(k−1) asminni → ∞.

Proof. Naik-Nimbalkar & Rajarshi (1997).

Now suppose thatX1, . . . , Xn ∼ F are independent real random variables with
CDF F(x) = F ((−∞, x]). As usual, the order statistics are denoted byX(1) ≤
. . . X(n). Statistics known asL-estimators can be written asTn =

∑n
i=1 cniX(i)

wherecni =
∫ i/n

(i−1)/n
dG(u). HereG(u) can be a distribution function, or more

generally, a weighted difference of distribution functions,G(u) = c+G+(u) −
c−G−(u), whereG± are distribution functions andc± ≥ 0. The population value
of T is T (F ) =

∫ 1

0
F−1(u)dG(u), whereF−1 = inf{x | F(x) ≥ u}.

For example, when0 < α < 1/2, theα-trimmed mean hasdG(u) = (1 −
2α)−1 if α/2 < u < 1 − α/2 anddG(u) = 0 otherwise. As a second example,
the interquartile range hasc± = 1,G+(u) = 1u≤3/4 andG−(u) = 1u≤1/4.

The empirical likelihood function is

R(θ) = max

{
n∏

i=1

nwi | T
( n∑

i=1

wiδXi

)
= θ, wi ≥ 0,

n∑
i=1

wi = 1

}
,

where we suppose thatT usesF determined fromF in the obvious way.
We suppose here thatdG(u) = g(u) where

∫ 1

0
|g(u)| < ∞. This rules out

the interquartile range, though it can be closely approximated by anL-estimate
satisfying this condition, using smoothed versions ofG± = 1u≤(2±1)/4.
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Theorem 10.2 LetX1, . . . , Xn be IID fromF0. Suppose that for somep ∈ (0,∞),
someM ∈ (0,∞), and somed ∈ (1/6, 1/2) both

|g(u)| ≤M [u(1− u)] 1
p− 1

2+d, and

|F−1(u)| ≤M [u(1− u)]− 1
p

hold for all 0 < u < 1. Then−2 logR(T (F0)) → χ2
(1) asn→ ∞.

Proof. La Rocca (1995a)

10.7 Adverse estimating equations and black boxes

In parametric likelihood settings there can be difficulty in passing from maximiz-
ing the log likelihood

∑n
i=1 log f(Xi; θ), to solving

∑n
i=1m(Xi, θ) = 0. The

set of solutionsθ may include multiple global maxima, local maxima that are not
global maxima, local minima, and saddlepoints. Such equations pose a challenge
for empirical likelihood too, for solutions to

∑n
i=1 wim(Xi, θ) = 0 might not

correspond to unique global maxima of
∑n

i=1 wi log f(Xi; θ) as we would have
hoped.

Parametric likelihood methods have developed the farthest for models in which
solving the likelihood equation does indeed give the maximum likelihood esti-
mate. The most widely used parametric models are those with log concave like-
lihoods, such as the normal distribution, the binomial, and the Poisson. When
log f(X; θ) is concave inθ then so is

∑n
i=1 wi log f(Xi; θ) and so empirical like-

lihood is on firmer ground in these cases, too.
Another big challenge comes from methods such as classification and regres-

sion trees (CART) and projection pursuit regression. These may be thought of as
black boxes that take data in and produce answers. It would be a daunting com-
putational challenge to find the weighting of the data closest to equality for which
a classification tree predictedy0 ∈ R given a feature vectorX0. One reason is
that the method is nonsmooth. A small change in the weighting of the data can
change the shape of the tree and the variables used to split the data. Bootstrap
resampling is ideally suited to computations for black box estimators of this type.
In addition to the computational challenge, the theoretical behavior of the result-
ing likelihood ratio would have to be at least as complicated as that leading to the
chi-bar squared distribution in Chapter 10.5.

10.8 Bibliographic notes

Brown & Chen (1998) study empirical likelihood for an assumed common value
of the mean and median. They prefer the Euclidean log likelihood for this prob-
lem because it allows negative weights and so produces a bounded log likelihood.
Brown & Chen (1998) prefer a smoothed version of the log likelihood ratio. They
discuss robustness and asymptotic normality of the combined mean/median esti-
mator.
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The signed moments are due to Qu (1995). He shows that a location estima-
tor defined as an MELE using a small number of signed moments is nearly fully
efficient compared to some parametric maximum likelihood estimators from sym-
metric distributions. He extends the signed moment arguments to multiple regres-
sion estimators with symmetrically distributed residuals.

The approach in Chapter 10.1 symmetrizes the estimating equations. By con-
trast, Jing (1995a) symmetrizes a data set around its sample mean, then constructs
an empirical likelihood test of whether the resulting2n observations have mean
µ. He obtains aχ2 limit but finds that Bartlett correctability does not hold.

Romano (1988) considers bootstrap versions of permutation tests for symmetry
and independence.

Breiman, Friedman, Olshen & Stone (1984) describe classification and regres-
sion trees. Friedman & Stuetzle (1981) introduce projection pursuit regression.

Zhou (2000) considers a location family in whichXij − µi ∼ F for i =
1, . . . , k andj = 1, . . . , ni. As with symmetry and independence, this location
family constraint corresponds to an infinite number of moment constraints.

Empirical likelihood-t was proposed by Baggerly (1999), who also considers
an entropy version. Baggerly (1999) notes that one price to be paid for escaping
the convex hull is a loss of transformation invariance. Baggerly (1999) reports
some simulations in which the studentized empirical entropy method gives very
good coverage accuracy in small samples. He also applies a Bartlett correction
to those intervals. Bartlett correction of empirical entropy appears in simulations
to make a worthwhile improvement in the coverage error, although it does not
improve the error rate fromO(1/n). Baggerly speculates that this is because the
empirical entropy distance gives relative error ofO(1/n) instead of an absolute
error of that order, pointing to work by Jing, Feuerverger & Robinson (1994).

The discussion of empirical likelihood ratios under inequality constraints in
Chapter 10.5 is based on El Barmi (1996). El Barmi gives expressions for the
weights in theχ̄2 distributions. El Barmi & Dykstra (1994) describe maximiza-
tion of multinomial likelihoods subject to constraints expressed as the intersection
of a finite number of convex sets. Hoff (2000) considers maximizing empirical
likelihoods subject to stochastic monotonicity constraints linking a finite number
of distributions.

Grenander (1956) constructs an NPMLE for a distribution known to have a
monotone density on[0,∞). Groeneboom & Wellner (1992) characterize the re-
sult as the least concave majorant of the empirical CDF. Lindsay (1995) describes
mixture-based methods for this and other statistical problems. Banerjee & Well-
ner (2000) present describe the asymptotics of likelihood ratios under monotonic-
ity constraints. The results are characterized byn1/3 rate asymptotics involving
Brownian motion with quadratic drift. Azzalini & Hall (2000) show how qualita-
tive information can be used to reduce variability. The result can be like having
O(n2/3) extra observations. Although this effect becomes negligible asn → ∞,
the benefit may be substantial at practical sample sizes.

Qin & Zhao (1997) prove a chisquared limit for the difference of two smoothed
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quantiles from two different populations, by extending the arguments of Chen
& Hall (1993) for smoothing of a single quantile. The amount of smoothing ap-
plied to the two quantiles tends to zero as the sample sizes tend to infinity. Naik-
Nimbalkar & Rajarshi (1997) prove Theorem 10.1 without requiring that the un-
derlying statistics be smoothed.

LaRocca(1995a) provesTheorem 10.2, and also considersmoregeneral statis-
tics defined asL estimators applied to valuesh(X(i) whereh is a function of
bounded variation. La Rocca (1995a) shows empirical likelihood ratio curves for
trimmed means of Newcomb’s passage time of light data, and presents some sim-
ulations. La Rocca (1996) obtains aχ2 calibration for the difference between the
trimmed means of two populations.

10.9 Exercises

Exercise 10.1Suppose thatXi are independent random variables from a distribu-
tion with maximum valueθ <∞. That isPr(X ≤ θ) = 1, butPr(X ≤ θ−ε) < 1
for any ε > 0. Let θ̂ = max1≤i≤nXi. Describe how the empirical likelihood
confidence region forθ fails. Invent and describe a nondegenerate approach to
empirical likelihood for the sample maximum.

Exercise 10.2Derive the values ofL1 andL2 given in Chapter 10.1. ForL1,
whenc = Xi what is the value thatwi takes in order to maximize the likelihood?
ForL2, whenc = (Xi +Xj)/2, what is the maximizing value ofwi?

Exercise 10.3Let (X,Y ) ∈ R
2 be from a distributionF that is thought to be

symmetric about the linex cos θ + y sin θ = r.
a) For (x, y) ⊂ R

2, find its reflection(x̃, ỹ) under this symmetry.

b) For i = 1, . . . , n, suppose that(Xi, Yi) are sampled from a continuous
distribution. Consider then + 2 dimensional family of distributions given by
parametersθ, r, and weightswi summing to1/2 that apply equally to(Xi, Yi)
and(X̃i, Ỹi). For almost all lines, the maximum overwi of

∏
i wi is (2n)−n.

Describe geometrically any lines that give a larger likelihood. How much larger
is that likelihood? Do not bother with any kind of line that is not sure to arise
in the sample for large enoughn.

Exercise 10.4Suppose thatF is known to be symmetric about the linex+y = 0
(for which θ = π/4 andr = 0 in the notation of the previous question). Find an
example estimating equationE(m(X,Y, θ)) = 0, for each of the following cases:

a) Imposing the symmetry constraint is degenerate.

b) Imposing the symmetry constraint leaves empirical likelihood unchanged.

c) Imposing the symmetry constraint with empirical likelihood gives some-
thing new.
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Exercise 10.5Construct a family of moment-like estimating equations to use for
testing or imposing approximate symmetry ofF about the linex cos θ+y sin θ =
r.

Exercise 10.6Now suppose thatF is thought to be symmetric about the point
(xc, yc). Construct a set of moment-like estimating equations for imposing ap-
proximate symmetry of this kind.
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CHAPTER 11

Some proofs

This chapter contains some of the proofs of the empirical likelihood theorems.
The arguments presented here are more difficult than the proofs that appear through-
out the text. For the most advanced material the reader is referred to the published
literature, as outlined in Chapter 13.

11.1 Lemmas

This section presents some lemmas needed to prove the ELT’s. They are used to
handle some technical details showing that the Lagrange multiplierλ is asymp-
totically small, and to show that higher order terms in some Taylor series can be
neglected.

A distribution with nondegenerate variance matrix onR
p cannot put all of its

probability on a half space defined as one side of a hyperplane through its mean. A
stronger conclusion is that , for any distribution, there is someε > 0 that provides
a uniform lower bound on the probability of all possible half-spaces defined by
hyperplanes through the mean.

Lemma 11.1 Let F0 be a distribution onRp with meanµ0 and finite variance
matrixV0 of full rankp. LetΘ be the set of unit vectors inRp. Then forX ∼ F0

inf
θ∈Θ

Pr
(
(X − µ0)

′
θ > 0

)
> 0.

Proof. Without loss of generality takeµ0 = 0. Suppose that the infimum above is
0. Then there exists a sequenceθn such thatPr(X ′θn > 0) < 1/n. By compact-
ness ofΘ there is a convergent subsequenceθ∗n → θ∗. LetH = {X | X ′θ∗ > 0}.
Then1X′θ∗

n>0 → 1X′θ∗>0 holds at anyX ∈ H. Now by Lebesgue’s dominated
convergence theorem

Pr (X ′θ∗ > 0) =
∫

H

1X′θ∗>0dF0 (X)

= lim
n→∞

∫
H

1X′θ∗
n>0dF0 (X)

≤ lim
n→∞Pr (X ′θ∗n > 0)

= 0.

SinceX ′θ∗ has mean zero we must also havePr(X ′θ∗ < 0) = 0 from which
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X ′θ∗ = 0 with probability1. ThenVar(X ′θ∗) = 0 contradicting the assumption
onV0.

The next lemma shows that for random variables with a finite variance, the
largest value in a sample of sizen cannot grow to infinity as fast asn1/2.

Lemma 11.2 Let Yi be independent random variables with a common distribu-
tion andE(Y 2

i ) <∞. LetZn = max1≤i≤n |Yi|. ThenZn = o(n1/2).

Proof. SinceE(Y 2
i ) < ∞, we have

∑n
i=1 Pr(Y 2

i > n) < ∞. Therefore, by
the Borel-Cantelli lemma there is probability1 that |Yn| > n1/2 happens only
for finitely manyn. This implies that there are only finitely manyn for which
Zn > n

1/2. A similar argument shows that for anyA > 0, there are only finitely
manyn for whichZn > An

1/2, and hence

lim sup
n→∞

Znn
−1/2 ≤ A

holds with probability1. The probability1 applies simultaneously over any count-
able set of values forA soZn = o(n1/2).

Similarly, a finite variance bounds how fast a sample third moment can diverge
to infinity.

Lemma 11.3 LetYi be independent random variables with common distribution
and suppose thatE(Y 2

i ) <∞. Then

1
n

n∑
i=1

|Yi|3 = o(n1/2).

Proof. Write

1
n

n∑
i=1

|Yi|3 ≤ Zn

n

n∑
i=1

Y 2
i

whereZn = max1≤i≤n |Yi|. The result follows by Lemma 11.2 applied to Zn

and the strong law of large numbers applied to the average ofY 2
i .

The next lemma shows how quickly the probability that the maximum obser-
vation exceedsn1/2 decreases to zero with increasingn.

Lemma 11.4 LetYi be independent random variables with common distribution
and suppose thatE(|Yi|3) < ∞. DefineZn = max1≤i≤n |Yi| and letA > 0.
Then

Pr(Zn > An
1/2) = O(n−1/2).
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Proof.

n1/2 Pr
(
Zn > An

1/2
)
≤ n3/2 Pr

(
|Y1| > An1/2

)
≤ n3/2E

(|Y1|3
)
/(An1/2)3

= A−3E(|Y1|3)
<∞.

11.2 Univariate and Vector ELT

TheunivariateELT, Theorem 2.2, isaspecial caseof thevector ELT, Theorem 3.2,
corresponding to dimension d = 1. In this section we prove Theorem 3.2 of
Chapter 3.

The Lagrange multiplierλ plays a key role in the proof. The proof goes in
stages. First we show thatλ = Op(n−1/2). Then, knowingλ = Op(n−1/2), we
show thatλ = S−1(X̄−µ0)+op(n−1/2), for a certain sample covariance matrix
S. Plugging this expression forλ into the profile empirical log likelihood ratio
statistic, applying a central limit theorem, and verifying that some other terms are
negligible completes the proof.

Proof. [Proof of Theorem 3.2, Vector ELT] Without loss of generality q = p.
Otherwise we can replaceXi by a subset ofq components having a variance of full
rank. Convexity ofCr,n follows easily by the same argument used in Chapter 2 to
show that confidence regions for the univariate mean are intervals.

Let Θ denote theset of unit vectors in R
p. By Lemma11.1

inf
θ∈Θ

F0 ({θ′(X − µ0) > 0}) > 0.

By a version of the Glivenko-Cantelli theorem for uniform convergence over half
spaces

sup
θ∈Θ

|F0({θ′(X − µ0) > 0})− Fn({θ′(X − µ0) > 0})| → 0

with probability1 asn→ ∞. It follows that with probability tending to1 that the
meanµ0 is inside the convex hull ofXi.

When the mean is inside the convex hull of theXi, then there is a unique
set of weightswi > 0 with

∑n
i=1 wi = 1 and

∑n
i=1 wi(Xi − µ0) = 0 for

which
∏n

i=1 nwi is maximized. By the arguments in Chapter 3 these maximizing
weights may be written

wi =
1
n

1
1 + λ′(Xi − µ0)

,
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where the vectorλ = λ(µ0) ∈ R
p satisfiesp equations given by

g (λ) ≡ 1
n

n∑
i=1

Xi − µ0

1 + λ′(Xi − µ0)
= 0. (11.1)

The next step is to bound the magnitude ofλ. Let λ = ‖λ‖θ whereθ ∈ Θ is a
unit vector. Introduce

Yi = λ′(Xi − µ0), and Z�
n = max

1≤i≤n
‖Xi − µ0‖ .

Substituting1/(1 + Yi) = 1− Yi/(1 + Yi) into θ′g(λ) = 0 and simplifying, we
find that

‖λ‖ θ′S̃θ = θ′(X̄ − µ0) (11.2)

where

S̃ =
1
n

n∑
i=1

(Xi − µ0)(Xi − µ0)′

1 + Yi
. (11.3)

Let

S =
1
n

n∑
i=1

(Xi − µ0)(Xi − µ0)′.

Everywi > 0, so1 + Yi > 0 and therefore

‖λ‖ θ′Sθ ≤ ‖λ‖ θ′S̃θ(1 + max
i
Yi)

≤ ‖λ‖ θ′S̃θ(1 + ‖λ‖Z�
n)

= θ′(X̄ − µ0)(1 + ‖λ‖Z�
n),

by (11.2) and so

‖λ‖ (
θ′Sθ − Z�

nθ
′(X̄ − µ0)

) ≤ θ′(X̄ − µ0).

Now σ1 + op(1) ≥ θ′Sθ ≥ σp + op(1), where σ1 ≥ σp > 0 are the largest
and smallest eigenvalues ofVar(Xi). Also by Lemma 11.2, Z�

n = o(n1/2). The
central limit theorem applied to the vector̄X − µ0 implies thatθ′(X̄ − µ0) =
Op(n−1/2). It follows that

‖λ‖ (θ′Sθ + op(1)) = Op(n−1/2),

and hence

‖λ‖ = Op(n−1/2).

Having established an order bound for ‖λ‖, wehave from Lemma 11.2 that

max
1≤i≤n

|Yi| = Op(n−1/2)o(n1/2) = op(1). (11.4)
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Now

0 =
1
n

n∑
i=1

(Xi − µ0)
(
1− Yi + Y 2

i /(1− Yi)
)

= X̄ − µ0 − Sλ+
1
n

n∑
i=1

(Xi − µ0)Y 2
i

1− Yi
. (11.5)

The final term in (11.5) above has a norm bounded by

1
n

n∑
i=1

‖Xi − µ0‖3 ‖λ‖2 |1− Yi|−1 = o(n1/2)Op(n−1)Op(1) = op(n−1/2),

using Lemma 11.1 from which wefind

λ = S−1(X̄ − µ0) + β,

where

β = op(n−1/2).

By (11.4), we may write

log(1 + Yi) = Yi − 1
2
Y 2

i + ηi,

where for some finiteB > 0

Pr(|ηi| ≤ B|Yi|3, 1 ≤ i ≤ n) → 1,

asn→ ∞.
Now we may write

−2 logR (µ0) = −2
n∑

i=1

log(nwi)

= 2
n∑

i=1

log(1 + Yi)

= 2
n∑

i=1

Yi −
n∑

i=1

Y 2
i + 2

n∑
i=1

ηi

= 2nλ′(X̄ − µ0)− nλ′Sλ+ 2
n∑

i=1

ηi

= n(X̄ − µ0)S−1(X̄ − µ0)− nβ′S−1β + 2
n∑

i=1

ηi.

In the limit asn→ ∞,

n(X̄ − µ0)S−1(X̄ − µ0) → χ2
(p)
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in distribution,

nβ′S−1β = nop(n−1/2)Op(1)op(n−1/2) = op(1),

and∣∣∣∣ n∑
i=1

ηi

∣∣∣∣ ≤ B ‖λ‖3
n∑

i=1

‖Xi − µ0‖2 = Op(n−3/2)op(n3/2) = op(1).

Therefore−2 logR(µ0) → χ2
(p) in distribution.

11.3 Triangular array ELT

In this section we prove Theorem 4.1 of Chapter 4.3. The proof follows the same
lines as the proof of the Vector ELT in Chapter 11.2.

Proof. [Proof of Theorem 4.1, Triangular Array ELT] Without loss of generality
we may takeµn = 0 andσ1n = 1, and then seek the asymptotic distribution of
−2 logR(0). This is equivalent to reformulating the problem withσ−1/2

1n (Zin −
µn) in place ofZin. To simplify the notation, we drop the second subscriptn,
usingZi for Zin. Let

V̂n =
1
n

n∑
i=1

ZiZ
′
i.

By assumption(4.4) we may assume that the convex hull ofZi contains the
origin. It then follows by Lagrange multiplier arguments that

R(0) =
n∏

i=1

1
1 + λ′Zi

whereλ = λ(0) is uniquely determined by
n∑

i=1

Zi

1 + λ′Zi
= 0.

Write λ = ‖λ‖θ whereθ′θ = 1. Let

Yi = λ′Zi, and Z� = max
1≤i≤n

‖Zi‖ .

By an argument used in the proof of the Vector ELT, we obtain

‖λ‖
(
θ′V̂ θ − Z�

nθ
′Z̄

)
≤ θ′Z̄.

From assumption(4.5)the variance of each entry in̂Vn tends to zero and so by
Chebychev’s inequalitŷVn − Vn = op(1). Then by assumption(4.6) on Vn, we
obtain

c+ op(1) ≤ θ′V̂ θ ≤ 1 + op(1),
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wherec > 0 is the constant in that assumption.
Assumption(4.5)also implies thatZ�

n = o(n1/2), which in turn implies Linde-
berg’s condition forZi. The central limit theorem applied to the vectorZ̄ implies
thatθ′Z̄ = Op(n−1/2). It follows that

‖λ‖
(
θ′V̂ θ − op(1)

)
= Op(n−1/2),

and hence|λ| = Op(n−1/2).
The rest of the proof follows the same argument as used for the Vector ELT,

and so−2 logR(0) → χ2
(p) in distribution.

11.4 Multi-sample ELT

This section presents a nonrigorous argument that empirical likelihood inferences
have aχ2 calibration in multi-sample settings. For simplicity we consider the case
of two samples and a single estimating equation for a scalar parameter. A rigorous
argument would have to impose explicit moment conditions in order to bound the
Lagrange multiplier, along the lines of the proof in Chapter 11.2 of the vector
ELT.

Let X1, . . . ,Xn ∈ R
p ∼ F0 and Y1, . . . , Ym ∈ R

q ∼ G0, with all ob-
servations independent. Letθ ∈ R

t be defined byE(h(X,Y, θ)) = 0, where
h(x, y, θ) ∈ R

t. For example whenp = q = t, h(X,Y, θ) = X − Y − θ defines
θ as the difference in meansE(X) − E(Y ). Whenp = q = t = 1, the function
h(X,Y, θ) = 1X>Y − θ definesθ as the probability thatX is larger thanY . We
might be interested in testingθ = 0 in the first case andθ = 1/2 in the second
case.

The ANOVA setting of Chapter 4.4 applies to group means and functions of
group means. The setting here is more general in that the expectation in the esti-
mating equation is with respect to both distributions jointly.

The argument below provides aχ2
(t) limit, under some mild assumptions. To

simplify the presentationt = 1 is used, but the argument goes through for general
t with natural modifications. We assume thatmin(n,m) → ∞, and that0 <
E(h(X,Y, θ0)2) < ∞. We also rule out cases such as those whereh(X,Y, θ0)
can be written in the formφ(X)η(Y ) with E(φ(X)) = E(η(Y )) = 0. In such
a case, independence ofX andY implies thatE(h(X,Y, θ0)) = 0, and there is
no need to infer it from data. The extra assumption we will make is that either
E(E(h(X,Y, θ0)|X)2) > 0 orE(E(h(X,Y, θ0)|Y )2) > 0.

The empirical likelihood ratio may be written

R (F,G) =
n∏

i=1

nui

m∏
j=1

mvj

whereF puts weightui onXi andG puts weightvj onYj . We will assume that
ui ≥ 0,

∑n
i=1 ui = 1, vj ≥ 0,

∑m
j=1 vj = 1, so that the empirical likelihood is a
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product of two multinomials, one on each sample. The profile empirical likelihood
ratio function is

R(θ) = max

{
R (F,G) |

n∑
i=1

m∑
j=1

uivjHij (θ) = 0

}

whereHij(θ) = Hij = h(Xi, Yj , θ), and the simplex constraints onui andvj
have been left out to shorten the expression.

Using Lagrange multipliers we find that

ui =
1

n+ λ
∑m

r=1 vrHir

vj =
1

m+ λ
∑n

s=1 usHsj
,

whereλ is defined by
∑n

i=1

∑m
j=1 uivjHij = 0. Introduce the terms

H̄i• =
1
m

m∑
j=1

Hij , H̃i• =
m∑

r=1

vrHrj

H̄•j =
1
n

n∑
i=1

Hij , H̃•j =
n∑

s=1

usHsj ,

andH̄•• = (nm)−1
∑n

i=1

∑m
j=1Hij . Then

ui =
1
n

[
1−

(
λ

n
H̃i•

)
+

(
λ

n
H̃i•

)2

−
(
λ

n
H̃i•

)3

+ · · ·
]
, and

vj =
1
m

[
1−

(
λ

m
H̃•j

)
+

(
λ

m
H̃•j

)2

−
(
λ

m
H̃•j

)3

+ · · ·
]

.

Substituting these values into
∑n

i=1

∑m
j=1 uivjHij = 0, we get

0 = H̄•• − λ
 1
n2m

n∑
i=1

m∑
j=1

HijH̃i• +
1
nm2

n∑
i=1

m∑
j=1

HijH̃•j


+ λ2

 1
n3m

n∑
i=1

m∑
j=1

HijH̃
2
i• +

1
nm3

n∑
i=1

m∑
j=1

HijH̃
2
•j+

1
n2m2

n∑
i=1

m∑
j=1

HijH̃i•H̃•j

 + · · · .
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Ignoring higher terms inλ, we findλ
.= D−1H̄•• where

D =
1

n2m2

n∑
i=1

m∑
j=1

Hij

m∑
r=1

Hir +
1

n2m2

n∑
i=1

m∑
j=1

Hij

n∑
s=1

Hsj .

In finding thisD, the term

H̃i• = H̄i• − λ

m2

m∑
r=1

HirH̃•r

has been replaced bȳHi•, andH̃j• has been replaced bȳHj•, with the differences
being absorbed into the coefficient ofλ2.
Now keeping terms up to orderλ2 in the profile empirical log likelihood func-

tion, we find

−2 logR (θ0) = 2
n∑

i=1

log
(

1 +
λ

n
H̃i•

)
+ 2

m∑
j=1

log
(

1 +
λ

m
H̃•j

)
.= 2

n∑
i=1

(
λ

n
H̃i• − 1

2

(
λ

n
H̄i•

)2
)

+ 2
m∑

j=1

(
λ

m
H̃•j − 1

2

(
λ

m
H̄•j

)2
)

.

ReplacingH̃ ’s by correspondinḡH ’s and keeping terms to orderλ2, we get

−2 logR (θ0)
.= 2

n∑
i=1

λ

n
H̄i• − 2λ2

m2

m∑
r=1

H̄2
•r −

n∑
i=1

(
λ

n
H̄i•

)2

+ 2
m∑

j=1

λ

m
H̄•j − 2λ2

n2

n∑
s=1

H̄2
s• −

m∑
j=1

(
λ

m
H̄•j

)2

= 4λH̄•• − 3λ2

(
1
n2

n∑
i=1

H̄2
i• +

1
m2

m∑
j=1

H̄2
•j

)
.= H̄2

••
(
4D−1 − 3KD−2

)
,

where

K =
1
n2

n∑
i=1

H̄2
i• +

1
m2

m∑
j=1

H̄2
•j .

To complete the argument, we need to show thatH̄••, suitably scaled, is asymp-
totically normally distributed and that the coefficient4D−1 − 3KD−2of H̄2

•• is
a consistent estimator of the suitably scaled variance. To make this argument, we
introduce an ANOVA decompositionh(X,Y, θ0) = A(X) + B(Y ) + C(X,Y ).
HereA(X) = E(h(X,Y, θ0) | X), B(Y ) is defined similarly andC is found
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by subtraction. We haveE(C(X,Y ) | X) = E(C(X,Y ) | Y ) = 0, and
E(A(X)) = E(B(X)) = 0. Let σ2

A = E(A(X)2), σ2
B = E(B(X)2), and

σ2
C = E(C(X,Y )2). These components are uncorrelated:E(AB) = E(AC) =

E(BC) = 0.
Now

H̄•• =
1

nm

n∑
i=1

m∑
j=1

Ai + Bj + Cij

has mean0 and variance

σ2
A

n
+

σ2
B

m
+

σ2
C

nm
.

The expected value ofD is

E (D) =
σ2

A

n
+

σ2
B

m
,

and the expected value ofK is

E (K) =
σ2

A

n
+

σ2
B

m
+

σ2
A + σ2

B + 2σ2
C

mn
.

Under mild moment conditionsD andK approach their expectations with small
relative errors, asm,n → ∞, and so(

4D−1 − 3KD−2
)
V

(
H̄••

)
.=

(
σ2

A

n
+

σ2
B

m
+

σ2
C

nm

)(
σ2

A

n
+

σ2
B

m
− 3

σ2
A + σ2

B + 2σ2
C

mn

)(
σ2

A

n
+

σ2
B

m

)−2

→ 1,

asmin(n,m) → ∞. This final limit also relies on the condition that at least one
of σ2

A andσ2
B is positive. Ifσ2

A = σ2
B = 0, thenE(h(X,Y, θ0)) = 0 follows, as

remarked above, from the independence ofX andY .
From this it follows that empirical likelihood on two independent samples has

an asymptoticχ2
(1) distribution, for inferences onθ defined byE(h(X,Y, θ)) = 0.

We needed to havemin(n,m) → ∞, but there was no need to have them grow
at the same rate. Also, the second momentE(h(X,Y, θ)2) must be finite to allow
the ANOVA decomposition, and positive to get a central limit theorem forH̄••.

11.5 Bibliographic notes

The proof of the vector ELT is taken from Owen (1990b). The triangular array
ELT is from Owen (1991). A univariate ELT was proved in Owen (1988b) for
the mean, as well as for someM -estimates and statistics defined as (Fréchet)
differentiable functions ofF .
The basic strategy of forcingλ to be small and then making Taylor expansions

is also used by Jing Qin in his dissertation (Qin 1992) and in subsequent papers.
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For smooth estimating equations Qin (1992) assumes that‖m(x, θ)‖3 ≤ M(x)
uniformly in a neighborhood ofθ0 with E(M(X)) < ∞. Along with a few other
conditions, having− logR(θ) smaller than a certain multiple ofn1/3 forces‖θ−
θ0‖ ≤ n−1/3. Then Taylor expansions of the log likelihood can be made in(λ, θ)
around(0, θ0) jointly.
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CHAPTER 12

Algorithms

This chapter describes how to approach the optimization problems posed by em-
pirical likelihood. The emphasis is on computing the empirical likelihood, for
statistics defined through estimating equations, with nuisance parameters and side
constraints. Much of the discussion carries over to other nonparametric likeli-
hoods.
Several optimization methods are presented. Choosing a method entails some

trade-offs. The Newton-Lagrange algorithm appears to be fastest. A nested search
algorithm is slower but more reliable. The most reliable algorithm tried so far is
sequential quadratic programming, using the NPSOL code (see Chapter 12.7).
It also handles censoring and truncation in a direct way. But NPSOL is slower
than special purpose code could be, because for problems without censoring or
truncation, the Hessian is very sparse and NPSOL does not exploit that sparsity.
Sequential linearization methods appear to be both fast and reliable, but they only
compute an approximation to the desired likelihood. An approach based on range
space methods has the potential to be as reliable as sequential quadratic program-
ming, but much faster.
There is also a choice of which likelihood to use. The empirical likelihood re-

spects range restrictions on parameters and is transformation invariant, but only
provides positive likelihood if0 is in the convex hull ofm(Xi, θ). This convex
hull constraint may be unduly restrictive whenn is small, or the number of param-
eters is large. Alternatives such as the Euclidean likelihood can escape the convex
hull, but do not obey range constraints. The empirical likelihood-t approach from
Chapter 10.4 has some attractive properties, but it has not as yet been thoroughly
explored. Empirical entropy methods do not escape the convex hull, but they do
allow distributions with weight0 on one or more data points to contribute to the
confidence region.
Numerical searches typically require starting values in order to succeed. Usu-

ally the MLE θ̂ corresponds to solving the estimating equations with equal weight
on every observation, and for most statistics of interest we can findθ̂ by some
pre-existing algorithm. The profiles and hypothesis tests of interest are best found
through a sequence of optimization problems starting atθ̂. There can also be a
need to rescale the problem. A cubic regression ofY onX/1000 may succeed
where a cubic regression onX fails. Similarly, a B-spline basis is a better choice
than the truncated power spline basis when one wants a spline.
For this text, it was desired to use exact likelihood computations instead of the
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approximate ones, and NPSOLwas used, except for some problemswith quantiles
that allow special methods. In the author’s experience NPSOL has never failed to
compute the empirical likelihood, if̂θ has been available, though sometimes the
problemmust be rescaled. NPSOL often succeeds withoutθ̂. For smalln it is best
to use NPSOL directly, while for largern, speed considerations lead to the use of
NPSOL in the outer problem of the nested algorithm described in Chapter 12.3.
While NPSOL was reliable without using explicit second derivatives, an algo-
rithm using those derivatives might be faster or might be less sensitive to starting
values and scaling.

12.1 Statistical tasks

The inferential problems to be addressed are testing hypotheses, computing max-
imum empirical likelihood estimates (MELE’s), profiling likelihood ratio func-
tions, and finding confidence sets.
The basic chore in all of these tasks is to maximizeR(F ) =

∑n
i=1 log(nwi)

subject to constraints

wi ≥ 0,
n∑

i=1

wi = 1,

n∑
i=1

wim(Xi, θ, η) = 0,

C(θ, η, γ, δ) = 0.

The second last equation describes the estimating equations, defined in terms of
observationsXi, the parameter vectorθ, and another parameter vectorη not pre-
viously discussed. For autoregressive models described in Chapter 8.2,m also
depends on the indexi, but we suppress that dependence here for simplicity of ex-
position. There are also side constraints onθ andη expressed through the vector-
valued functionC of θ, η, and two new parameter vectorsγ andδ.

It is assumed that the estimating functionm can be differentiated at least once
with respect to the components ofθ, but not necessarily with respect toη. Opti-
mization with respect to components ofθ may then be approached by standard
smooth function optimization methods, but components ofη are either not to be
optimized over, or must be optimized over by other means, such as grid searches.
For example, a tail probability could be a part ofθ, while the corresponding quan-
tile would be part ofη. As a more complicated example, a conditional quantile
may be expressed through

m(X, θ, η) = I(Xη1 = η2)(I(Xη3 ≤ η4) − θ1),

where to avoid deeply nested subscripts,1A has been written asI(A). Condi-
tionally on componentη1 of X ∈ R

d taking the valueη2, componentη3 of X
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has quantileη4 with corresponding tail probabilityθ1. We might optimize overθ1

with η fixed, or optimize overη4 with θ1 and the rest ofη fixed. For a given data
set there may not be a need to optimize overη2, or especially over the indicesη1

andη3.
The functionC describes constraints on the parametersθ andη, introducing

two new parameter vectorsγ andδ. We assume thatC is differentiable at least
once with respect toγ (andθ), but not necessarily with respect toδ (or η). The
reason to keepC separate fromm is that it does not depend onXi. The function
C has to be computed only once wherem has to be computedn times. Ifn is large
or C is expensive, the time saving can be large. An example of a side constraint
is that a linear combination ofθ values takes a particular value:

C =
p∑

j=1

θjγj − γp+1 = 0.

If γp+1 is supposed to be a response variable for observationi then we can use
γ1, . . . , γp andδ1 = i, and encode the constraint as

∑p
j=1 θjγj − Yδ1 .

A hypothesis test may be conducted by solving the problem above with some
part of the list(θ, η, γ, δ) fixed at defining values and the rest of it free to vary.
The same problem arises in computing anMELE. To profile one or moremembers
of the list (θ, η, γ, δ), we conduct a sequence of hypothesis tests, in which some
parameter components are frozen permanently at defining values, others change
as we step through the sequence of hypothesis tests but are fixed in any one test,
while the remainder are optimized over in each hypothesis test.
A confidence region is most easily found by computing a profile, and observing

where the profile likelihood ratio function is above a threshold used for the con-
fidence region. For a confidence interval the problem may also be approached by
alternately maximizing and minimizingθj (or γj) subject to constraints including∑n

i=1 log(nwi) ≥ log(r0).
To compute a univariate profile ofθj , ηj , γj , or δj , we start at the MLE (or

MELE) and solve a sequence of problems in which the parameter increases by
steps. Then we return to the starting point and solve a sequence of problems in
which the parameter decreases in a sequence of steps. The steps continue until
either the desired range is covered, or the likelihood has fallen below a threshold.
Suppose thatθ1 has been profiled by maximizing empirical likelihood withθ1

fixed at valuesθ1(g) for a grid indexed byg = 1, . . . , G. The profile trace contains
the record of concomitant values

(θ(g), η(g), γ(g), δ(g),R(g)), g = 1, . . . , G,

and possibly other quantities of interest, as computed during the optimizations.
For some parametersηj andδj , such as observation component indices, a pro-

file is not statistically meaningful. In other settings a profile can be used to gen-
erate the MLE of a curve. For example, ifθ1 is a tail probability corresponding
to a quantileη1 then profilingη1 generates the empirical CDF in the profile trace
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(θ1(g), η1(g)). Of course, the CDF is easy to compute directly. But if we seek a
CDF subject to some other estimating equation constraints, then computing it by
profiling the quantile is attractive.
A bivariate profile may be computed by a sequence of problems in which the

point (θj , θk) varies over a grid in the plane. The boundaries of this grid may
be chosen after inspecting the two uni-parameter profiles to find the ranges of
interest. It is advantageous to use a grid that contains the MLE(θ̂j , θ̂k), which
we take as the origin of the grid. Starting at the origin, we compute the empirical
likelihood function outward in each of the four axis directions, with the solution
at each grid point supplying starting values for the next one out. For every other
cell in the grid define its predecessor as the cell that is one unit towards the MLE
in the j direction and one unit towards the MLE in thek direction. These other
cells can be visited in any order at all, so long as each cell is visited after its
predecessor has been visited. This iteration allows starting values to be taken from
the predecessors. If we anticipate a unimodal likelihood, then some speed can be
gained by not computing at a cell whose predecessor had a very small likelihood.
The iteration above is how the bivariate profiles for this text were computed.

Profiles of(γj , γk) or (θj , γk) are similar to the ones described above. Profiles
involving statistically meaningful quantitiesηj or δk might be approached this
same way. Having computed the empirical log likelihood on a grid, the resulting
values can be used in contour plots and perspective plots.
Some other strategies may be necessary to follow very twisty or narrow con-

fidence regions, especially those from undetermined parameter vectors. It might
also be faster to find and follow the contours of interest directly.

12.2 Smooth optimization

This section surveys numerical optimization of smooth functions. The texts cited
in the bibliographic notes of Chapter 12.7 provide more detail. Parameters likeη
andδ are assumed to be fixed during any smooth optimization. Accordingly, we
absorbη andδ into the definitions ofm andC.
Basic smooth optimization methods are variations of Newton’s method. They

typically converge to local minima. If, however, the function is known to be con-
vex, then a local minimum is a global one, and if the function is strictly convex,
then a local minimum is the unique global minimum.
Let f(x) be a real-valued function overx ∈ R

p, and suppose thatf is twice
continuously differentiable. The gradient off is

g(x) =
∂

∂x
f(x),

interpreted here as a column vector, and the Hessian off is

H(x) =
∂2

∂x∂x′ f(x),

ap by p matrix of second order partial derivatives off .
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The basic method for optimizingf is Newton’s method. Starting with a value
x0, the Newton iteration takes

xk+1 = xk −H(xk)−1g(xk), k ≥ 0.

To simplify the notation, writeHk = H(xk) andgk = g(xk). The typical be-
havior for Newton’s method is quadratic convergence to a solutionx∞ of the
equationsg(x) = 0, if x0 is close enough tox∞. Quadratic convergence means
that lim supk→∞ ‖xk+1 − x∞‖/‖xk − x∞‖2 ∈ (0,∞). Roughly speaking, the
number of correct bits or digits inxk+1 is twice the number inxk. It is not un-
common for Newton’s method to require only four or five iterations to converge
in double precision.
The simplest version of Newton’s method is not reliable. One problem is that

Newton’s method converges quadratically to a solutionx∞ that could be a local
minimum, a local maximum, or a saddlepoint off . A second problem is that if
Hk is nearly singular, then a very large step can be taken and the algorithm might
never recover.
The simplest usable versions of Newton’s method apply some checks to the

valuexk − H−1
k gk before accepting it asxk+1. A step-halving approach takes

xk+1 = xk+1,r = xk−2−rH−1
k gk wherer is the smallest nonnegative integer for

whichf(xk+1,r) < f(xk). A variant is to takexk+1,r = xk − [Hk +λrDk]−1gk,
whereλr is an increasing sequence of nonnegative numbers, andD is a positive
definite matrix such as the identity or perhaps the diagonal ofHk. This general-
izes the Levenberg-Marquardt method, familiar in nonlinear least squares. Asr
increases, the step[Hk + λrDk]−1gk becomes shorter, and ifD = I it becomes
more nearly parallel to the steepest descent direction−gk.
More sophisticated step reduction approaches insist on a sufficient decrease in

f . The decrease inf must be comparable to that predicted through a quadratic
Taylor approximationf

.= fk + (x − xk)′gk + (x − xk)′Hk(x − xk)/2. If the
decrease is not comparable, then the Taylor approximation is called into question
for the vectorxk+1,r, and a shorter vectorxk+1,r+1is tried.
When the Hessian is expensive to compute or difficult to program, then quasi-

Newton methods are often used. Quasi-Newton methods do not compute the Hes-
sian, but approximate it instead by using the computed values ofgk. If xk+1 is
close toxk thengk+1 − gk is approximatelyH ′

k+1(xk+1 − xk). Starting with an
approximationH0 such as the identity matrix, each new gradient valuegk+1 that
is observed is used to make an update toHk+1 so that

(xk+1 − xk)′H ′
k+1(xk+1 − xk) = (xk+1 − xk)′(gk+1 − gk),

makingHk+1 consistent with the gradient information from stepk + 1.
In some cases the Hessian is simply too large to store, whether exactly or ap-

proximately. If sparse methods are not available, then the method of conjugate
gradients is a candidate.
Constrained optimization is a much deeper topic than unconstrained optimiza-

tion. A brief sketch of the subject is given below. The reader may consult refer-
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ences in Chapter 12.7 for more details. We only consider general smooth nonlin-
ear equality constraints, as these are the kind that arise in most empirical likeli-
hood problems. Special methods exist to exploit simpler cases such as bounds on
parameters or linear constraints. Other specialized methods have been developed
for inequality constraints.
Minimization of f(x) subject to nonlinear equality constraintsc(x) = 0, is

usually organized around the Lagrangian

G(x, λ) = f(x) + λ′c(x).

The constrained optimum is described by valuesx andλ with ∂G/∂x = 0 and
∂G/∂λ = 0. If we knew the Lagrange multiplierλ, then the solution would be a
stationary pointx with ∂G(x, λ)/∂x = 0. The stationary point is not necessarily
a minimum ofG(·, λ).
Augmented Lagrangian methods replaceG byGρ = G + (ρ/2)c(x)′c(x) for

someρ > 0. Some versions use a differentρi for each constraint inc(x). For large
enoughρ, the constrained optimum is a local minimum ofGρ. The augmented
Lagrangian works better than simplistic penalty methods that seek to minimize
Pρ = f(x)+(ρ/2)c(x)′c(x), because these latter requireρ → ∞ and the Hessian
of Pρ becomes badly conditioned for largeρ.
Sequential quadratic programming (SQP) methods may be applied to the aug-

mented Lagrangian function. In SQP, givenλ andρ, the functionGρ(x, λ) is ap-
proximated by a quadratic inx, and the constraintc(x) is approximated as a linear
function inx. A solution is sought minimizing the quadratic function subject to
linear constraints.
Practical implementations of SQPmust havemeans for detecting defective sub-

problems, such as those that are unbounded below due to an indefinite Hessian.
Augmented Lagrangian methods must also have methods for updatingρ andλ.
The convergence rate forx is limited by that ofλ.

The NPSOL software uses sequential quadratic programming with an aug-
mented Lagrangian. The user of the code needs to provide starting values, rou-
tines to computef andc, and ideally, routines to compute gradients off andc
with respect tox.

12.3 Estimating equation methods

Here we consider optimization of empirical likelihood subject to a constraint fix-
ing some but not all of the parameters in the estimating equation. This formulation
is the most commonly used one in this text. The parameters that are free to vary
in the optimization may be nuisance parameters that had to be introduced in order
to define the parameters of interest. Other times all the parameters are of interest,
but each one becomes free to vary when one or more others are being profiled.
Suppose that the data areXi ∈ R

d, for i = 1, . . . , n. Suppose that the esti-
mating equation of interest isE(m(X, θ, ν)) = 0. The nonsmooth parameterη
from Chapter 12.1 has been absorbed into the definition ofm. The parameterθ
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from there has been split into two pieces. The parameters fixed for the inference
have remained inθ ∈ R

p, while the freely varying parameters are now taken to
be components ofν ∈ R

q. Assume thatm(X, θ, ν) ∈ R
p+q.

We wish to compute

R(θ) = max
ν

R(θ, ν).

where

R(θ, ν) = max

{
n∏

i=1

nwi |
n∑

i=1

wim(Xi, θ, ν) = 0, wi ≥ 0,
n∑

i=1

wi = 1

}
.

The value ofR(θ, ν) can be found by solving the numerical problem for simple
hypotheses, by iterated least squares as described in Chapter 3.14. The convex
dual representation from that chapter allows us to write

logR(θ) = max
ν

min
λ

L�(λ, θ, ν), (12.1)

where

L�(λ, θ, ν) = −
n∑

i=1

log�(1 + λ′m(Xi, θ, ν)), (12.2)

and

log� (z) =
{

log (z) , if z ≥ ε
log (ε) − 1.5 + 2z/ε− z2/(2ε2), if z ≤ ε,

(12.3)

for some smallε > 0.
The point of replacinglog by log� is that it frees us from imposing the con-

straintswi ≥ 0. The functionL is twice continuously differentiable inλ, and for
eachν, it is convex inλ. If we know thatmaxi nwi ≤ A at the solution, then we
can chooseε = A−1 and get the same solution usinglog� without constraints onλ
as wewould get usinglogwith constraintswi = (1/n)(1+λ′m(Xi, θ, ν))−1 ≥ 0.
In Chapter 3.14 we usedε = 1/n, becausewi ≤ 1 at the solution. Larger values
of ε might improve the condition of the Hessian with respect toλ of L�, without
affecting the asymptotic validity of the empirical likelihood inferences. See the
discussion around equation(3.39).
A nested algorithm uses a literal interpretation of the maximin formulation

(12.1). The inner stage is to minimizeL�(λ, θ, ν) over λ for fixed values ofθ
andν. Letλ(θ, ν) be the minimizing value ofλ. The outer stage is to maximize

M� (ν, θ) ≡ L�(λ(θ, ν), θ, ν)

overν. The parameterθ remains fixed.
At the inner stage of the nested algorithm we may required the first and second

partial derivatives:

L
λ
� ≡ ∂

∂λ
L� and L

λλ
� ≡ ∂2

∂λ∂λ′L�.
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At the outer stage, we may need

M
ν
� (ν, θ) =

∂

∂ν
L�(λ(θ, ν), θ, ν), and

M
νν
� (ν, θ) =

∂2

∂ν∂ν′ L�(λ(θ, ν), θ, ν).

Expressions for all of these partial derivatives are given in Chapter 12.4.
IdeallyM

νν
� should be negative definite, or at least negative semidefinite. This

indeed holds for large enoughn, well-posed estimating equations, and values of
ν andθ that are not extreme. ButM� can fail to have a negative definite Hessian
in practice. The outer optimization in the nested algorithm is more difficult than
the inner one because of this feature.
Sophisticated optimization code takes account of the possibility that the Hes-

sian might not be definite. For minimization problems, such as minimizing−M�,
the target function should have positive curvature along all linear paths. Direc-
tions of negative curvature tend to be promising because they may lead further
downhill. For empirical likelihood problems we do not have to worry about the
objective function−M� being unbounded below, so the situation is simpler than
for some other optimization problems.
Figure12.1 illustrates thisproblem. Theexample is taken fromHuber’s robust

location and scale estimator as applied to the passage time of light data in Chap-
ter 3.12. Suppose thatθ is the scale parameter andν is the location parameter. As
θ is reduced from the MLE it becomes harder to find the optimizingν. Imagine a
hiker starting at theMLE in Figure 12.1 on ahill with contours equal to the em-
pirical likelihood function. In each step in the profiling ofθ, the hiker is instructed
to step one meter south, and then move to the highest point possible on the present
line of latitude. At first there is a local maximum inν at eachθ. The hiker can
follow a ridge. Eventually, however, the hiker encounters aθ for which there is a
local minimum ofν between two local maxima corresponding to two ridges.
The profile trace in Figure 12.1 was found by NPSOL. For small values of

the scale parameterθ there are two ridges inν. NPSOL found the higher ridge,
though perhaps it overstepped before finding it. The ideal path may be one where
the profile traceν(θ) has a discontinuity in it. For very small values ofθ there are
a great many ridges, but these correspond to exceedingly smallR values that are
not in any reasonable confidence set.
The expression(12.5) for M

νν
� is a sum of two terms, one negative definite,

and one not. For problems of maximizing a Gaussian log likelihood for nonlinear
least squares, a similar phenomenon occurs. The Gauss-Newton algorithm for
nonnegative least squares simply uses the definite term and ignores the other one.
A similar algorithm may improve the outer loop in the nested algorithm, but there
will still be a difficulty if the gradientMν

� is zero at a non-optimal value ofν. For
this reason, a sophisticated algorithm like NPSOL is recommended for the outer
optimization.
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Figure 12.1The contours are for the empirical likelihood ofµ andlog σ for Huber’s robust
location andscale estimates applied to the passage time of light data. This example was
discussed in Chapter 3.12. Contour levels correspond to logR(µ, σ) from−1 to−7 by
steps of−1. The solid point is at(µ̂, log σ̂). The dotted path contains points of the form
(µ(σ), logσ) whereµ(σ0) maximizes empirical likelihood subject toσ = σ0.

A non-nested approach is to solve the equations(
L

λ
�

L
ν
�

)
= 0 ∈ R

p+q

jointly for λ andν. HereL
ν
� is the partial derivative ofL� with respect toν, given

in Chapter 12.4.
The Newton-Lagrange algorithm is to apply Newton’s method for solving these

equations. This algorithm will converge quadratically, if started close enough to
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the solution. The advantage in this approach is that it can be faster than a nested
method. A nested method may expend a lot of effort optimizingλ for values of
ν that are not nearly optimal. When quadratic convergence holds, it is typical to
require4 or 5 iterations of a non-nested algorithm. By comparison, a nested al-
gorithm would require4 or 5 outer iterations and16 to 25 inner iterations. The
speed advantage is smaller than this argument would suggest because the estimat-
ing equationsm(Xi, θ, ν) and their derivatives do not need to be recomputed at
each inner iteration.
The Hessian matrix for this Newton-Lagrange approach is(

L
λλ
� L

λν
�

L
νλ
� L

νν
�

)
,

once again using partial derivatives from Chapter 12.4.
Step reduction for the Newton-Lagrange method is quite difficult. It is harder to

measure progress towards a constrained optimum than towards an unconstrained
one. A step that improves the objective function might also increase the violation
of one or more constraints. A hybrid algorithm can give good results. The hybrid
starts with Newton-like methods to solve the equations above, and then if the
problem appears ill conditioned, it switches over to the nested algorithm.

12.4 Partial derivatives

Here we present the partial derivatives required by the optimization algorithms of
Chapter 12.3 withL�(λ, θ, ν) defined at(12.2). Some optimization software does
not require second derivatives. The second derivatives have more complicated
expressions than the first derivatives. They are presented here because analytic
second derivatives can lead to more reliable optimization.
The partial derivatives ofL�(λ, θ, ν) require derivatives of the functionlog∗(z).

The first two derivatives oflog∗(z) are

log(1)
� (z) =

d

dz
log�(z) =

{
1/z, if z ≥ ε
2/ε− z/ε2, if z ≤ ε,

and

log(2)
� (z) =

d2

dz2
log�(z) =

{ −1/z2, if z ≥ ε
−1/ε2, if z ≤ ε.

Forwi ≤ ε−1/n, we havezi = 1 + λ′m(Xi, θ, ν) ≥ ε/n, and

log(1)
� (zi) = nwi

log(2)
� (zi) = − (nwi)

2
.

To make some expressions shorter and more intuitive we defineŵi = ŵi(θ, ν)
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andw̃i = w̃i(θ, ν) through

log(1)
� (1 + λ′m(Xi, θ, ν)) = nŵi (12.4)

log(2)
� (1 + λ′m(Xi, θ, ν)) = −(nw̃i)2.

Ordinarilywi ≤ ε−1/n, and thenŵi = w̃i = wi.
The partial derivatives ofL� that we need are:

L
λ
� =

∂

∂λ
L�(λ, θ, ν), L

λλ
� =

∂2

∂λ∂λ′ L�(λ, θ, ν),

L
ν
� =

∂

∂ν
L�(λ, θ, ν), L

νν
� =

∂2

∂ν∂ν′ L�(λ, θ, ν),

and

L
νλ
� =

∂2

∂λ∂ν′ L�(λ, θ, ν).

These are of dimensionp, p × p, q, q × q, andq × p, respectively. Of course,
L

λν
� is the transpose ofLνλ

� . By straightforward calculus,

L
λ
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))m(Xi, θ, ν)

= −
n∑

i=1

nŵim(Xi, θ, ν)

and

L
λλ
� = −

n∑
i=1

log(2)
� (1 + λ′m(Xi, θ, ν))m(Xi, θ, ν)m(Xi, θ, ν)′

=
n∑

i=1

(nw̃i)
2
m(Xi, θ, ν)m(Xi, θ, ν)′.

This Hessian is positive semidefinite and grows proportionally ton, assuming
that w̃i is roughly1/n. It is typical for the curvature in a parametric log likeli-
hood ratio to grow proportionally ton. Hereλ is a Lagrange multiplier and does
not correspond to a tangible parameter of the data distribution. It is however the
parameter in the dual likelihood. The fact that the curvature grows proportion-
ally to n is a consequence of the scaling chosen when the problem was set up in
equation(3.32).
For derivatives with respect toν we introduce the(p + q) × q matrix

mν(Xi, θ, ν) =
∂

∂ν
m(Xi, θ, ν)

of partial derivatives of thep + q estimating equations with respect to theq free
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parameters. Now

L
ν
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)′λ

= −
n∑

i=1

nŵimν(Xi, θ, ν)′λ,

and

L
νλ
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)

−
n∑

i=1

log(2)
� (1 + λ′m(Xi, θ, ν))mν(Xi, θ, ν)′λm(Xi, θ, ν)′

= −
n∑

i=1

nŵimν(Xi, θ, ν)

+
n∑

i=1

(nw̃i)
2
mν(Xi, θ, ν)′λm(Xi, θ, ν)′.

Differentiating twice with respect toν requires second derivatives ofm with
respect toν. There is a(p+q)×q×q array of such derivatives. To keep within the
usual matrix notation, we introduce an indexj = 1, . . . , p + q for the estimating
equations. That is,

λ′m(Xi, θ, ν) =
p+q∑
j=1

λjm
j(Xi, θ, ν).

Introduce

mj
ν ≡ ∂

∂ν
mj(Xi, θ, ν), mj

νν ≡ ∂2

∂ν∂ν′m
j(Xi, θ, ν),

of dimensionsq andq × q, respectively. Now

L
νν
� = −

n∑
i=1

log(1)
� (1 + λ′m(Xi, θ, ν))

p+q∑
j=1

mj
νν(Xi, θ, ν)

−
n∑

i=1

log(2)
� (1 + λ′m (Xi, θ, ν))

(
p+q∑
j=1

λjm
j
ν

)(
p+q∑
j=1

λjm
j
ν

)′

= −
n∑

i=1

nŵi

p+q∑
j=1

λjm
j
νν(Xi, θ, ν)

+
n∑

i=1

(nw̃i)
2
m′

νλλ
′mν .
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Next we develop expressions for the derivatives ofM�. We need

∂λ

∂ν
=

∂

∂ν
λ(θ, ν),

a (p + q) × q matrix of partial derivatives. The chain rule gives

M
ν
� (ν, θ) =

(
∂λ

∂ν

)′
L

λ
� + L

ν
� = L

ν
� ,

becauseLλ
� = 0 at the minimizerλ(θ, ν). Similarly,

M
νν
� (ν, θ) =

(
∂λ

∂ν

)′
L

λλ
�

(
∂λ

∂ν

)
+ 2

(
∂λ

∂ν

)′
L

λν
� + L

νν
� .

From a local quadratic approximation toL� we may find that

∂λ

∂ν
= − (

L
λλ
�

)−1
L

λν
� ,

so that

M
νν
� (ν, θ) = L

νν
� − L

νλ
�

(
L

λλ
�

)−1
L

λν
� . (12.5)

Optimization overν is easier ifMνν
� is negative definite. The second term in

(12.5) is negative semidefinite, but the first termLνν
� might not be. Forλ =

Op(n−1/2) andnŵi andnw̃i both near1, we expectLνν
� = Op(n−1/2), and

L
νλ
� = L

λλ
� = O(n). ThenM

νν
� isO(n) and dominated by a negative semidefi-

nite term.

12.5 Primal problem

The primal problem is to maximize
∑n

i=1 log(nwi), subject to the constraints
wi ≥ 0,

∑n
i=1 wi = 1, and

∑n
i=1 wim(Xi, θ, ν) = 0, without first encoding then

dimensional vector of weights through a Lagrangemultiplier. The free variables in
the primal problem areui = nwi, i = 1, . . . , n, andν ∈ R

q. We work withui =
nwi because they are of order1 asn increases. As with the dual problem, we can
replacelog(ui) by log�(ui) instead of or in addition to imposing the constraints
ui ≥ 0. The Lagrangian is

P�(u, θ, ν, λ, γ) =
n∑

i=1

log�(ui) + λ′
n∑

i=1

uim(Xi, θ, ν) + γ

( n∑
i=1

ui − n

)
,

for u ∈ R
n, λ ∈ R

r, with r = p + q, θ ∈ R
p fixed, ν ∈ R

q, andγ ∈ R. Now
instead of expressingui in terms ofλ, we work directly withn + r + q + 1 free
variables inu, λ, ν, andγ.
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The gradient and Hessian may be written in obvious notation as
P

u
�

P
λ
�

P
ν
�

P
γ
�

 and


P

uu
� P

uλ
� P

uν
� P

uγ
�

P
λu
� P

λλ
� P

λν
� P

λγ
�

P
νu
� P

νλ
� P

νν
� P

νγ
�

P
γu
� P

γλ
� P

γν
� P

γγ
�


of dimensions

n× 1
r × 1
q × 1
1 × 1

 and


n× n n× r n× q n× 1
r × n r × r r × q r × 1
q × n q × r q × q q × 1
1 × n 1 × r 1 × q 1 × 1

 .

In most problemsn is much larger thanr + q + 1, and so the componentsPuu
�

comprise most of the Hessian.
The derivatives with respect toui are

∂

∂ui
P� = log(1)

� (ui) + λ′m(Xi, θ, ν) + γ

= −ûi + λ′m (Xi, θ, ν) + γ,

whereûi = nŵi, defined at(12.4), and

∂2

∂ui∂uj
P� = log(2)

� (ui)1i=j = −ũ2
i 1i=j ,

whereũi = nw̃i, also defined at(12.4). Notice particularly that then bynHessian
matrixP

uu
� is diagonal and negative definite. Therefore, the Hessian ofP� is very

sparse whenn 
 q + r + 1.
The derivatives with respect toλ are

P
λ
� =

n∑
i=1

uim(Xi, θ, ν) and P
λλ
� = 0.

The derivatives with respect toν are

P
ν
� =

(
n∑

i=1

uimν(Xi, θ, ν)′
)

λ

and

P
νν
� =

n∑
i=1

ui

p+q∑
j=1

λjm
j
νν(Xi, θ, ν).

The derivatives with respect toγ are

P
γ
� =

n∑
i=1

ui − n and P
γγ
� = 0.
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The cross partial derivativesPλγ
� , andP

νγ
� are zero. Also

P
uγ
� =


1
1
...
1

 , P
uλ
� =


m(X1, θ, ν)′

m(X2, θ, ν)′
...

m(Xn, θ, ν)′

 , P
uν
� =


λ′mν(X1, θ, ν)
λ′mν(X2, θ, ν)

...
λ′mν(Xn, θ, ν)

 ,

and finally,

P
λν
� =

n∑
i=1

uimν(Xi, θ, ν).

The disadvantage of the primal formulation is that it requires a much larger
Hessian matrix. Direct approaches based on computing and solving this matrix
requireO(n3) time per iteration andO(n2) storage. Methods that exploit sparsity
can remove both issues at the expense of some additional algorithmic complexity.
The primal formulation has the advantage of simpler expressions for required

partial derivatives. It may also be possible for a primal problem to find a path
through the space ofui variables that goes around some difficult point in the
space ofν andλ values.
The Hessian in the primal formulation is sparse because the upper leftn by n

submatrix in it is diagonal. Partition the Hessian ofP� as(
P

uu
� P

uv
�

P
vu
� P

vv
�

)
,

wherev denotes the variables other thanu, namelyλ, ν, andγ. Similarly, letPv
�

contain the gradient ofP� with respect to all variables other thanu. Then the
Newton step solves(

P
uu
� P

uv
�

P
vu
� P

vv
�

) (
u
v

)
= −

(
P

u
�

P
v
�

)
for vectorsu andv. BecausePuu

� is diagonal, it is advantageous to rewrite the first
row as

P
uu
� u = − (Pu

� + P
uv
� v) .

Thus, oncev is found, it is easy to findu. To findv, write out the second row of
equations, and substitute foru, obtaining(

P
vv
� − P

vu
� (Puu

� )−1
P

uv
�

)
v = −

(
P

v
� − P

vu
� (Puu

� )−1
P

u
�

)
.

The equations to solve forv are not usually sparse, but there are onlyq + r + 1 =
p + 2q + 1 of them. This approach to factoring sparse Hessians is known as the
range space technique. Of course, step reduction strategies are required, as is a
merit function trading off likelihood optimization and constraint satisfaction.
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12.6 Sequential linearization

Since the optimization problem for a mean is so simple, a strategy based on ap-
proximating the statistic of interest by a mean can be effective. This approach
is available for statistics not conveniently expressed in terms of estimating equa-
tions, such asU -statistics. Let us suppose that a statisticθ is defined through a
functionθ = T (F ), for the distributionF putting weightwi on observationXi.
We will suppose at first that any process for maximizing over nuisance parameters
is embedded intoT (F ). We will use the same symbolT to denote the function of
w1, . . . , wn defined by

T (w1, . . . , wn) ≡ T

(
n∑

i=1

wiδXi

)
.

The NPMLE isθ̂ = T (F̂ ). Suppose thatT is smooth, so that we may write

T (w1, . . . , wn) .= θ̂ +
n∑

i=1

wiTi(F̂ ),

where

Ti(F ) = lim
ε→0

T ((1 − ε)F + εδXi
) − T (F )

ε
(12.6)

measures the effect of small increases in the weightwi.
With linearization, we write

RL(θ) = max

{
n∏

i=1

nwi |
n∑

i=1

wi

(
θ̂ + Ti(F̂ ) − θ

)
= 0, wi ≥ 0,

n∑
i=1

wi = 1

}
.

This linearized profile empirical likelihood ratio function can be computed using
the algorithm for the vector mean described in Chapter 3.14. Empirical likelihood
inferences based on profilingRL(θ) use the sameTi(F̂ ) quantities as are used
in the infinitesimal jackknife (IJ) described in Chapter 9.9. The difference is that
the IJ simply uses them to construct a variance estimate. Turning the IJ variance
estimate into a confidence ellipsoid amounts to using the Euclidean likelihood for
the mean ofTi(F̂ ).

Having computed the optimizingwi we can evaluateT (w1, . . . , wn). In gen-
eralT (w1, . . . , wn) �= θ, because the linearization was only an approximation.
We can however re-linearize around these valueswi and repeat the process. Sup-
pose thatw(k)

i are the weights afterk linearizations have been done, starting with

w
(0)
i = 1/n. The weightsw(k+1)

i are found bymaximizing
∏n

i=1 nw
(k+1)
i subject
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to

0 =
n∑
i=1

w
(k+1)
i

(
θ̂k + Ti(F̂ (k)) − θ

)
,

0 ≤ w
(k+1)
i , and

1 =
n∑
i=1

w
(k+1)
i ,

whereF̂ (k) uses weightsw(k)
i , and θ̂k = T (F̂ (k)). The resulting maximum is

denoted byRL,k+1(θ).
It is tempting to useRL,∞(θ) = limk→∞ RL,k(θ), but very often the sequence

does not converge, especially for values ofθ far from θ̂. Fortunately, good results
can be obtained from a fixed numberk of iterations. Letϕ ∈ R

p be a fixed
vector and defineϕn = n−1/2ϕ. Then, under smoothness conditions, including
existence ofk + 2 continuous derivatives forT (w1, . . . , wn),

−2 logRL,k(θ0 + ϕn) = −2 logR(θ0 + ϕn)(1 + Op(n−k/2)), (12.7)

whereθ0 is the true value ofθ. The two log likelihood ratios agree within a relative
error ofOp(n−k/2) , over the region where the likelihood is not negligible. For
k ≥ 1, there is an asymptoticχ2 calibration for−2 logRL,k(θ0). Whenk ≥
2, the result is qualitatively different from the simple linearization used in the
infinitesimal jackknife. When the empirical likelihood is Bartlett correctable, then
so isRL,k for k ≥ 4. See Chapter 12.7.
Now consider the problem of finding the derivativesTi(F ). WhenF has an

explicit representation in terms ofwi, it may be possible to computeTi(F ) by an-
alytic differentiation. Otherwise, divided differences of the form (12.6) for small
ε > 0may be used. This requiresn+1 function evaluations per iteration, or fewer
if there are ties among theXi. A central divided difference approximation

Ti(F ) .=
T ((1 + εi)F − εiδXi

) − T ((1 − εi)F + εiδXi
)

2εi
, (12.8)

should provide more accurateTi at the expense of nearly doubling the cost of dif-
ferentiation. IfT is not defined for negative observation weights, then we require
εi < (1 − F ({Xi}))−1F ({Xi}) in order to use (12.8).
For some complicated statistics,T (F ) is only available for weightswi =

ni/N , whereni are integers andN =
∑n
i=1 ni. This corresponds to making

an artificial data set in which observationXi appearsni times. At least fork = 0
it is straightforward to findTi(F (k)). One can defineTi using equation(12.6)with
ε = −1/n, or with ε = 1/(n + 1), by deleting observationXi, or by including
it twice, respectively. Fork ≥ 1, the distributionF̂ (k) may not correspond to one
with an integerni copies ofXi, and a large value ofN may be required for a
good approximation.
Now consider applying linearization to a statisticθ ∈ R

p, defined through
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estimating equations involving a nuisance parameterν ∈ R
q. Let θ(w1, . . . , wn)

andν(w1, . . . , wn) be jointly defined by

n∑
i=1

wim(Xi, θ, ν) = 0,

wherem(X, θ, ν) is continuously differentiable in(θ, ν). The linearization ofθ
aboutwk = (wk1 , . . . , wkn) is written

θ(w) .= θ(wk) +
n∑
i=1

wiTi(wk),

with (12.6)expressed in weight notation as

Tj(wk) = lim
ε→0

T ((1 − ε)wk + εδXj
) − T (wk)

ε
.

Letwk,εi = (1−ε)wki +ε1i=j , and letθε andνε be defined through these weights.
Letmθ andmν be the(p + q) × p and(p + q) × q matrices of partial derivatives
ofm with respect toθ andν. Then, ignoring terms of orderε2 and higher,

0 =
n∑
i=1

wk,εi m(Xi, θε, νε)

.=
n∑
i=1

wk,εi

[
m(Xi, θ, ν) +

(
mθ(Xi, θ, ν) mν(Xi, θ, ν)

)(
θε − θ
νε − ν

)]
.= εm(Xj , θ, ν) +

[
n∑
i=1

wki
(

mθ(Xi, θ, ν) mν(Xi, θ, ν)
)] (

θε − θ
νε − ν

)
,

from which (
Tj(wk)
Nj(wk)

)
= −J(wk)−1m(Xj , θ, ν), (12.9)

where

J(wk) =
n∑
i=1

wki
(

mθ(Xi, θ, ν) mν(Xi, θ, ν)
)

(12.10)

andNj(wk) is the linearization term forν, which we need not compute. Notice
that thematrixJ in (12.10) does not depend onj. Thus it only needs to be factored
once for each set ofwki . The matrix is invertible under the assumption that the
estimating equations defineθ andν.
For parameters defined through estimating equations with nuisance parameters,

sequential linearization can be carried out for some numberk of iterations as
described above. The linearization (12.9) is recomputed at each iteration.
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12.7 Bibliographic notes

Standard references on numerical optimization include Gill et al. (1981) and
Fletcher (1987). Gill et al. (1981) include a very comprehensive discussion of con-
strained optimization. NPSOL is described in Gill, Murray, Saunders & Wright
(1999). Coleman (1984) describes large sparse optimization problems, including
range space methods.
Owen (1990b) describes how to compute empirical likelihood for a vector

mean, corresponding to the inner loop of the nested algorithm. See Chapter 3.14.
The nested algorithm was presented in Owen (1990a). and Owen (1990b) New-
ton’s method was proposed by Hall & La Scala (1990). The primal problem was
solved using NPSOL by Owen (1991), for regression problems, and by Kolaczyk
(1994), for generalized linear models. Computation of profile empirical likelihood
ratios for constraints was discussed in Owen (1992). Owen (1990b) reports that
iterated linearizations can fail to converge. Wood et al. (1996) consider lineariza-
tion inferences and were the first to point out the value of stopping after a fixed
number of iterations. Equation (12.7) isbased onatheorem inWoodet al. (1996).
Semi-infinite programming is a technique for handling optimizations with an

infinite number of constraints, only a finite number of which are binding. Les-
perance & Kalbfleisch (1992), use semi-infinite programming on a nonparametric
likelihood ratio problem arising from mixture sampling.
Owen (1988a) describes an approach to profiling a pair of parameters by fol-

lowing a spiral path along a grid of points, starting at the MLE. Bates & Watts
(1988) describe an approach to profiling a sum of squares function in a parame-
ter (θ1, θ2) ∈ R

2 using profile traces. The two profile traces intersect a desired
contour at four points. The contour is also normal to the profile trace at the in-
tersections. Thus the traces provide eight pieces of information on the desired
contour, four locations and four slopes. They use a spline that agrees with these
eight pieces of information.
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CHAPTER 13

Higher order asymptotics

This chapter covers some theory of higher order asymptotics. The results de-
scribed here show how to adjust empirical likelihood confidence intervals to have
good one-sided coverage errors for one-dimensional parameters, and how to ob-
tain similar effects for multidimensional parameters. Bartlett corrections are also
presented, as are some large deviations results.

13.1 Bartlett correction

The profile empirical likelihood ratio statistic commonly has an asymptotic chi-
squared distribution:−2 logR(θ0) → χ2

(p) in distribution asn → ∞, wherep
is the dimension ofθ. A Bartlett correction is made by replacing the threshold
χ2,1−α

(p) , by a scale multiple(1 + an−1)χ2,1−α
(p) . In parametric settings the valuea

can often be chosen to make themean of minus twice the log likelihood ratio more
nearly equal top. Surprisingly, one Bartlett correctiona improves the asymptotic
error rate for all coverage levels1 − α.
A Bartlett-corrected empirical likelihood confidence region takes either of the

following asymptotically equivalent forms{
θ | −2 logR(θ) ≤

(
1 +

a

n

)
χ2,1−α

(p)

}
, or{

θ | −2 logR(θ) ≤
(

1 − a

n

)−1

χ2,1−α
(p)

}
.

The appropriate value ofa is typically unknown. We will considerθ ∈ R
p

obtained as a smooth functionh(µ) of the mean of a random variableX ∈ R
d,

whered ≥ p. For smooth functions of means, the valuea can be expressed in
terms of moments ofX and derivatives ofh. Plugging in sample versions of
the moments and evaluating the derivatives at sample moments leads to an1/2

consistent estimator̂a. This value can be substituted fora, giving regions such as{
θ | −2 logR(θ) ≤

(
1 +

â

n

)
χ2,1−α

(p)

}
,

with the same asymptotic order of coverage accuracy as those based ona.
The proof of Bartlett correctability requires Cramér’s condition

lim sup
‖t‖→∞

|E (exp (it′X))| < ∞, (13.1)
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which rules out some distributions supported on lattices like the integers. It also
requires finiteness of some moments ofX, and the existence of sufficiently many
derivatives ofh. These conditions are used to justify Edgeworth expansions, from
which the Bartlett correctability follows. Under these conditions, Bartlett-corrected
confidence regions have coverage1 − α + O(n−2), instead of1 − α + O(n−1),
as holds for uncorrected regions.
The Bartlett correction for a univariate meanθ = E(X) is

a =
1
2

µ4

µ2
2

− 1
3

µ2
3

µ3
2

=
κ + 3

2
− γ2

3

whereµk = E((X−E(X))k), for integersk ≥ 2. The skewnessγ and kurtosisκ
are defined on page 3. The natural sample estimates useµ̂k = (1/n)

∑n
i=1(Xi −

X̄)k. As a point of reference,a = 1.5 for univariate normal distributions. For
heavy tailed distributions havingκ > 0, a larger Bartlett correction is applied,
while nonzero skewness reduces the Bartlett correction. Ifκ exists, thenκ ≥
γ2 − 2, from which we know thata ≥ 1/2 + γ2/6 ≥ 1/2.
A vector mean,θ = E(X) ∈ R

d, hasp = d. Let Y = V
−1/2
0 (X − µ0),

whereµ0 =
∫

xdF0(x), andV0 =
∫

(x − µ0)(x − µ0)′dF0(x) is assumed to be
nonsingular. Introduce component superscriptsY = (Y 1, . . . , Y p), and define

µjk� = E
(
Y jY kY �

)
, and µjk�m = E

(
Y jY kY �Y m

)
. (13.2)

Then the Bartlett correction is given by

a =
5
3

p∑
j=1

p∑
k=1

p∑
�=1

(µjk�)
2 − 2

p∑
j=1

p∑
k=1

p∑
�=1

µjj�µkk� +
1
2

p∑
j=1

p∑
k=1

µjjkk.

For a normally distributed vectorX, the vectorY has the standard normal dis-
tribution with all µjkl = 0, andµjjkk = 1, so thata = p(p − 1) + 3p/2 =
p2 + p/2 = d2 + d/2.
The Bartlett correction for the mean can be computed inO(nd3) time. If θ is

defined throughp estimating equationsE(m(X, θ)) = 0, then we may apply the
Bartlett correction for the mean ofZi = m(Xi, θ) in order to determine whether
θ should be in the confidence region.

13.2 Bartlett correction and smooth functions of means

Now consider Bartlett correction for a smooth function of a vector mean. As be-
fore, let Y be a standardized version ofX, and define the momentsµjkl and
µjklm through (13.2). Suppose thatθ = h(µ) = (h1(µ), . . . , hp(µ))′ ∈ R

p,

whereµ = E(X). Now for i = 1, . . . , p, letψi(ν) = hi(V
1/2
0 ν), and define the

partial derivatives

ψij1,... ,jr =
∂rψi (ν)

∂νj1 · · · ∂νjr

∣∣∣∣
ν=V

−1/2
0 µ0

.
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LetΨ be thep × d matrix with elementsψij and define the matrices

Q = (ΨΨ′)−1
, M = Ψ′QΨ, and N = Ψ′Q.

Then the Bartlett correction is

a =
1
p

(
5
3
a1 − 2a2 +

1
2
a3 − a4 +

1
4
a5

)
,

where

a1 =
∑

j,k,�,m,n,o

µjk�µmnoM
jmMknM �o,

a2 =
∑

j,k,�,m,n,o

µjk�µmnoM
jkM �mMno,

a3 =
∑
j,k,�,m

µjk�mM jkM �m,

a4 =
∑

j,k,�,m,n,u

µjk�N
juψumn(I − M)mk(I − M)n�,

a5 =
∑
j,k,�
m,u,v

Quvψujkψ
v
�m

[
(I − M)jk(I − M)�m + 2(I − M)j�(I − M)km

]
,

indicating the elements ofM , N , andQ with superscripts, and summing every
index over its entire range.
Themoments required by the Bartlett correction for a smooth function of means

are dominated by theµjk�m in thea3 term. These takeO(nd4) time to compute.
The cost of the six-fold summations used in the Bartlett correction does not grow
with n, but assuming thatp ≤ d, this cost isO(d6). For d as large as10 or 20
this cost could be significant. For the vector mean itself, the cost is of the lower
orderO(nd3), suggesting that there may be a practical computational savings to
Bartlett correcting estimating equations instead of smooth functions of means.

13.3 Pseudo-likelihood theory

Empirical likelihood provides a data-determined shape for confidence regions.
For statistics that are smooth functions of means, this shape is asymptotically
ellipsoidal. For a fixed sample size and confidence level, the confidence regions
are not exactly ellipsoidal, and in some instances are far from ellipsoidal. For a
mean, the confidence regions are elongated in the directions of greater skewness.
The coverage errors in empirical likelihood are typicallyO(n−1), and this rate

can also be achieved by ellipsoidal confidence regions. Pseudo-likelihood theory
shows that the shape of the empirical likelihood confidence regions is informative.
The contours of the profile empirical likelihood ratio forθ are close to contours
of the probability density function of an approximate pivotal statistic.
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The casep = 1 is simplest. Letθ = h(µ), whereh is a smooth function
from R

d to R andµ =
∫

xdF (x). The true value isθ0 = h(µ0), estimated by
θ̂ = h(X̄). Let

η̂0 =
√

n(θ̂ − θ0)
σ̂

, (13.3)

whereσ̂2 is an1/2 consistent estimator ofσ2 = Var(n1/2(θ̂ − θ0)). Let fη be
the probability density function of̂η0. For a properly chosen constantψ described
below, the set

C1−α
n =

{
θ + ψσn−1 | −2 logR(θ) ≤ χ2,1−α

(1)

}
closely matches the set

P 1−α
η =

{
θ | fη

(√
n(θ̂ − θ)

σ̂

)
≥ v1−α

}
wherev1−α satisfies ∫

P 1−α
η

fη(z)dz = 1 − α.

BothC1−α
n andP 1−α

η are asymptotically intervals, and their endpoints differ only
by O(n−3/2). If one shifts the contours (here endpoints) of the empirical likeli-
hood function byψσn−1, then to high accuracy they match the contours of the
density ofη̂0.
For θ ∈ R

p, with p ≥ 1, let V̂ denote an1/2 consistent estimator ofV =
Var(n1/2(θ̂ − θ0)), and let

η̂0 =
√

n
(
V 1/2V̂ −1V 1/2

)1/2

V −1/2
(
θ̂ − θ0

)
. (13.4)

Definition (13.4) reduces to (13.3) whenp = 1. Now let

C1−α
n =

{
θ + ψV 1/2n−1 | −2 logR(θ) ≤ χ2,1−α

(1)

}
,

for a properly chosen vectorψ (see Chapter 13.6), and let

P 1−α
η =

{
θ | fη

(√
n

(
V 1/2V̂ −1V 1/2

)1/2

V −1/2
(
θ̂ − θ

))
≥ v1−α

}
,

with v1−α chosen as before. Then the boundaries ofC1−α
n andP 1−α

η agree to
O(n−3/2).
The interpretation is that empirical likelihood contours are very close to those

we would construct if we knew the density ofη̂0. They have the same shape, size,
and orientation as the contours of the density ofη̂0, but they need to be shifted
by a bias correction of order1/n to make the match accurate. The term pseudo-
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likelihood is used because it is the density of an observed statistic that is being
studied, as opposed to the probability or density of the data.
For a multivariate mean,ψ = (ψ1, . . . , ψp)′ where

ψj = −1
2

p∑
r=1

µjrr,

andµjrr is defined at (13.2). For more general location adjustments, see Chap-
ter 13.6.
Pseudo-likelihood arguments suggest shifting the confidence regions forθ by

an amount of order1/n. The resulting confidence regions can also be Bartlett cor-
rected, although a different Bartlett constant is required than for unshifted confi-
dence regions.

13.4 Signed root corrections

Here we consider parameters defined as smooth function of means:X ∈ R
d,

µ = E(X), andθ = θ(µ) ∈ R
p, for p ≤ d. The random vectorX is assumed to

satisfy Craḿer’s condition, to have sufficiently many finite moments, and to have
a variance matrix of full rankd. The functionθ(µ) is assumed to have sufficiently
many derivatives, and to have a gradient of full rankp at the true meanµ0.
For smooth functions of means, the coverage error is typicallyO(n−1) for

empirical likelihood confidence regions. For a scalar-valued parameterθ, this
O(n−1) coverage error arises as two one-sided coverage errors of sizeO(n−1/2)
that nearly cancel each other. Bartlett correction reduces the two-sided error to
O(n−2), but leaves the one-sided error atO(n−1/2). In some applications it is
desirable to get smaller one-sided coverage errors, even if this means that some
excluded parameter values have higher likelihood than some that are included.
This same phenomenon holds in parametric likelihood. Confidence intervals

found by thresholding the likelihood function typically have coverage errors of
orderO(n−1) for two-sided inferences butO(n−1/2) for one-sided inferences.
Bartlett correction improves the two-sided error rate but not the one-sided one.
When p = 1, one solution in both parametric and empirical likelihoods is to
consider the signed root of the log likelihood ratio statistic. For an empirical like-
lihood, let

R0 = n−1/2sign(θ̂ − θ0)
√

−2 logR(θ0),

so that the standardχ2
(1) calibration is based onn

1/2R0 ∼̇ N(0, 1). Sharper in-
ferences can be obtained by comparing

n1/2(R0 − â/n)

1 + b̂/(2n)
(13.5)

to N(0, 1), whereâ and b̂ are mean and variance adjustments to the signed root
R0. The adjusted signed root (13.5) has theN(0, 1) distribution toO(n−3/2), and
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so it can be used to construct one-sided confidence intervals with coverage error
O(n−3/2).
For a univariate mean, the signed root correction uses sample analogs of

a = −γ

6
, and b =

5
6
κ − 31

36
γ2 +

3
2
,

whereγ andκ are the skewness and kurtosis ofX. Corrections for more general
smooth scalar functions of means are known to exist, but formulas for them have
not been developed. The proper formula forb is likely to be awkward. It may be
possible to use a form of bootstrap calibration to findâ andb̂.
For generalp ≥ 1, the signed root is constructed as a vectorR0 ∈ R

p such that

R′
0R0 = − 2

n
logR(θ0).

The vectorn1/2R0 has theN(0, Ip) distribution to orderO(n−1/2), but after a
mean shift the approximation improves toO(n−1). ComputingR0 and the mean
correction is awkward. A simpler computation with the same order of accuracy is
to take the confidence region{

θ | −2 logR(θ) + Ĉ(θ) ≤ χ2,1−α
(p)

}
, (13.6)

whereĈ is described below. The region (13.6) has coverage errorO(n−1), just as
ordinary empirical likelihood does, but when specialized top = 1 it has one-sided
errors of orderO(n−1).
Suppose that thei’th data point isXi with componentsX

j
i for j = 1, . . . , d,

and thatθ = θ(µ) has componentsθu for u = 1, . . . , p. The expression for the
adjustment quantitŷC depends on moments

X̄j =
1
n

n∑
i=1

Xj
i , Ω̂jk =

1
n

n∑
i=1

(Xj
i − X̄j)(Xk

i − X̄k), and

α̂jk� =
1
n

n∑
i=1

d∑
r,s,t=1

(Ω̂−1/2)jr(Ω̂−1/2)ks(Ω̂−1/2)�t

× (Xr
i − X̄r)(Xs

i − X̄s)(Xt
i − X̄t

i ),

whereΩ̂ is thed × dmatrix of Ω̂jk values, on the partial derivatives

θ̂uj =
∂θu(µ)
∂µj

∣∣∣∣
µ=X̄

, θ̂ujk =
∂2θu(µ)
∂µj∂µk

∣∣∣∣
µ=X̄

and on the related matrices

Θ̂ = (θ̂uj ), Q̂ = (Θ̂Ω̂Θ̂′)−1,

N̂ = Ω̂1/2Θ̂′Q̂, M̂ = N̂Θ̂Ω̂1/2.
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The dimension of̂Θ is q × d. In terms of these quantities, we may write

Ĉ(θ) =
∑

j,k,�,u,v

( 1
3
α̂jklM̂ jkN̂ lu − Q̂uv θ̂vjk(I − M̂)jk

) (
θ̂ − θ

)u
. (13.7)

Equation (13.7) requires a summation over five variables. Exercise 13.2 shows
that for avector mean, as one might use in conjunction with estimating equations,
that the sum is simpler and only over three variables. For a scalar meanĈ(µ0) =
(1/3)(X̄ − µ0)µ̂3/µ̂

2
2 for sample second and third central momentsµ̂2 andµ̂3.

13.5 Large deviations

The power of tests thatθ = θ0 ∈ R
p is usually investigated for Pitman alterna-

tives of the formθ0 + n−1/2τ . This is a critical distance. Alternatives that are
o(n−1/2) cannot be distinguished fromθ0 in large samples, the power to reject
Pitman alternatives usually tends to a limit (depending onτ ), and for alternatives
that are notO(n−1/2) away from the null, the power typically approaches1 as
n → ∞.
The asymptotic power at Pitman alternatives is usually the same for empirical,

Euclidean, and the other likelihoods. A sharper distinction between tests can be
drawn by considering a fixed alternativeθ1 �= θ0. For such alternatives, tests
can be constructed at the levelαn = exp(−nη) with power 1 − βn = 1 −
exp(−nγ). That is, both type I and type II errors converge to zero exponentially
fast inn. Because the errors are so small, they correspond to large deviations of
the underlying test statistics.
For multinomial samplesX1, . . . ,Xn ∈ {z1, . . . , zk} the likelihood ratio

test is optimal under the generalized Neyman-Pearson (GNP) criterion. Among
tests that satisfylim supn→∞ n−1 log(αn) ≤ −η for someη > 0, it minimizes
lim supn→∞ n−1 log(βn). This property is referred to as universal optimality, be-
cause it holds for very general hypotheses and for very general alternatives toF .
For samples from a possibly continuous distribution onR

d, the original argu-
ment establishing the GNP for multinomial likelihood breaks down. But other
arguments can be used to show a kind of GNP optimality for empirical likelihood
based tests of composite hypotheses under sampling from continuous distribu-
tions.
Here we quote the large deviations optimality result for empirical likelihood.

This discussion leaves out measure theoretic details. For those, see the reference
in Chapter 13.6.
Suppose thatX1, . . . , Xn ∈ R

d are independent random vectors with common
distributionF . For θ ∈ Θ ⊆ R

p, let m : R
d × R

p −→ R
q be an estimating

function placing the constraintE(m(X, θ)) =
∫

m(X, θ)dF (X) = 0 onF .
For the rest of this section,θ is a freely varying nuisance parameter, and the rest

of the hypothesis is specified inm. As a concrete example, to test the hypothesis
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thatX ∈ R has variance7.2, we take

m(X, θ) =
(

X − θ
(X − θ)2 − 7.2

)
∈ R

2, θ ∈ Θ ⊂ R.

LetF be the set of probability distributions onRd. Let

Fθ =
{

F ∈ F |
∫

m(X, θ)dF (X) = 0
}

, and H0 =
⋃
θ∈Θ

Fθ.

The empirical likelihood test of the hypothesisF ∈ H0, which specifies that
E(m(X, θ)) = 0 for someθ ∈ Θ, is based on

R(H0) = sup
θ∈Θ

max

{
n∏
i=1

nwi |
n∑
i=1

wim(Xi, θ) = 0, wi ≥ 0,
n∑
i=1

wi = 1

}
.

The empirical likelihood test rejectsH0 if and only ifR(H0) is small. Because
this test depends on the data only through the empirical distribution functionF̂ ,
we may write the rejection region itself as a setΛ = Λn ⊂ F of distributions.
The empirical likelihood test rejectsH0 if and only if F̂ ∈ Λn.
Let Ω = Ωn ⊂ F be the rejection region for some other test. We introduce

the concept of a Ĺevy-ball around a set of distributions, to define a regularity
condition onΩ. For distributionsF andG, let 1 be a vector ofd ones. Then the
Lévy distance betweenF andG is

ρF,G = inf
{
ε > 0 | F ((−∞,X − ε1]) − ε ≤ G(X) ≤ F ((−∞,X + ε1]) + ε

}
.

Suppose thatX ∼ F and thatY = Y (X). ForρF,G to be small, it must hold that
‖Y (X) − X‖ is small with probability close to1 underX ∼ F . We can keepG
within a small Ĺevy distance ofF by making large changesY (X)−X to a small
(underF ) fraction of theX values, and/or small changes to a large fraction of the
X values.
The rejection regionΩn is a set of empirical distributions. The Lévy ball of

radiusδ > 0 aroundΩ is

Ωδ =
⋃
F∈Ω

{
G | ρF,G < δ

}
.

The test sequenceΩn is regular forH0 if

lim
δ→0

sup
F∈H0

lim sup
n→∞

1
n

log Pr(F̂ ∈ Ωδn; F ) ≤ sup
F∈H0

lim sup
n→∞

1
n

log Pr(F̂ ∈ Ωn; F ).

For example, the testΩn that rejectsH0 if and only ifR(H0) is a rational number
is not regular.

Theorem 13.1Suppose that
A: For all F ∈ H0, Pr(supθ∈Θ ‖m(X, θ)‖ = ∞; F ) = 0,
B: m(x, θ) is continuous inθ for all x,
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C: and letΛ = {F̂ | 1
n logR(H0) ≤ −η} for someη > 0.

Then

sup
F∈H0

lim sup
n→∞

1
n

log Pr(F̂ ∈ Λ; F ) ≤ −η. (13.8)

If (13.8)holds withΛ replaced by any regular (forH0) testΩ, then for allF ∈ F ,

lim sup
n→∞

1
n

log Pr(F̂ �∈ Ωn; F ) ≥ lim sup
n→∞

1
n

log Pr(F̂ �∈ Λn; F ). (13.9)

Equation(13.9)also holds for a testΩ, not necessarily regular forH0, if that test
satisfies(13.8)withΛ replaced byΩδ for someδ > 0.

Proof. Kitamura (2001).

In this theorem, the empirical likelihood test rejectsH0 if and only ifR(H0) ≤
exp(−nη). Result (13.8) compares the type I errorαn to exp(−nη). Result (13.9)
shows that any regular test forH0 that also meets condition (13.8) has, asymptot-
ically, a type II error at least as large as the empirical likelihood test has. Result
(13.9) is universal, applying to any sampling distributionF , any regular testΩ,
and very general hypothesesH0.
Condition A requires a bound inθ onm(X, θ) to hold with probability1. Such

a bound may requirem to be a bounded function, orΘ to be a bounded domain.

13.6 Bibliographic notes

Adjustments

Most of the results on higher order asymptotics presented here were based on
Edgeworth expansions for smooth functions of means. Bhattacharya & Ghosh
(1978) established the validity of these expansions assuming Cramér’s condition
and that certain moments are finite.
The first Bartlett correction for empirical likelihood was published by DiCiccio

et al. (1991) for smooth functions of means. The material on Bartlett correction
for the mean is based on Hall & La Scala (1990).
Zhang (1996b) showed that the Bartlett correction for the univariate mean can

be applied forθ ∈ R defined through the estimating functionm(X, θ) ∈ R. Lazar
& Mykland (1999) showed that Bartlett correctability does not hold for empirical
profile likelihoods obtained by maximizing over some nuisance parameters. This
is the principle way in which empirical likelihood shows different behavior from
parametric likelihoods. Mykland (1999) traces the discrepancy to a condition on
the fifth moment of the signed square root of the empirical log likelihood.
Chen & Hall (1993) studied Bartlett correction of quantiles, and Chen (1993)

established a Bartlett correction for regression with nonrandom predictors. Jing
& Wood (1996) show that exponential empirical likelihood (empirical entropy)
is not Bartlett correctable. Baggerly (1998) shows that empirical likelihood is
the only member of the Cressie-Read family to be Bartlett correctable. Corcoran
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(1998) constructed other Bartlett correctable nonparametric likelihoods given by
(3.39).
The pseudo-likelihood theory for empirical likelihood was established by Hall

(1990). The presentation here also makes use of the account in Hall & La Scala
(1990).
Signed root corrections to empirical likelihood were established by DiCiccio &

Romano (1989). Signed root corrections for parametric likelihoods are given by
DiCiccio (1984) and by Barndorff-Nielsen (1986). The additive correction(13.7)
is from DiCiccio & Romano (1989). McCullagh (1984) presents a similar cor-
rection for parametric likelihood. DiCiccio & Monti (2001) present adjustments
for a scalar parameter based on third and fourth derivatives of the empirical log
likelihood.

Large deviations

Dembo & Zeitouni (1998) is a monograph on large deviations. The generalized
Neyman-Pearson result for finite multinomials, established by Hoeffding (1965),
is of large deviations type. Tusnády (1977) extends Hoeffding’s idea to more gen-
eral distributions, by using finite partitions of the sample space that get finer as
n increases. He finds that a likelihood ratio test on the partitions is asymptoti-
cally optimal (in Bahadur’s sense). No construction is given for the partition. His
methods require that the partition haveo(n/ log(n)) elements.
Kitamura (2001) proves Theorem 13.1. He reports some simulations compar-

ing empirical likelihood and three versions of generalized method of moments:
2-step, 10-step, and continuous updating (Euclidean likelihood). The problem
hadn = 200 observations and3 parameters. A simulation at the null hypoth-
esis showed that every method gave confidence regions that undercovered the
true parameter. After an adjustment to make coverage95%, the power was com-
pared in simulations that varied the parameters at8 places along4 line segments
through the null. Of32 simulations empirical likelihood had the greatest power22
times, 2-step updating did this5 times, 10-step updating7 times, and continuous
updating never had the greatest power. There were two cases in which empiri-
cal likelihood and 2-step updating tied at power1.0. As might be expected for a
large deviations result like Theorem 13.1, empirical likelihood’s power ranking
was best at hypotheses farther from the null. Where any of simulated methods
achieved power over80%, empirical likelihood had the greatest power.

13.7 Exercises

Exercise 13.1The Bartlett constant for a normal distribution isd2 + d/2. An
alternative to the scaledF critical value

r1−α
F =

d(n − 1)
n − d

F 1−α
d,n−d
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is to employ the normal theory Bartlett correction

r1−α
NB,1 =

[
1 +

d2 + d/2
n

]
χ2,1−α

(d)

or

r1−α
NB,2 =

[
1 − d2 + d/2

n

]−1

χ2,1−α
(d) .

As n increases, the Bartlett correction becomes smaller and so empirical like-
lihood with a normal theory Bartlett correction is asymptotically properly cali-
brated. For smalln, the Bartlett correction appropriate to a normal distribution
might be competitive with theF calibration. Forα ∈ {0.5, 0.1, 0.05, 0.01} and
d ∈ {1, 2, , 5, 10, 20, 50, 100, 200, 500} find the values ofn for which the scaled
F critical value is larger than the first normal theory Bartlett correction. Find those
values ofn > d2 + d/2 for which the scaledF critical value is larger than the
second normal theory Bartlett correction.

Exercise 13.2Show that for a vector meanθ = µ, formula(13.7)simplifies to

Ĉ(θ) =
1
3
α̂jjlBlu

(
θ̂ − θ

)u
, (13.10)

whereB = S−1/2 for S = (1/n)
∑n
i=1(Xi − X̄)(Xi − X̄)′.
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Appendix

This appendix presents some background on parametric likelihood inference and
bootstrap methods. Both methods appeal to asymptotic characterizations of errors
and other quantities, and so some asymptotic notions are reviewed first.

A.1 Order and stochastic order notation

The notationsO(·), o(·), Op(·) and op(·) are used to describe the asymptotic
magnitude of statistical quantities.
Consider two sequences of real numbersan andbn wheren ranges through

integers larger than1. We say thatan = O(bn) if there existsB < ∞ with

lim sup
n→∞

|an|
|bn| ≤ B. (A.1)

Put another way, for someB, there are only finitely manyn with an > Bbn.
The expressionpn = qn+O(bn)means thatpn−qn = O(bn). Similarly, when

o(·), Op(·), or op(·) as defined below, are added to the right side of an equation,
it means that the right side minus the left side is of that order. Here we consider
limits indexed byn tending to∞, but these notions also apply in other limits,
such as quantities indexed byε → 0+.
For (A.1), it is sufficient to havelimn→∞ |an|/|bn| ≤ B. The more general

expression (A.1) also covers cases where|an/bn| is eventually bounded without
converging to a limit.
As an example, suppose thatan = γ2n−1 + κn−2 + n−3, whereγ andκ

are finite. Thenan = O(n−1). Hereγ andκ are unknowns, such as population
skewness and kurtosis, that could vary from one problem instance to another.
Suppose that sometimesγ = 0. Then it is still true thatan = O(n−1), but now
it is also true thatan = O(n−2). It is important to remember that a quantity of
one order could also be of a smaller order. Ifγ = κ = 0, thenan = O(n−3), but
there are noγ andκ values for whichan = O(n−4).
As a second example, consideran = µ2 + nσ2 whereµ andσ are finite. Now

an = O(n), and whenσ = 0, thenan = O(1). In this example,an is not going
to infinity faster thann, if at all, whereas in the previous examplean is going to
zero no slower thann−1.
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The notationan = o(bn) means

lim sup
n→∞

|an|
|bn| = 0. (A.2)

The quantityγ2n−1 + κn−2 + n−3 is o(n−1/2) and alsoO(n−1), but it is not
o(n−1) unlessγ = 0.
The op andOp notations are used to describe bounds on a quantity whose

magnitude is random. Suppose, for example, thatYn are independent exponential
random variables with mean1. The quantityZn = n−1Yn seems to be tending
to zero like1/n, butZn is notO(1/n). There is no finiteB such that quantity
Zn/(1/n) = Yn is larger thanB at most a finite number of times.
We say thatXn = Op(Yn) if for any ε > 0 there is aB = Bε < ∞ such that

lim sup
n→∞

Pr (|Xn| > B|Yn|) < ε. (A.3)

Condition (A.3) allowsPr(|Xn| > B|Yn|) ≥ ε to hold for at most a finite number
of n. In the previous example it is indeed true thatZn = Op(1/n). The order
Op(·) applies to quantities that areO(·) apart from exceptions that we can make
as improbable as we please for largen.
Finally,Xn = op(Yn) if for any ε > 0

lim
n→∞ Pr (|Xn| > ε|Yn|) = 0. (A.4)

For example, letXn = Yn/n
1+δ for δ > 0 andYn independent exponential

random variables with mean1. ThenXn = op(n−1).

A.2 Parametric models

When we make some calculations on data, we usually know that there is some
uncertainty in our answer. The data could have come out differently, and then our
answer almost certainly would have been different. But we also usually feel that
there are reasonable limits to how different the answer might have been.
Probability models are widely used to provide a notion of the true value of a

quantity that can be different from the value we have computed. Such models
also allow us to quantify the uncertainty in our answers, help us to decide what to
compute from the data, and even help us decide how to gather our data.
In a probability model we suppose that our data are the observed values, say

x1, . . . , xn ∈ R
d of corresponding random variablesX1, . . . , Xn ∈ R

d. In a
parametric probability model, the joint distribution ofX1, . . . , Xn takes a known
form, involving the data and a parameter vectorθ ∈ Θ ⊆ R

p. By contrast non-
parametric models do not assume that a finite dimensional parameter indexes the
distribution of the data.
Here we will consider only models in whichXi are independent and identically

distributed and the sample sizen is not random. Then specifying the distribution
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ofX1 specifies the distribution of the whole sample. Parametric models and like-
lihood methods extend to more general settings.
As an example, ifXi take nonnegative integer values, then one such model, the

Poisson distribution, has

p(x; θ) = Pr(X = x; θ) =
e−θθx

x!
, x = 0, 1, . . . (A.5)

for θ > 0, while forXi taking nonnegative real values, the exponential distribu-
tion has

Pr(X ≤ x; θ) =
{

1 − exp(−xθ), 0 ≤ x < ∞
0, x < 0,

for θ > 0, so the probability density function ofX is f(x; θ) = θ exp(−xθ)1x≥0.
When we compute a value from the sample, we can usually identify it with a

corresponding feature of the distribution ofXi. Perhaps that feature is the value
we would get asn → ∞, or perhaps it is the average of the values we would get
in a large number of independently generated samples of sizen. This feature is
necessarily a function ofθ and so interest switches to learningθ fromX1, . . . , Xn.
Any function ofX1, . . . , Xn that we compute is also a random variable with a

distribution parameterized byθ. This allows us to quantify the uncertainty of our
estimates within the parametric model. We may then seek a method of estimation
that minimizes some measure of this uncertainty.
A good model can be a wonderfully effective tool for organizing statistical in-

ference, but choosing a parametric model for applied work is a subtle task. Some-
times a parametric model is thought to be a faithful description of the mechanism
generating the data. More often, a model is adopted because it is mathematically
convenient and is thought to capture the important features of the problem.
One of themost vexing issues with parametric models is testing whether a given

model is compatible with our data. When a goodness of fit test fails to reject our
model, it may simplymean that the test was not powerful enough, perhaps because
the sample size was too small. Conversely, when a test does reject our model, it
may have identified a flaw with a negligible effect on the conclusions we would
have drawn using the model. Finally, there are those cases in which a test shows
that our model fits badly in a way that affects our answers. Then we may have to
seek a correction term, or look for a new model.
One of the best blessings of nonparametric methods is that they reduce the need

for goodness of fit testing. There can be a cost in using a nonparametric model for
a problem that fits a parametric description. Some nonparametric methods make
less efficient use of the data than do parametric methods. When using a nonpara-
metric estimator or test, we should consider its efficiency or power, respectively.
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A.3 Likelihood

Given a parametric model and some data, the likelihood function is the probability
of getting the observed values from the assumed model, taken as a function of the
parameter. The likelihood is thus

L(θ; x1, . . . , xn) = L(θ) =
n∏
i=1

p(xi; θ)

for discrete data and

L(θ; x1, . . . , xn) = L(θ) =
n∏
i=1

f(xi; θ)dxi

for continuous data, whereXi has been observed to lie in a small set of volume
dxi near the valuexi. We also writeL(θ; X1, . . . , Xn) for a random likelihood
taking the value above whenXi = xi.
In Bayesian analysis, our model takesθ to be a random variable with a prior

distributionπ0, and then the posterior distribution ofθ is

π1(θ | X1, . . . , Xn) ∝ L(θ)π0(θ).

Specialized numerical and sampling techniques are available to compute conclu-
sions fromL(θ)π0(θ). Just as with parametric probability models for the data,
judgment is required to make a good choice ofπ0.
A frequentist analysis postulates an unknown true value ofθ. When we need

to distinguish a generic value from the true value, we denote the latter byθ0. The
method of maximum likelihood estimatesθ0 by finding the value (or sometimes
set of values)̂θ that maximizeL:

θ̂ = arg max
θ∈Θ

L(θ; X1, . . . Xn).

A maximizerθ̂ is called a maximum likelihood estimate (MLE) ofθ0. Intuitively,
it gives the best explanation of the data we got, by making that data most probable.
Usually it is easier to work with the log likelihood function

B(θ) = c +
n∑
i=1

log f(xi; θ),

wherec depends on thedxi but not, we assume, onθ. We will use the notation
of the continuous data case; the discrete data case is very similar, starting with
B(θ) =

∑n
i=1 log p(xi; θ). For the most widely applied likelihoods,̂θ is found

by solving the score equation∂B(θ)/∂θ = 0, which may be written as solving
estimating equations

∑n
i=1 m(xi, θ) = 0, where

m(x, θ) =
∂
∂θf(x; θ)
f(x; θ)

.

For the Poisson distribution (A.5), θ̂ equals X̄, so the sample mean is used
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to estimate the population mean. For the double exponential distribution, with
densityf(x; θ) = exp(−|x − θ|)/2, the population mean and median coincide
at θ, and we find that the median ofXi is the MLE of θ. Maximum likelihood
estimation is also widely used to construct estimates of quantities that we might
otherwise not know how to estimate.
The valueθ̂ is unlikely to matchθ0 exactly, and furthermore, a valuẽθ with

L(θ̃) very close toL(θ̂) would seem to be nearly as good asθ̂. We define the
likelihood ratio function byR(θ) = L(θ)/L(θ̂). One way to separate reasonable
from unreasonable values ofθ is to order them byR(θ) and considerC = {θ |
R(θ) > r} to fit the data better than other values ofθ.

The usual way to pickr is to aim for a given probability thatθ0 ∈ C. Wilks’s
theorem has that−2 logR(θ0) → χ2

(p) in distribution asn → ∞, wherep is
the dimension ofΘ. This result holds in considerable generality, though there
are some exceptions. When it holds, we can useC1−α = {θ | R(θ) ≥ r0} as
an approximate1 − α confidence region forθ0 with r0 = exp(−χ2,1−α

(p) /2). A

Bartlett correction replacesr0 by exp(−(1+a/n)χ2,1−α
(p) /2), where a judiciously

chosen scalara can improve the rate at whichPr(θ0 ∈ C1−α) tends to1 − α as
n → ∞.
Computational shortcuts toC1−α are widely used. For largen the log likeli-

hood ratio is very nearly quadratic aroundθ̂, under regularity conditions. A Taylor
approximation gives�(θ) .= �(θ̂) − (1/2)(θ − θ̂)′Î(θ − θ̂) nearθ̂, whereÎ is the
Hessian of� at θ̂. This approximation motivates the use of the ellipsoid{

θ | (θ − θ̂)′Î(θ − θ̂) ≤ χ2,1−α
(p)

}
(A.6)

as a confidence region, and under standard assumptions, the set (A.6) has asymp-
totic probability1 − α of containingθ0.
Equation (A.6) is one form of the Wald confidence region. The Fisher informa-

tion inX1 is defined as

I1(θ) =
∫ ( ∂

∂θ
log f(x; θ)

)( ∂

∂θ
log f(x; θ)

)′
f(x; θ)dx.

As n → ∞ we usually haven−1Î → I1(θ0), and another version of the Wald re-
gion usesnI1(θ̂) instead ofÎ. Another important large sample confidence region
due to Rao works with a Taylor approximation around a hypothesized value ofθ,
not the MLE.
Sometimes we are interested in some, but not all of the parameters. Let us retain

θ for the parameters of interest, and suppose that there is an additional parameter
ν, possibly a vector, used to complete the definition of the probability of the data.
Then the likelihood isL(θ, ν) involvingθ and the nuisance parameterν. TheMLE
of θ is found by maximizingL overθ andν jointly yielding θ̂ andν̂.

Likelihood ratios forθ alone are complicated by the presence ofν. If we knew
the true valueν0, then it would be natural to useRν0(θ) = L(θ, ν0)/L(θ̂, ν0) as
a likelihood ratio function. There is no practical difference between a likelihood
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with a known nuisance parameter and a likelihood without a nuisance parameter.
But the idea of a known nuisance parameter suggests the following: we could plug
in ν̂ for ν0 and useRν̂(θ) = L(θ, ν̂)/L(θ̂, ν̂) as a likelihood ratio function forθ.
To see the problemwith plugging in a value likeν̂, consider a parameter pair(θ̃, ν̃)
with L(θ̃, ν̃) just slightly smaller thanL(θ̂, ν̂), and for whichL(θ̃, ν̂) 
 L(θ̂, ν̂).
A confidence region based onRν̂ might fail to includeθ̃ even though it belongs
to a parameter pair that fits the data nearly as well as the MLE does. The profile
likelihood function

RPr o(θ) =
maxη L(θ, ν)

L(θ̂, ν̂)
,

remedies this flaw inRν̂ , and is the most widely used way to construct a likeli-
hood ratio function for an individual parameter in the presence of nuisance pa-
rameters. Lettinĝν(θ) = arg maxν L(θ, ν), we may write the profile likelihood
asRPr o(θ) = L(θ, ν̂(θ)). A version of Wilks’s theorem holds for profile likeli-
hoods.

For well-behaved parametric models, the MLE is a particularly good estimator.
Typically there is an information inequality, one form of which shows that any
unbiased estimatorT of θ has a variance matrix at least as large as the Cramér-
Rao bound(nI1(θ))−1. Under the usual assumptions,

√
n(θ̂−θ0) has asymptotic

distributionN(0, (nI1(θ))−1). The MLE θ̂ typically achieves the lower bound on
variance, with an asymptotically negligible bias of order1/n.

A.4 The bootstrap idea

The bootstrap is a powerful method for estimating statistical uncertainties. Sup-
pose that we have computed a statisticθ̂ = T (Fn) for which the corresponding
true value isT (F0). The variance of̂θ is yet another property of the unknown
distributionF0. Call it VT(F0). If we knewF0, then we might computeVT(F0),
by calculus, or by a numerical method such as Monte Carlo simulation.

Of course, if we knewF0 we might instead use simulations to findT (F0), so
the interesting case is what to do when we do not knowF0. The bootstrap is
based on a plug-in principle: make your best guessF̂ for F0, and plug it in, using
VT(F̂ ) as the estimate ofVT(F0). Very often, the guess we use forF0 is the
ECDFFn. Because this ECDF is a nonparametric maximum likelihood estimate
(NPMLE), we find that the bootstrap estimate ofVT is the NPMLEV̂T.

To computeVT(Fn) by simulation, we sample with replacement, as follows.
Let J(i, b) be independent uniform random draws from the set{1, 2, . . . , n}, for
i = 1, . . . , n andb = 1, . . . , B. Then putX∗b

i = XJ(i,b), letF ∗b
n be the empirical

distribution ofX∗b
1 , . . . , X∗b

n , and takeT ∗b = T (F ∗b
n ), the statisticT applied to

©2001 CRC Press LLC



 

resampled dataX∗b
1 , . . . , X∗b

n . Now

VT(Fn) .=
1
B

B∑
b=1

(T ∗b − T̄ ∗)2 (A.7)

whereT̄ ∗ = (1/B)
∑B

b=1 T
∗b. This computation may well be easier than that

required to findVT(F ) for an arbitrary known distributionF .
It is quite surprising that we can sample our original data over and over and

obtain a useful error estimate. The reason that the bootstrap can work is that, for
large enoughn, Fn becomes close toF0 and, ifVT is continuous nearF0, then
VT(Fn) is close toVT(F0). The flatterVT is, as a function ofF , the better we
could expect the bootstrap to work. As an extreme case, ifVT were constant in
F we could compute the variance ofθ̂ exactly.

The approximation in (A.7) converges toVT(Fn) asB → ∞, by the law of
large numbers, under the very mild assumption thatVT(Fn) is finite. If, under
sampling fromFn, the fourth moment ofT is finite, then the error in (A.7) is
Op(B−1/2). In practice, we might takeB large enough that we feel safe that the
error in (A.7) is negligible, either absolutely, or relative toVT(Fn) − VT(F0).

A.5 Bootstrap confidence intervals

Consider a scalar statisticT (Fn) ∈ R used to estimateT (F0). A 100(1 − α)%
confidence interval forT is a pair of random numbersL = L(Fn) andU =
U(Fn) such that

Pr
(
L(Fn) ≤ T (F0) ≤ U(Fn)

)
= 1 − α. (A.8)

Notice that equation (A.8) describes the probability that a random interval[L,U ]
contains a nonrandom valueT (F0). By contrast, in a prediction interval, a random
quantity lies between two fixed endpoints with a given probability.
Equation (A.8) is supposed to hold for allF0. Exact nonparametric confidence

intervals do not exist outside of a few special cases. In particular, they do not exist
for the mean. In practice, we use asymptotic confidence intervals with

Pr(L(Fn) ≤ T (F0) ≤ U(Fn)) = 1 − α + o(1) (A.9)

asn → ∞.
In Section A.4 an unknown variance under sampling fromF0 was estimated

by the corresponding variance under sampling fromFn. Bootstrap confidence
intervals can be constructed by estimating the distribution of an approximately
pivotal quantity underF0 by its distribution underFn.

Let us writeL(T (Fn) | F0) for the distribution ofT (Fn) whenX1, . . . , Xn

have distributionF0. Similarly letL(T (F ∗
n) | Fn) be the common distribution of

eachT ∗b drawn on bootstrap samples fromFn.
The percentile method takes the resampled statistics at face value, using the
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approximation
L(T (Fn) | F0)

.= L(T (F ∗
n) | Fn).

Let us order the resampledT ∗b values gettingT ∗(1) ≤ T ∗(2) ≤ · · · ≤ T ∗(B). For
largeB essentially 95% of the resampled values are betweenLperc = T ∗(.025B)

andUperc = T ∗(.975B), where for noninteger values0.025B and0.975B, some
rounding or interpolation is applied.
Having seen that

Pr(Lperc ≤ T (F ∗
n) ≤ Uperc | Fn) = 0.95 (A.10)

we could estimate that

Pr(Lperc ≤ T (Fn) ≤ Uperc | F0) = 0.95. (A.11)

In equation (A.10) we have found by simulation a prediction interval forT (F ∗
n) in

sampling fromT (Fn). Equation (A.11) uses this prediction interval as an estimate
of a prediction interval forT (Fn) when sampling fromF0.

Because the endpointsLperc andUperc are computed from the data, they are
indeed random. And it turnsout that in reasonablegenerality equation (A.9) holds
for Lperc andUperc, so that the percentile interval can be used for confidence
statements. We return to this point below.
The bias-corrected percentile method is based on the approximation

L(T (Fn) − T (F0) | F0)
.= L(T (F ∗

n) − T (Fn) | Fn). (A.12)

Equation (A.12) describes an unknown quantityT (Fn) − T (F0) whose distribu-
tion we can approximate through simulation of known quantitiesT (F ∗

n)−T (Fn).
Quantities containing the unknown, but having a known distribution, are called
pivots. Where the distribution is approximately known, the quantities are approx-
imate pivots.
The0.025 and0.975 quantiles ofT (F ∗

n) − T (Fn) are, of course,T ∗(.025B) −
T (Fn) andT ∗(.975B) − T (Fn). Therefore, the probability is approximately0.95
that

T ∗(.025B) − T (Fn) ≤ T (Fn) − T (F0) ≤ T ∗(.975B) − T (Fn), (A.13)

and rearranging to getT (F0) in the middle, we get that

2T (Fn) − T ∗(.975B) ≤ T (F0) ≤ 2T (Fn) − T ∗(.025B) (A.14)

holds with approximate probability0.95. The bias-corrected method has end-
pointsLbc = 2T (Fn) − Uperc andUbc = 2T (Fn) − Lperc. It is the percentile
interval flipped aroundT (Fn).

We can use the bias-corrected interval to provide an explanation of the per-
centile interval. It commonly happens that for largen, the approximate pivot
T (Fn)−T (F0) has a nearly symmetric distribution. Then the bias-corrected con-
fidence interval is nearly unchanged by flipping it aroundT (Fn). The percentile
interval was derived using a more general symmetry assumption. Suppose that
L(φ(T (Fn)) − φ(T (F0)) | F0) has a symmetric distribution, for some possibly
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unknown monotone transformationφ. Then the plug-in idea yields the percentile
interval.
There are other choices for the pivot. In some settings it may be more natural

to use

L
(
T (Fn)
T (F0)

| F0

)
.= L

(
T (F ∗

n)
T (Fn)

| Fn

)
(A.15)

or

L
(
T (Fn) − T (F0)

S(Fn)
| F0

)
.= L

(
T (F ∗

n) − T (Fn)
S(F ∗

n)
| Fn

)
, (A.16)

whereS(Fn) is an estimate, such as a standard error, of how largeT (Fn)−T (F )
might be.
Inverting the pivot in equation (A.16) gives the bootstrap-t (or percentile-t)

method. The bootstrap-t method provides especially accurate confidence intervals
for the univariate mean. In that contextT (F0) = E(X), T (Fn) = X̄,

S(Fn)2 =
1
n

n∑
i=1

(Xi − X̄)2, and

S(F ∗
n)2 =

1
n

n∑
i=1

(X∗
i − X̄∗)2.

The explanation is that Student’st statistic has a distribution that depends rela-
tively weakly onF , making it a good approximate pivot.
The bootstrap-t interval can be applied in other settings, but the limiting factor

is the availability of a good denominator statisticS. If one can afford to bootstrap
the bootstrap, thenS(Fn) can be estimated as the square root ofVT(Fn) and
eachS(F ∗b

n ) can be estimated as a bootstrap varianceVT(F ∗b
n ).

Bootstrap calibration of empirical log likelihood ratios works so well because
the distribution of those ratios is only weakly dependent on the underlying data
distribution.

A.6 Better bootstrap confidence intervals

A major focus of bootstrap research has been the construction of confidence in-
tervals with one-sided coverage errors that areO(n−1). The percentile and bias-
corrected percentile methods are typicallyO(n−1/2) accurate on one-sided infer-
ences, though their two-sided inferences giveO(n−1) errors.
The bootstrap-t intervals are this accurate, but they do not respect transforma-

tions. The endpoints of the interval forexp(θ) do not equal exponentiated end-
points for the bootstrap-t interval forθ.

The100(1−α)% bias-corrected accelerated, or BCa, interval is approximately
transformation respecting and has one-sided coverage errors that areO(n−1). The
derivation is based on a complicated approximately normal pivot. See the ref-
erences in Section A.7. The BCa interval has endpointsLbca = T ∗(α1B) and
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Ubca = T ∗(α2B) where

α1 = Φ
(
ẑ0 +

ẑ0 + zα/2

1 − â(ẑ0 + zα/2)

)
(A.17)

α2 = Φ
(
ẑ0 +

ẑ0 + z1−α/2

1 − â(ẑ0 + z1−α/2)

)
, (A.18)

whereinẑ0 andâ are the bias correction and acceleration constant (defined below),
Φ is the standard normal cumulative distribution function, andzp = Φ−1(p). For
a 95% confidence intervalzα/2 = −1.96 andz1−α/2 = 1.96.
The bias correction factor is

ẑ0 = Φ−1

(
1
B

B∑
b=1

1T∗b<T (Fn)

)
.

It vanishes if exactly half of the bootstrap samples were smaller thanT (Fn),
otherwise it shifts the interval.
To define the acceleration constant, consider data setsFn,−i consisting of the

n − 1 original observations other than observationi. Let T−i = T (Fn,−i) and
T̄−• = (1/n)

∑n
i=1 T−i. Then the acceleration constant is

â =
∑n

i=1

(
T−i − T̄−•

)3

6
[∑n

i=1

(
T−i − T̄−•

)2
]3/2

,

which makes a skewness adjustment.
The ABC method constructs approximate endpoints for theBCa method. In-

stead of resampling, it makes a Taylor expansion based on the behavior ofT (F )
for distributionsF that are close toFn and put all their probability on the sample.
Forε ∈ (−1/n, 1), letFi,ε be the distribution(1−ε)Fn +εδXi

. Theα confidence
limit is

Tα
ABC = T

(
Fn +

z̃α

(1 − az̃α)2

n∑
i=1

kiδXi

)
, (A.19)

as described below. It is the value ofT at a specially chosen reweighting of the
data. For an asymptotic100(1 − α)% central confidence interval, takeLABC =
T

α/2
ABC andUABC = T

1−α/2
ABC . The necessary quantities are defined through

li =
d

dε
T (Fi,ε)|ε=0 , qii =

d2

dε2
T (Fi,ε)|ε=0 , vL =

1
n2

n∑
i=1

l2i ,

a =
1
6

∑n
i=1 l

3
i(∑n

i=1 l
2
i

)3/2
, b =

1
2n2

n∑
i=1

qii, ki = n−2v
−1/2
L li,
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and

z̃α = zα + a + c− bv
−1/2
L , c =

1

2v1/2
L

d2

dε2
T (Fn + εk)|ε=0 ,

takingFn + εk as a shorthand forFn + ε
∑n

i=1 kiδXi
. The derivatives may be

computed numerically as divided differences, andzα is defined throughPr(Z ≤
zα) = α for Z ∼ N(0, 1). It is possible forFn + kz̃α/(1− az̃α)2 to put negative
probability weight on some observations.
Both the BCa and ABC methods achieve one-sided coverage errors that are

O(n−1). The formulas are less intuitive than those based on simple pivoting ar-
guments. Similarly, adjustments to empirical or parametric likelihoods to attain
O(n−1) one-sided coverage errors give rise to more complicated expressions than
for the corresponding unadjusted versions.

A.7 Bibliographic notes

The stochastic order notation,Op andop, is due to Mann & Wald (1943).
Cox & Hinkley (1974) and Bickel & Doksum (2000) provide good coverage

of the mathematics of parametric likelihood models. In higher order asymptotics,
the profile likelihood ratio function does not have all the properties of an ordinary
log likelihood function. There has been considerable work on modifying profile
likelihoods to be more like likelihoods, starting with Barndorff-Nielsen (1983)
and surveyed in Mukerjee & Reid (1999).
Standard references on the bootstrap are Efron & Tibshirani (1993), Hall (1992),

and Davison & Hinkley (1997). The first two, as their titles indicate, are introduc-
tory and mathematical, respectively. The third has good coverage of computa-
tional issues. The discussion of the BCa method is based on Efron & Tibshirani
(1993), while that of the ABC method is based on Davison & Hinkley (1997).
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Künsch, H. R. (1989), ‘The jackknife and the bootstrap for general stationary observations’,
The Annals of Statistics17, 1217–1241.

La Rocca, M. (1995a), Empirical likelihood and linear combinations of functions of order
statistics, Technical Report Working paper 3.46, Universita Degli Studi di Salerno, Di-
partimento di Scienze Economiche.

La Rocca, M. (1995b), L’uso del bootstrap nella verosimigliana empirica, Technical Re-
port Working paper 3.47, Universita Degli Studi di Salerno, Dipartimento di Scienze
Economiche.

La Rocca, M. (1996), L’uso della verosimiglianza empirica per il confronto di due parametri
di posizione, Technical Report Working paper 3.49, Universita Degli Studi di Salerno,
Dipartimento di Scienze Economiche.

La Rocca, M. (1998), Bootstrappling empirical likelihood for linear regression models,in
‘NTTS’98 International Seminar on New Techniques & Technologies for Statistics’,
pp. 277–282.

Lazar, N. A. (2000), Bayesian empirical likelihood, Technical report, Carnegie Mellon Uni-
versity, Department of Statistics.

Lazar, N. A. & Mykland, P. A. (1999), ‘Empirical likelihood in the presence of nuisance
parameters’,Biometrika86(1), 203–211.

Lazar, N. &Mykland, P. A. (1998), ‘An evaluation of the power and conditionality properties
of empirical likelihood’,Biometrika85, 523–534.

LeBlanc, M. & Crowley, J. (1995), ‘Semiparametric regression functionals’,Journal of the
American Statistical Association90(429), 95–105.

Lee, S. M. S. & Young, G. A. (1999), ‘Nonparametric likelihood ratio confidence intervals’,
Biometrika86(1), 107–118.

Lesperance, M. L. & Kalbfleisch, J. D. (1992), ‘An algorithm for computing the nonpara-
metric MLE of a mixing distribution’,Journal of the American Statistical Association
87, 120–126.

Li, G. (1995a), ‘Nonparametric likelihood ratio estimation of probabilities for truncated
data’,Journal of the American Statistical Association90, 997–1003.

Li, G. (1995b), ‘On nonparametric likelihood ratio estimation of survival probabilities for
censored-data’,Statistics & Probability Letters25(2), 95–104.

Li, G., Hollander, M., McKeague, I. W. & Yang, J. (1996), ‘Nonparametric likelihood ra-
tio confidence bands for quantile functions from incomplete survival data’,Annals of
Statistics24(2), 628–640.

©2001 CRC Press LLC



 

Li, G., Qin, J. & Tiwari, R. C. (1997), ‘Semiparametric likelihood ratio-based inferences for
truncated data’,Journal of the American Statistical Association92, 236–245.

Liang, K.-Y. & Zeger, S. L. (1986), ‘Longitudinal data analysis using generalized linear
models’,Biometrika73, 13–22.

Lindsay, B. G. (1980), ‘Nuisance parameters, mixture-models, and the efficiency of par-
tial likelihood estimators’,Philosophical Transactions of the Royal Society of London,
Series A–Mathematical, Physical and Engineering Sciences296(1427), 639–662.

Lindsay, B. G. (1995),Mixture Models: Theory, Geometry and Applications, Institute of
Mathematical Statistics.

Liu, R. Y. & Singh, K. (1992), Moving blocks jackknife and bootstrap capture weak depen-
dence,in ‘Exploring the Limits of Bootstrap’, pp. 225–248.

Loader, C. (1999),Local Regression and Likelihood, Springer-Verlag.
Loh, W. L. (1996), ‘On Latin hypercube sampling’,Annals of Statistics24(5), 2058–2080.
Loh,W.-Y. (1991), ‘Bootstrap calibration for confidence interval construction and selection’,

Statistica Sinica1, 477–491.
Lohr, S. (1998),Sampling: Design and Analysis, Brooks/Cole Publishing Company, Pacific

Grove, CA.
Lynden-Bell, D. (1971), ‘A method for allowing known observational selection in small

samples applied to 3CR quasars’,Monthly Notices of the Royal Astronomical Society
155, 95–118.

Mann, H. B. & Wald, A. (1943), ‘On stochastic limit and order relationships’,Annals of
Mathematical Statistics14(3), 217–226.

McCullagh, P. (1984), ‘Local sufficiency’,Biometrika71, 233–244.
McCullagh, P. & Nelder, J. A. (1983),Generalized Linear Models, Chapman & Hall.
Miller, R. G., Gong, G. & Munoz, A. (1981),Survival Analysis, Wiley, New York.
Mittelhammer, R. C., Judge, G. G. & Miller, D. J. (2000),Econometric Foundations, Cam-

bridge University Press, Cambridge.
Moeschberger, M. L. & Klein, J. P. (1985), ‘A comparison of several methods of estimating

the survival function when there is extreme right censoring’,Biometrics41, 253–259.
Monahan, J. F. & Boos, D. D. (1992), ‘Proper likelihoods for Bayesian analysis’,Biometrika

79, 271–278.
Monti, A. C. (1997), ‘Empirical likelihood confidence regions in time series models’,

Biometrika84, 395–405.
Monti, A. C. & Ronchetti, E. (1993), ‘On the relationship between empirical likelihood

and empirical saddlepoint approximation for multivariate M-estimators’,Biometrika
80, 329–338.

Mukerjee, R. & Reid, N. (1999), ‘On confidence intervals associated with the usual and
adjusted likelihoods’,Journal of the Royal Statistical Society, Series B, Methodological
61(4), 945–953.

Murphy, S. A. (1995), ‘Likelihood ratio-based confidence-intervals in survival analysis’,
Journal of the American Statistical Association90(432), 1399–1405.

Murphy, S. A. & van der Vaart, A. W. (1997), ‘Semiparametric likelihood ratio inference’,
The Annals of Statistics25, 1471–1509.

Murphy, S. A. & van der Vaart, A. W. (2000), ‘On profile likelihood’,Journal of the Ameri-
can Statistical Association95(450), 449–465.

Muttlak, H. A. &McDonald, L. L. (1990), ‘Ranked set sampling with size-biased probability
of selection’,Biometrics46, 435–445.

©2001 CRC Press LLC



 

Mykland, P. A. (1995), ‘Dual likelihood’,Annals of Statistics23(2), 396–421.
Mykland, P. A. (1999), ‘Bartlett identities and large deviations in likelihood theory’,Annals

of Statistics27(3), 1105–1117.
Nadaraya, E. A. (1965), ‘On non-parametric estimates of density functions and regression

curves’,Theory of Probability and its Applications (Translof Teorija Verojatnostei i ee
Primenenija)10, 186–190.

Naik-Nimbalkar, U. V. & Rajarshi, M. B. (1997), ‘Empirical likelihood ratio test for equality
of k medians in censored data’,Statistics & Probability Letters34, 267–273.

Nelder, J. A. & Pregibon, D. (1987), ‘An extended quasi-likelihood function’,Biometrika
74, 221–232.

Nelder, J. A. & Wedderburn, R. W. M. (1972), ‘Generalized linear models’,Journal of the
Royal Statistical Society, Series A, General135, 370–384.

Newton, M. A. & Raftery, A. E. (1994), ‘Approximate Bayesian inference with the weighted
likelihood bootstrap (disc: P26-48)’,Journal of the Royal Statistical Society, Series B,
Methodological56, 3–26.

Neyman, J. & Scott, E. (1948), ‘Consistent estimates based on partially consistent observa-
tions’,Econometrica16, 1–32.
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